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PEEFACE 

The present volume contains a First Course in Algebra 
adapted to the early part of the high school curriculum. The 
main purpose in writing the book has been to simplify prinr 
ciples and give them interest, by showing more plainly, if 
possible, than has been done heretofore, the practical or 
common-sense reason for each step or process. For instance, 
at the outset it is shown that new symbols are introduced 
into algebra not arbitrarily, but because of definite advan- 
tages in representing numbers. Each successive process is 
taken up for the sake of the economy or new power which 
it gives as compared with previous processes. 

Among the special features of this Algebra, the following 
may be mentioned: 

A large number of written problems are given in the early 
part of the book, and these are grouped in types which cor- 
respond in a measure to the groups used in treating original 
exercises in the author's Geometry. 

Many informational facts are used in the problems. The 
central and permanent numerical facts in various depart- 
ments of knowledge have be^n collected and tabulated on 
pages 387-390 for use in making problems. Similariy the 
most important formulas in arithmetic, geometry, physics, 
and engineering have been tabulated for use by teacher and 
pupil (pp. 385, 386). 

The self-activity of the pupil is aroused by examples which 
require the pupil to invent and solve problems of a specified 
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4 PREFACE 

kind, material for such examples being made available in the 
tables of formulas and numerical facts. 

Many of the examples in the book require a review of 
the principles of ariihmetic, as of decimal fractions and 
percentage. 

Numerous and thorough reviews of the portion of the 
Algebra already studied are also called for. This is se- 
cured in part through a series of spiral reviews of the pre- 
ceding work by means of examples at the end of Exercises. 
Oral work is provided for in Uke manner and is also empha- 
sized in special Exercises. 

The vtilities in symbolism in general, apart from technical 
algebra, are brought out in a special Exercise (pp. 249, 250) 
and thus the direct practical value of the study of algebra 
is much broadened. 

The author wishes to express his indebtedness to School 
Science and Mathematics and the Maihematics Teacher for a 
few of the problems. 
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BOOK ONE 

CHAPTER I 
ALGEBRAIC SYMBOLS 

1. The TTse of Letters. 

Ex. Walter and Harold made $27 by gardening one sum- 
mer. Walter, who was older and stronger, received a 
double share of the profits. How much did each receive? 

SOLUTION WITHOUT THE AID OF X 

1 share = Harold^s part of the profits 

2 shares = Walter's part of the profits 
1 share + 2 shares = $27 

3 shares = $27 

1 share = $9, HaroWs part 

2 shares ^ $18, WaUer's 'part 

SOLUTION BT AID OF X 

Let X = Harold's part of the profits 

Then 2x = Walter's part of the profits 

Hence a; + 2a; = $27 

3a; = $27 
X = $9, HaroWs part 

2x = $18, Walter's paH 

We see that by use of the letter x the solution is much 
shortened. 

2. Algebra is that branch of mathematics which treats 
of number by the extended use of symbols. 

Later algebra comes to have a wider meaning. 
Algebra may also be briefly described as generalized arithmetic. 
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8 DURELL'S ALGEBRA: BOOK ONE 

8. TTtility of Algebri^. A more extended use of symbols 
than is practiced in arithmetic (1) shortens the work of solv- 
ing problems; (2) enables us to solve problems which we 
could not otherwise solve; and (3) gives other advantages 
which will become evident as we proceed (see Art. 143 and 
Exercise 76, p. 249). 

EXERCISE 1 

(Problems of Type I, i. e. of the form x + ax = b.) 

1. Two boys together catch 84 fish. If the boy who 
owns the boat which they use, receives twice as many fish 
as the other boy, how many fish does each boy receive? 

2. A man left $12,000 to his son and- daughter. To his 
daughter, who had taken care of him in his old age, he left a 
double share. What did each receive? 

3. A man and boy by working a garden one siunmer made 
$128.80. If the man received a share of the profits three 
times as large as the share received by the boy, how much 
did each receive? 

4. Two boys together gathered 1 bu. 4 qt. of hickory nuts. 
If the boy who climbed the trees received a double share, 
how many quarts did each receive? 

5. Make up and work a similar example concerning two 
boys who gathered chestnuts. 

6. Two girls made $18.60 by sewing. The girl who sup- 
plied the thread and machine received twice as much as the 
other girl. How much did each make? 

7. Make up and work a similar example concerning two 
girls who kept a refreshment stand. 
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a Solve Ex. 1 without the use of x (see Art. 1). How 
much of the labor of writing out the solution is saved by the 
use of xf Is there any other advantage in the use of x in 
solving a problem? 

9. The total cotton crop of the worid in a certain year 
was 15,000,000 bales, and the United States in that year 
produced three times as much as all the rest of the 
worid. How many bales of cotton did the United States 
produce? 

10. A fann is worked on shares. As the tenant supplied 
the tools and fertilizers, he received twice as large a share 
of the profits as the owner of the farm. If the profits for one 
year are $6000, how much does the tenant receive? The 
owner? 

11. If the sum of the areas of New York and Massachu- 
setts is 57,400 sq. mi. approximately, and New York is 6 
times as large as Massachusetts, what is the area of each 
state? 

12. One nimiber is 5 times as large as another and the 
sum of the nimibers is 240. Find the numbers. 

13. One niunber is twice as large as another and the sum 
of the numbers is 7^26. Find the numbers. 

14. One fraction is three times as large as another and their 
sum is \. Find the fractions. 

15. One nimiber is 4 times as large as another and their 
sum is .0045. Find the numbers. 

16. Separate $120 into two parts such that one part is 
three times as large as the other. 

Sua. Let x = the smaller part. 
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17. Separate Sj into two parts such that one part is 7 
times as large as the other. 

la Make up and work an example similar to Ex. 11. 
Also one similar to Ex. 15. To Ex. 16. 

Material for examples may be obtained from the lists of 
Important Nimierical Facts given on pp. 387-390. 

19. To look well, the middle part of a steeple should be 
twice as high as the lowest part, and the top part 8 times as 
high as the lowest part. If a steeple is to be 132 ft. high, 
how high should each part be? 

V 20. A man wants to save $6000 in three years. If he is 
to save twice as much the second year as the first, and three 
times as much the third year as the first, how much must 
he save each year? 

21. A girl has $42 to spend for a hat, coat, and suit'. She 
wants to spend twice as much for her coat as for her hat, 
and three times as much for her suit as for her hat. How 
much does she spend for each? 

22. A man bequeathed $84,000 to his niece, daughter, and 
wife. If the daughter received twice as much as the niece, 
and the wife four times as much as the niece, how much did 
each receive? 

23. A certain kind of concrete contains twice as much sand 
as cement and 5 times as much gravel as cement. How many 
cubic feet of each of these materials are there in 1000 cu. yd. 
of concrete? 

24. Make up and work a similar example for yourself 
where the materials in the concrete are as 1, 2, 4. 

25. In a certain kind of fertilizer the weight of the nitrate 
of soda equals that of the ground bone, and the weight of 
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the potash is twice as great as that of the ground bone. How 
many pounds of each of the materials are there in a ton of 
fertilizer? 

26. If the amomit of potash in a given kind of glass is 5 
times as great as the amount of lime, and the amount of 
sand 3 times as great as the amount of potash, how many 
pounds of each will there be in 4200 lb. of glass? 

27. The railroad fare for two adults and a boy traveling 
for half fare was $49.50. What was the fare for each person? 

Sua. Let x = the smallest of the fares. 

2a Separate 120 into three parts, such that the second part 
is twice as large as the first, and the third part three times 
as large as the first. 

29. Separate 120 into three parts which shall be as 1, 2, 3. 

30. Separate .0372 into three parts in like manner. Alsoy*e. 

31. Separate 240 into four parts which shall be as 1, 1, 
2,4. 

32. Separate $3800 into three parts, such that the second 
is three times as large as the first, and the third 5 times as 
large as the second. 

33. In one kind of concrete the parts of cement, sand, and 
gravel are as 1, 2, and 4; in another kind three parts are as 
1, 2, and 5. How many more pounds of cement are needed 
in a ton of one than of the other? 

34. How many of the examples in this Exercise can you 
work at sight? 

To get the greatest possible benefit from the use of letters 
to represent numbers, we now make further definitions and 
rules. 
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4. Three Classes of Symbols. Three principal kinds of 
sjrmbols are used in algebra: (1) Symbols of quantity, (2) 
Symbols of operation, and (3) Symbols of relation. 

5. Symbols for Known Quantities. Known quantities are 
represented in arithmetic by figures; as 2, 3, 27. They 
are represented in the same way in algebra, but also in 
another more general way, viz.: by letters; as by a, b, c. 

The advantages in the use of letters to represent known num- 
bers are: (1) letters are brief to write; and (2) a letter may stand 
for any known number, and thus by the use of letters we obtain 
results which are true for all numbers. See Exs. 34r-40, p. 97. 

6. Symbols for Unknown ftuantities. Unknown quan- 
tities in algebra are usually denoted by the last letters of 
the alphabet; as x, y, z, u, v, etc. 

The advantages in the use of distinct symbols for unknown 
quantities are niunerous and will be gradually realized as we 
proceed. Some of these. advantages are stated ia Art. 3. See 
also Art. 143. 

7. The Signs +, — , X, -^, and = are used in algebra, as in 
arithmetic, to denote addition, subtraction, multiplication, 
division, and* equality respectively. 

In algebra, multiplication is also denoted by a dot placed 
between the two quantities multiplied, or by placing the 
quantities side by side without any intervening symbol. 

Thus, instead of a X 6, we may write a-b or ab, 

8. Signs of Aggregation. The parenthesis sign, ( ), is used, 
as in arithmetic, to indicate that all the quantities inclosed by 
it are to be treated as a single quantity; that is, subjected to 
the same operation. 

Thus, 5(2a — 6 + c) means that the quantities inside the paren- 
thesis, viz. 2a, — 6, and + c, are each to be multiplied by 5. 
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Again, (a + 26) (a + 2b + c) means that the sum of the quanti- 
ties in the first parenthesis is to be multiplied by the sum of those 
in the second parenthesis. 

Instead of the parenthesis, to prevent confusion, the fol- 
lowing signs are sometimes used: the brackets [ ], the braces 
{|, and the vinculum . 

9. The Sign of Continuation is ... . This sign is read 
"and so on" or "and so on to." 

Thus, 1, 3, 5, 7, .... is read "1, 3, 5, 7 and so on." 
But 1, 3, 5, 7, 19 is read "1, 3, 5, 7 and so on to 19." 

10. The Sign of Deduction is .*. and it is read "therefore" 
or "hence." 

This sign is used to show the relation between succeeding 
propositions. 







KXERCISE S 


\ 




Express in words: 








1. 5 + a. 


7. 


56 -a. 


13. 


a + 6 -4- 3. 


2. d — a. 


8. 


2a + 3c. 


14. 


4 + 5(a + 6). 


3. a ^ 6. 


9. 


cd — ab. 


15. 


(a + b)(x - y). 


4. ad. 


10. 


7(a + 6). 


16. 


2a + 36 - 5c. 


5. 2a + 36. 


11. 


7(a - 6). 


17. 


a ^ (x + y). 


c d 
'-a-h 


12. 


5a + 6 
X + y 


18. 


a + 6 c 
5 d 



19. If a = 1, 6 = 2, c = 3, d = 4, find the value of 
the combinations of- symbols in Exs. 1-10. 

20. Make and read an example similar to Ex. 5. To 
Ex. 10. Ex. 14. 
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Express in symbols: 

21. X plus 3. The sum of x and 3. The number which 
exceeds x by 3. 

22. X diminished by 3. The number 3 less than OJ. 

23. Two times a plus three times 6. 

24. The sum of 4 and of 5 times x. 

25. One third of the sum of a and 6. 

Answer the following in algebraic language: 

'26. If a boy has a cents and earns 10 cents, how many 
cents will he then have? 

27. How many, if he has a cents and earns h cents? How 
many, if he then spends c cents? 

28. Walter has x marbles and his brother has 10 more 
than Walter. How many marbles has his brother? 

29. Walter has h marbles and his brother has 5 more tlian 
twice Walter's marbles. How many has his brother? 

• 30. If Mary is d years old now, how old will she be in 3 
years? In 5 years? In x years? 

31. What is the next larger number than S? Than x1 n? 
a: + 1? X + 2? n - 1? a; - 2? 

32. What is the next larger even number than 6? Than 

2y? 2a:? 2n + 2? 

33. Taking x as the smallest number, write two consecu- 
tive numbers. Three consecutive numbers. Four. Five. 

(The following problems are mainly of Type 11, i. e. of 
the form x + x + a = b.) • 
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34. If there are 214 pupils in our school^ and the number 
of girls exceeds the number of boys by 8, how many boys and 
how many girls are there? 



Let 


X « the number of boys 


Then 


a: + 8 = the number of girls 


Hence x 


+ X + 8 = 214 


Or 


2a; + 8 = 214 


Subtracting 8 from the 


-8 -8 


equals gives 


2a; » 206 



X = 103, the number of boy$ 
a? + 8 - 111, the number of girls 

35. Walter and his brother together had 60 marbles, and 
his brother had 10 more than Walter. How many marbles 
had each boy? 

36. Make up and work an example similar to Ex. 35. 

37. At New York on Dec. 21, the night is 5 hr. 32 min. 
longer than the day. Find the length of the day. 

38. Separate 282- into two parts such that one shall exceed 
the other by 2f . 

39. A baseball nine has played 62 games and won 8 more 
games than it has lost. How many games has it won? 

40. In a certain election 12,784 votes were cast. If the 
successful candidate had a majority of 1732, how many votes 
did he receive? 

41. Make up and work an example similar to Ex. 40. 

42. The sum of two consecutive numbers is 15. Find the 
numbers. 

43. The sum of three consecutive numbers is 33. Pind 
the numbers. 
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44. If 112,216 sq. mi. are added to 24 times the area of 
the British Isles, the result will be 3,025,600 sq. mi. (the 
area of the United States). Find the area of the British 
Isles. 

45. Twice the height of Mt. Washington with 1567 ft. 
added equals the height of Pike's Peak, or 14,147 ft. Find 
the height of Mt. Washington. 

46. How many of the examples in this Exercise can you 
work at sight? 

47. Which of the symbols mentioned in Arts. 6-10 are 
symbols of quantity? Of operation? Of relation? 

4a Make up and work an example similar to Ex. 44. To 
Ex. 45. 

Definitions and Principles 

11. The term Factors has the same meaning in algebra 
as in arithmetic; that is, the factors of a number are the 
numbers which, multiplied together, produce the given 
number. 

For example, the factors of 14 are 7 and 2; the factors of abc are 
a, 6, and c. 

12. Coefficients. A numerical factor, if it occurs in a 
product, is written first and is called a coefficient Hence, 

A coefficient is a number prefixed to a quantity to show 
how many times the given quantity is taken. 

For example, in 5xyj 5 is the coefficient. 

When the coefficient is 1, the 1 is not written, but is 
imderstood. 

Thus, xy means Ixy. 



DEFINITIONS AND PRINCIPLES 17 

* 
The following enlarged definition of coefficient is often 

used. In the product of several factors, the coefficient' of 

any factor, or factors, is the product of the remaining factors. 

Thus, in Softxy, the coefficient of t/ is 5abx; of xy, is 5ab; of a6 is 
5xy, What is the coefficient of 6? Of a? x? 5a? 5? 

A numerical coefflcient is a coefficient composed only of 
figures; as 15 in 15ab. 

A literal coefficient is a coefficient composed only of letters; 
as ab in abx. 

What, then, is a mixed coeffixdentt Give an example of one. 

13. Power and Exponent are used in the same sense in alge- 
bra as in arithmetic. 

A power is the product of equal factors. 

A power is expressed briefly by the use of an exponent. 

An exponent is a small figure or letter written above and 
to the right of a quantity to indicate how many times the 
quantity is taken as a factor. 

Thus, for ocxxXf or four x's multiplied together, we write a:^, the 
exponent in this case being 4. The expression is read "x to the 
fourth power." 

When the exponent is unity, it is omitted. Thus, x is 
used instead of x^, and means x to the first power. 

A power is composed of two parts: (1) the base (i. e. one 
of the equal factors); and (2) the exponent. 

Thus, in the power a', the base is a and the exponent is 3. 

14. Eoot and Radical Sign have the same meaning in 
algebra as in arithmetic. 

A root of a number is one of the equal factors which, when 
multiplied together, produce the given number. 
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The sqnare root of a number is one of two equal factors 
which, multiplied together, produce the given number. 
What is the cube root of a number? The fifth robt? 

Thus, 4 is the cube root of 64, and a of a\ 

The radical sign is \^, and means that the root of the 
quantity following it is to be found. The degree of the root 
is indicated by a small figure placed above the radical sign. 

The number denoting the degree of a root is the index of 
the root. For the square root, the figure or index of the root 
is omitted. 

Thus, a/q^ means "square root of 9." 
Va means "cube root of a" 

15. Aids in Solving Problems ; Axioms. In solving prob- 
lems like those given in Exercise 1 and the latter part of 
Exercise 2, certain principles are often important aids in 
discovering the relations used and simplifying them. 

The most important of these principles are as follows: 

1. The whole is equal to the sum of its parts. 

2. Things equal to the same things, or eqiuil things, are equal 
to each other, 

3. // eqiuils are added to equals, the results are equal. 

4. // equals are subtracted from eqiials, the results are equal. 

5. // equals are midtiplied by eqiials, the results are equoL 

6. // equals are divided by equals, the resvlts are equaL 

7. Like powers, or like roots, of equals are equal. 
These principles are sometimes called axioms. 
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EXERCISE 3 

Write in words: 

1. 56^. 0^ + 62 12. Va + \/h. 
7- — 3 — 



3. ?i?(?. 

4. 3^ 



9. 5(6 - a)\ ^^ 7^6^nr6. 
10. a+(6 + c)2. 

5. |iV. ?^_^' 15, V^_ V^ 

6. 2a2 + 363. ^^' c o ' 5 4 ' 

16. If a = 1, 6 = 2, and c = 3, find the value of the 
combinations of symbols in Exs. 1-8. 

17. If a = 4, 6 = 8, and c = 3, find the value of the 
expressions in Exs. 9-12. 

Write in symbols: 

18. The square of the sum of a and 6. Of 2a minus 36. 

19. The cube root of the sum of a and 6. 

20. ^ plus X increased by 4 equals 14. 

21. X plus twice X plus x increased by 3 equals 108. 

22. Make up and work an example similar to Ex. 18. To 
Ex. 20. 

23. Reduce to its simplest form 6 + 6 + 6 + 6 + 6. Also 
6x6x6x6x6. 

If 6 = 2, what is the value of each of these results? 

24. Make up and work an example similar to Ex. 23. 

25. Reduce 3aaa + 76666 — 5cccccc to its simplest form. 
How many more svmbols-are used in the long form than in 
the short form? 
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26. Find the value of 2'» when n = 1. Also when n = 2. 
3. 5. 7. 

27. Find the value of a", when o = 3 and n = 4. Also 
when a = 5 and n = 3. 

23. Express the number of your great-grandparents as a 
power of 2. 

(The following are miscellaneous problems of Types I 
and n.) 

29. A man and boy together spade up a garden containing 
6000 sq. ft. If the man spades four times as much ground as 
the boy, how much does the boy spade? 

», '30. Two boys earn $38 by taking passengers on a motor 
boat. If the boy who owns the boat receives $10 more than 
the other boy, how much does each receive? 

31. A certain macadam road cost $1800, of which the 
county paid twice as much as the state, and the township the 
same amount as the county. How much did each pay? 

32. The top of the Statue of Liberty in New York Harbor 
is 306 ft. above the surface of the water. If the altitude of 
the pedestal is 4 ft. greater than the height of the statue, 
how high is each? 

33. In a certain kind of gunpowder the weight of the char- 
coal equals that of the sulphur, and the amount of niter equals 
the charcoal and sulphur combined. How many pounds of 
each substance are needed to make a ton of gunpowder? 

34. In a certain year in the United States 200,000,000 
bushels plus three times the number of bushels in the wheat 
crop equaled the corn crop, or 2,600,000,000 bushels. How 
many bushels were in the wheat crop? 
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35. Point out the problems among Exs. 2&-34 which belong 
to Type I. Also those which belong to Type II. 

36. Make up and work an example similar to Ex. 29. To 
Ex. 31. 

37. How many of the examples in this Exercise can you 
work at sight? 

Algebraic Expressions 

16. An Algebraic Expression is an algebraic symbol or 
combination of symbols representing some quantity; as 
bx'y - 6a6 + 7v^^ 

17. A Term is a part of an algebraic expression which 
does not contain a plus or minus sign. (Signs occurring 
inside a parenthesis are not considered in fixing the termsO 

Ex. 1. 5xV - 6a6 + 7v^ 

This algebraic expression contains three terms: viz. 5x*y, — 6a6, 
and 7^ax, 

Ex. 2. 5x + a -5- 6 + c 

This expression also contains three terms: 5x, a -^ 6, and c. 

Ex. 3. 7ax2 ^ 5(a ^5) _ ^3. 

Since the parenthesis, (a +6), is treated as a single quantity, 
three terms occur in this expression: laz^^ 5(a + 6), and — c*. 

18. A Monomial is an algebraic expression of only one 
term; as 5ar^i/ or c. 

19. A Poljrnomial is an algebraic expression containing 
more than one term; as 3a6 — c + 2a: + by^. 

A monomial is sometimes called a simple expression, and a 
polynomial a compound expression, 

20. A Binomial is an algebraic expression of two terms; 
as 2a — 36. 
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A Trinomial is an algebraic expression of three terms; as 
2o - 36 + 5c. 

Evaluation of Algebraic Expressions 

21. The Order of Operation in obtaining numerical values 
is the same in algebra as in arithmetic. 

I. In a series of operations involving addition, subtrac- 
tion, multiplication, division, and root extraction, the mvlti- 
plicdtions, divisions, and root eoctractions are to be performed 
before any of the additions and svhtradioTis. 

Ex. 1. Rnd the value of 4 + 12 X 3. 

4 + 12x3=4+36=40 Ans. 
(hence 4 + 12 x 3 does not equal 16 X 3, etc.) 

Ex. 2. What is the value of 60 - 8 -i- 2 + 3 X 7? ' 

60-8-5-2+3x7= 60 -4+ 21 =77 Ana. 

II. If a given expression contains one or more parentheses 
(or other signs of aggregation), each parenthesis is to be re-' 
duced to a single number before the operaiions of the expression 
as a whole are to be performed, 

Ex. 1. 5 + 4(6 - 2) = 5 + 4 X 4 = 5 + 16 = 21 Ans. 
(hence 5 + 4(6 - 2) does not equal 9(6 - 2) or 9 X 4, etc.) 

Note that in an expression like V 16 + 9 the bar above 
the 16 + 9 is a vinculum, or sign of aggregation. 

Ex. 2. Vl6 +9 = V25 = 5 Ans. 

(hence Vl6 + 9 does not equal Vi6 + V^ etc.) 

22. The Numerical Value of an Algebraic Expression is 
obtained thus: 

Substitute for each letter in the expression the number which 
the letter stands for; 
Perform the operations indicaied. 
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Thus, if a = 1, 6 = 2, c = 3: 

Ex. 1. Find the numerical value of lab — A 

7a6-c»=7xlX2-3« 
= 14-9 
= 5 Arts. 

Qb 

Ex. 2. Find numerical value of 5a6» + 7(a« + 26)« + 3c«. 

c 

The given expression 

= ?-|^ - 5 X 1 X 2« +7(1« + 2 X 2)« + 3 X 3* 

= 3X2-5X4+ 7(1 +4)« +3X9 
= 6-20 + 175+27 
= 188 Am, 

EXERCISE 4 

In each of the following examples, state the order of 
operations before working the example. Wherever possi- 
ble, use cancellation. When a = 5, 6 = 3, c = 1, and 
a: = 6, find the numerical value of 

13. a' — ba?. 

14. 2(2a - c). 

15. x(a — 6). 

16. 4(a - 3c)2. 

17. 2a:(2a - 36)1 

18. 3 + 2(a; - a). • 

19. 5a: - 3(26 + c). 

20. 2{3^ - a^) + 3ac. 

21. 3a:(x - 3)2 - 9a:. 

22. (a: — 1) (a: — 3) + a: {x—d), 

23. 3(2a: - 5c) - a{2W - 3a:). 

24. (56 + a:)(a:-6 + a-5c2). 



1. 


2 + 3a. 


2. 


X - 2c. 


3. 


46 - 2a:. 


4. 


a + 3a:, 


5. 


5a - 3a:. 


6. 


3(a + c). 


7. 


a + 3c - a:. 


8. 


5a: - 26 + a. 


9. 


a + a: -T- 6 — c. 


10. 


5 a:-^ 6 — c. 


11. 


36 -a:. 


12. 


2a: - 46c. 
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a + 7c 5a^ , 3c 

25. • 27. + --. 

X X — 1 b 

o6 3^-^ ^ (X - 1) (6 + 1) (5c - b) 

ae. — , „ 28. r • 

a + M abz 

If a = J, 6 = f , x = 2, 1/ = f , find the value of 

30. 6a. 32. abx. 34. 3a6^ 36. 2a: + 5y. 

31. fcy. 33. aJ^x^. 35. a: — 26. 37. 606 — 6^^^ 

38. b{lQy — 36). 43. hxQyy — a^) — 6ar. 

39. 3a:(4a + 36). 44. 6(a + 6)2 + 10(y - a)^. 

40. a« + 5a;(36 - y). 45. a: + VSa. 

41. 3a + a(3ar - \0y). 46. VSa + V36. 

42. 5a; — 3(6i/ - a6). 47. hy - VOoi. 

48. Doesa:2 + a; = 12,ifa: = 2? If a: = 3? 4? 5? 1? 

49. Does3a:2 _ 4a; = 4, if a; = 1? If x = 2? 3? |? 0? 

50. Doesa:2-5a: + 6 = 0,ifa; = 1? If a: = 2? 3? 4? 5? 

51. Doesa:2._ |a: - 2 = 0, if a: = 1? If a; = 2? 3? 4? ^? 

52. Show that (a - 26)^ = a^ - 4a6 + 46^, when a = 3 
and 6 = 1. 

^3 _ J3 

53. That r- = a^ + a6 + 6^ when a = 2 and 6 = 1. 

a — 

54. Find the value of 2:x? when a; = 1. When 
a: = 2. 5. ^ 1.5. 

Sua. The results may be conveniently arranged as in 
the following tabulation: 

Find the value of each of the following and 
tabulate results: 

55. 2a; + 1, when a; = 1. When a; = 2. 3. 5. §. \. 1.5. 



X 


2a» 


1 


2 


2 


8 


5 


50 


1 


h 


1.5 


4.5 
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56. a? + 2, when a; = 1. When a; = 2. 3. |. 1. 5. 

57. x{x + 1), when a; = 1. When a: = 2. 3. .2. J. \. 

58. In Exs. 4-10 state which of the expressions used are 
monomials. Also which are binomials. Trinomials. State 
the same for Exs. 35-40. 

EXERCISE 6 

1. If ^ = Iwt find the value of A when Z = 12 and w = 5j. 
Also when I = 10.4 and w = 5.8. 

Do you know what use is made of the formula A = Zm> in arith- 
metic in finding areas? 

2. If r = Iwh, find V when I = 12, w = 5, and A = 3. 
Also when I = 10.4, w = 5.8, and h = 3.05. 

Do you know what use is made of the formula V = Iwh in arith- 
metic in finding volumes? 

3. It p = br, find p when 6 = 350 and r = 1.07. Also 

when b = 7.68 and r = .045. Also when 6 = 84,000 and 

r = .OOi. 

What does the formula p — br mean in arithmetic in connec- 
tion with the subject of percentage? 

4. If i = prt, find i when p = $300, r = .05, and t = 2|. 
Also when p = $9327.50, r = .06, and t = 3|. 

What is the meaning in arithmetic of the formula i = prt? 

5. If -4 = Trip, find the value of A when ir = 3.1416 and 
iJ = 10. 

Do you know of any use that is made of the formula A — Tri^ 
in arithmetic? 



6. If A == 'v o^ + 6^, find the value of h when a = 8 and 
6 = 6. 

Do you know of any use that is made of the formula 
h - Va^ + ^ in arithmetic? 
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7. If « = iff^, find 8 when g = 32.16 and f = 4. Also 
when ^r = 32.16 and t = 2|. 

Can you find out the meaning of the formula s = | g^ 

8. A stone dropped from the top of a precipice reaches its 
base in 5 seconds. How high is the precipice? 

9. If C = Up - 32), find C when F = 95^ Also when 
F = 100^ 

Do you know the meaning of the formula used in this example? 

10. If iron melts at a temperature of 2700 F., at what 
temperature does it melt on the centigrade scale? 

11. If ^ = Tri? - 7rf2, TT = 3.1416, R = 13, and r = 12, 
find A in the shortest way. 

12. If 1 orange costs 3 cents, how many oranges can be 
bought for 12 cents? For x cents? For x + y cents? 

13. If 1 orange costs a cents, how many oranges can be 
bought for 25 cents? For x cents? For x + y cents? 

14. If 1 acre of land costs x dollars, what will one half an 
acre cost? | of an acre? f of an acre? 

(The following problems are variations of Type I.) 

15. If a 12-year-old boy and a 16-year-old boy together 
earn $48 in mowing lawns, and the younger boy receiyes only 
half as much as the other, how much does each boy receive? 

Let X = no. dollars received by 16-year-old boy 

Then Jx = no. dollars received by 12-year-old boy 

Hence a; + ^x = $48 

or fx = $48 , 

Multiplying these equal numbers by 2 (Art. 15, 5) 

3x = $96 
Dividing equals by 3 (Art. 15, 6) 

X = $32, share of older hoy 
ix = $16, share of younger boy 
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16. A man left $24,000 to his son and daughter. As his 
daughter had cared for him in his old age, he left his son only 
I as much as he left his daughter. How much did each 
receive? 

17. A man and boy together made $124.80 by working a 
garden one summer. If the boy received J as much as the 
man, how much did he receive? 

18. A farm is worked on shares. As the owner of the farm 
supplies the tools and fertilizers, the tenant receives only f 
as large a share of the proiSts as the owner. If the proiSts for 
one year are $441.0, how much does each receive? 

19. Two men manage a store, and as one of them owns 
the building, the other receives only f as large a share of the 
profits as the owner of the store. If the profits for one year 
are $6600, what does each receive? 

20. Separate 126 into two parts such that one of them is 
\ as large as the other, f as large. 

21. Separate .042 in the same manner as in Ex. 20. 

22. A macadam road cost $18,000. The county paid J as 
much of the cost as the township, and the state paid J as 
much as the township. How much did each pay? 

23. A certain kind of concrete contained ^ as much sand 
as gravel and ^ as much cement as sand. How many pounds 
of each material were there in If tons of concrete? 

24. Make up and work an example similar to Ex. 16. To 
Ex. 20. 

25. How many of the examples in this Exercise can you^ 
work at sight? 



CHAPTER n 
NEGATIVE NUMBERS 

23. Positive and ITegative Quantity. Negative quantity is 
quantity exactly opposite in quality or condition to quantity 
taken as positive. 

If distance east of a certain point is taken as positive, distance 
west of that point is called negative. 

If north latitude is positive, south latitude is negative. 

If temperature above zero is taken as positive, temperature 
below zero is negative. . 

If in business matters a man's assets are his positive possessions, 
his debts are negative quantity. 

Positive and negative quantity are distinguished by the signs -|- 
and — placed before them. 

Thus, $50 assets are denoted by + $50, and $30 debts by - $30. 
We denote 12° above zero by + 12°, and 10° below zero by ~- 10°. 

The use of the signs + and — for this purpose, as well as to indi- 
cate the operations of addition and subtraction, will be explained 
in Art. 26. 

24. Algebraic Numbers is a general name for both positive 
and negative numbers. 

The absolute value of a number is the value of the number 
considered without regard to its sign. 

Thus, if one man travels 5 miles east and another man travels 5 
miles west, the absolute distance traveled by the two men is the 
same, viz.: 5 miles. The two distances traveled, however, are dif- 
ferent algebraic numbers j one distance being -f 5 miles and the other 
distance being — 5 miles. 

In general the absolute value of both -f 5 and — 5 is 5; and of 
both + a and — a is a. 

28 
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25. The Utility of Negative Nimiber lies in the fact that 
the use of negative number enables us to use two opposite 
or contrasted kinds of quantity in working a given problem. 

Also by the use of negative quantity we are often able to 
choose an advantageous starting point in solving a problem. 

The full meaning of these utUities and other advantages in the 
use of negative quantity will appear as we advance in the study of 
algebra. 

EXVRCISE 6 

1. What is meant by a temperature of — 8°? By a latitude 
of - 23°? By the date - 776? (Dates after the birth of 
Christ are taken as positive.) 

2. If the temperature was 17° at noon and — 8° at mid- 
night, how many degrees did it fall? 

3. If in a given time the temperature should fall from 
— 5° to — 12°, how many degrees would it fall? 

4. If the temperatm^ were 15° at a given time, what would 
it become after a fall of 10°? Of 28°? - 15°? 

5. If the temperature were — 8° at a given time, what 
would it become after a rise of 4°? Of 15°? - 8°? 

6. Make up and work an example similar to Ex. 3. Also 
to Ex. 5. 

7. If a traveler is in latitude — 4° and travels north 7°, 
what does his latitude become? What does it become if 
instead he travels south 7°? 

8. If a man's property is — $7000 and he saves $2000 a 
year for 8 years, what does his property become? 

9. If a vessel, at latitude 3°, sails south 345 miles, what 
does her latitude become if 60 miles equal 1°? 
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10. If a man bought a horse for $150 and sold it for $200^ 
what was his gain? What would his gain have been if he 
had sold it for $125? For $100? 

11. What is meant by saving — $10? By a distance — 10 
miles north? 

12. What is the abscJute value of — 4 miles? Of + 4 
miles? - 5 inches? - 3°? - $4200? 

13. Make up an example for yourself showing the meaning 
of absolute value. 

(The following problems are variations of Type n, or are 
of Type m, viz.: x + ax + b = c.) 

14. Walter and his brother together had 90 marbles, and 
his brother had 10 less than Walter. How many marbles had 
each boy? 

Let X = no. of marbles Walter had 

Then rr — 10 = no. of marbles his brother had 
rr -f X - 10 = .90 
2a; - 10 = 90 
Adding 10 to each of these equals (Art. 15, 3) 

2x = 100 

a: = 50, 7M). of marbles Walter had 
aj — 10 = 40, no. of marbles his brother had 

15. A basket ball team has played 27 games and has lost 
3 less than it has won. How many games has it won? 

16. In a certain election 12,420 votes were cast, and the 
defeated candidate had 210 less votes than the winning can- 
didate. How many votes had each candidate? 

17. Make up and work a similar example for yourself. 

18. Walter and his brother together have 83 marbles. If 
his brother has 7 less than twice the number Walter has, 
how many has each boy? 
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19. One number exceeds 4 times another number by 5, 
and the smn of the nmnbers is 100. Find the numbers. 

20. One number exceeds 3 times another nmnber by .12, 
and the sum of the numbers is 4.4. Find the numbers. 

21. One fraction exceeds 5 times another fraction by i, 
and the sum of the fractions is V* Find the fractions. 

22. The distance from New York to Chicago is 912 miles. 
If this is 24 miles less than 4 times the distance from New 
York to Boston, what is the latter distance? 

23. The Eiffel Tower is 984 ft. high. If this is 126 ft. less 
than twice the height of the Washington Monument, what 
is the height of the Washington Monument? 

24. How many of the examples in this Exercise can you 
work at sight? 

25. Which of Exs. 14-23 are of type x + x — a = b, and 
which are of type a; + ox =fc 6 = c? 

26. Make up and work an example similar to Ex. 19. To 
Ex. 23. 

26. Doable Use of + and — Signs. The signs + and — 
are employed for two purposes (see Arts. 7 and 23) : first, 
to indicate the operations of addition and subtraction; and 
second, to express positive and negative quantity. We are 
able to make this double use of these signs because, in each 
use, the signs are governed by the same laws. 



TT- 



-6 -5 -4 -8 -2 -1 . +1 +2 +3 +4 +5 +6+7 +8 
I I I I I I I I I I I I I I I 



A person walks from toward E a distance of 5 miles (to F) and 
then walks back toward W a distance of 3 miles {to A). If the dis- 
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tance to the right of is regarded as positive, and therefore the dis- 
tance to the left of is negative, the distance from the starting 
point to the destination may be expressed as the sum of a positive 
quantity and a negative quantity; that is, 

(positive distance OF) -f (negative distance FA), 

or, +5 -f (-3) - 5 -3 =2. 

The position arrived at may be determined in another way — viz. 
by deducting 3 miles from 5 miles. We obtain 

5 -(+3) - 5 -3 « 2. 

From this example we see that adding negative quantity is 
the same in effect as subtracting positive quantity. 

Therefore, in the expression 5 — 3, the minus sign may 
be considered either a sign of the quality of 3, or as a sign of 
operation to be performed, on 3. Hence, we are able to use 
the signs + and — to cover two meanings. 

27. Laws for the "Use of + and — Signs. Whichever of 
the two meanings of + and — named in Art. 26 is assigned, 
we see that + (- 3) = - 3; also, - (+ 3) = - 3. 

The signs + and — applied in succession to a quantity are 
equivalent to the single sign — . 

Or in symbols, 

+ (— a) = — a; and — (+ a) = — a." 

Ex. Find the value of 8 + 4-11 + 3-6. On squared 
paper show the meaning of the numbers involved. 
8+4- 11 +3-6 = 15- 17 « -2 Ans. 

Taking the distances to the right of OP as positive, we have the 
diagram on p. 33 showing the meaning of the numbers involved. 

Note that the above process holds true whether a number pre- 
ceded by a minus sign is regarded as the subtraction of a positive 
number or the addition of a negative number. 

If in the illustration on p. 31 a person walks in the nega- 
tive direction from (i. e» toward W) a distance of 4 miles 
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to Ky and then reverses his direction and goes 2 miles, he 
will be at B, Or stated in another way, diminishing the 
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distance traveled west by 2 miles, brings him to the same 

place as walking the full direction west and then walking 2 

miles east. 

It may be well to study another illustration of this principle. 
If a man owes two notes of $500 and $100 respectively, removing 
the note for $100 is the same in effect as annexing $100 in money to 
the debts as they are. That is, 

- $500 - $100 - (- $100) = - $500 - $100 + $100 = - $500 

Hence: 

The sign — applied twice to a given positive quantity gives 
a + resvU, 

Or in symbols, — (— a) = + a. 

These laws enable us to use 
negative quantity with as great 
freedom as we use positive quan- 
tity, and hence are an important 
source of power, as will become 
more evident later. 

Ex. On squared paper show 
the meaning of — 5 — (— 3). Also of —5 + 3. 
show that - 5 - (- 3) = - 5 + 3. 



A^ ^5 ^ 



Hence, 
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On the lower diagram on p. 33 — 5 — ( - 3) means OA — DA, 
or OD. Also -5 + 3 means OA -f BC, or OD, 

Hence, — 5 — ( — 3) and — 5 -f 3 give the same result; or we 
may say - 5 - (- 3) « -5+3. 

28. The Algebraic Sum of two or more alg(.'braic numbers 
is the result of combining the given algebraic numbers into 
a single number. 
• Thus, the algebraic sum of 4 and — 7 is — 3. 

EXERCISE 7 

Find the value of each of the following and verify the 
result on squared paper: 

1. 5 - 2. 6. - 4. 11. 5 - (- 8). 

2. 6 - 8. 7. 8 - 6 - 4. 12. - 7 + (- 2). 

3. 5 - 5. 8. 7 - 5 + 4. 13. - (- 5). 
4.-4 + 2. 9. 3 + 1 " 5. 14. + (- 5). 

5. - 4 - 2. 10. - 4 - (- 3). 15. - 4 - (- 1.5). 

16. 4 + 5 " 12 + 3 ^ 5. 

17. -3 + 8-6-2 + 2-1. 

18. At 6 A. M. a thermometer read 57°. It then made 
successive changes as follows: + 7°, — 2°, + 5°, — 3°, — 2°. 
What was the final reading? 

19. In a certain football game, taking a distance toward 
the north goal as positive, during the first seven plays the ball 
started at the middle of the field and shifted its position 
in yards as follows: +50-10-15-5 + 10-5-20. 
Find the final position of the ball with reference to the middle 
of the field. On squared paper show the changes in the posi- 
tion of the ball, letting 5 yd. equal one space on the paper. 
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20. State in the language of debts and credits the mean- 
ing of 

- $700 - $200 - ( - $200) = - $700 - $200 + $200 

SuG. If a man has debts of $700 and $200, the removal of the 
$200 debt is the same as leaving his debts unchanged and adding 
$200 to his possessions. He becomes worth — $700 in either case. 

21. State in the language of distance traveled east and 
west the meaning of 

- 10 mi. - 2 mi. - ( - 2 mi.) = - 10 mi. - 2 mi. + 2 mi. 

(The following are miscellaneous problems of Type n and 
Type m.) 

22. A man and a boy together catch 320 iSsh^ and the man 
receives three times as many fish as the boy. How many fish 
does each have? 

23. A man has $3220 in two banks and the amount in one 
bank exceeds that in the other by $540. How much has he 
in each bank? 

24. Two girls make $24.60 by sewing, and the younger 
girl receives only one half as much as the older. How much 
does each receive? 

25. Separate $12.68 into two parts one of which shall be 
smaller than the other by $5. 

26. A given piece of bronze weighs 4600 lb. It contains 
twice as much tin as zinc, and 8j times as much copper as 
zinc. How many pounds of each metal does the bronze 
contain? 

27. The distance from the mouth of the Mississippi River 
to the source of the Missouri River is 4500 miles. The dis- 
tance between the mouth of the IVIississippi and the mouth of 
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the Missouri is 1700 miles less than the length of the Missouri. 
What is the length of the Missouri? 

28. A farmer obtained 2720 pounds of cream in one month 
by the use of a separator. This is ^ more than he would 
have obtained if his milk had been skimmed by hand. How 
much would he have obtained by the latter process? 

29. The cost of a macadam road was $24,000. The county 
paid twice as much as the state, and the township three times 
as much as the state. How much did each pay? 

30. Three partners divided $14,000, the second partner 
receiving $2000 more than the first, and the third partner re- 
ceiving twice as much as the first. How much did each 
receive? 

31. Mt. Washington is 6290 ft. high, This is 170 ft. more 
than 10 times the height of the Singer Building (N. Y.). 
How high is the latter? 

32. Make up and work an example similar to Ex. 18. 
Ex.21. Ex.24. Ex.29. 

33. How many of the examples in this Exercise can you 
work at sight? 

34. Which of Exs. 22-33 of this Exercise are of T^pe I? 
Of Type H? Type HI? 

29. Graphs. A set of numerical facts may often be com- 
bined as a geometrical picture called a graph. The meaning 
and use of negative numbers are often well illustrated on a 
graph. 

Ex. On a ^ven day the following were the temperatures 
at a given place: 
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Midnight - 15° 
3 A.M. -20° 
6 A.M. -10° 



9 A.M. 2° 
Noon 10° 
3 P.M. 15° 



6 P. M. 10° 
9 P. M. 0° 

Midnight - 10° 



Temperatures 

afr 



Graph these facts. 

We draw a horizon- 
tal line and on it mark 
off spaces to represent 
hours, as in the dia- 
gram. Perpendicular to 
this we draw a line and 
on it mark off spaces to 
represent temperatures. " 
Above or below each 
point which represents 
an hour, a point is lo- 
cated which represents 
the temperature at that 
hour. Through the points thus located a continuous line ABCD 
is drawn. This is the required graph. 

EXERCISE 8 
Graph each of the following sets of temperatures: 






Mid- 
night 


3 A.M. 


6 A.M. 


9 A.M. 


12 M. 


3 P.M. 


6 P.M. 


9 P.M. 


1. 


-20° 


-30° 


-20° 


-10° 


0° 


10° 


10° 


0° 


2. 


-10° 


-20° 


-10° 


0° 


10° 


20° 


10° 


0° 


3. 


-10° 


-15° 


- 5° 


10° 


15° 


25° 


15° 


-5° 


4. 


0° 


-10° 


- 5° 


15° 


25° 


30° 


16° 


5° 



5. Make up and work a similar example for yourself. 
Graph each of the following sets of temperatures: 



6. 
7. 
8. 





Jan. 1 


Feb. 1 


Mar. 1 


Apr. 1. 


Mayl 


Jimel 


New York 
New York 
London 


31° 

-1°C. 
37° 


31° 
-1°C. 

38° 


35° 

1°C. 
40° 


42° 

6°C. 
45° 


54° 
12° C. 
50° 


64° 
18° C. 
57° 



38 
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Julyl 


Aug.l 


Sept. 1 


Oct. 1 


Nov.l 


Dec. 1 


71' 

22»C. 

62» 


73» 

23«C. 

62° 


69° 
21° C. 
59° 


61° 
16° C. 

54° 


49° 

9°C. 
46° 


39° 
4°C. 
41° 



9. Convert the temperatures given for London in Ex. 8 
to temperatures on the Centigrade scale and graph them 
(see Ex. 9, p. 26). 

10. Collect and graph sets of numerical facts similar to 
those given in the preceding examples. 



CHAPTER III 
ADDITION AND SUBTRACTION; THE EQUATION 

Addition 

30. The Utility of Addition in Algebra. 

Ex. Find the value of 3abl^ + 5aV^ + 2at^, when a = 2 
and 5 = 3. 

PROCESS WITHOUT ALGEBRAIC ADDITION 

If we substitute directly in the given expression, we obtain 
3a6»+5a6*+2a6»«3x2x3*-f5x2x3*+2X2x3* 

= 54+90 + 36 

= 180 Ana. 

PROCESS AIDED BY ALGEBRAIC ADDITION 

3a6« + Soft* + 2a6« = 10a6« 

= 10 X 2 X 3« 
= 180 Ana. 

In solving the above example, algebraic addition enables 
us to save more than half the work. Algebraic addition has 
other uses which will appear later. 

Why do we now make definitions and rules? 

31. Addition, in algebra, is the combination of several 
algebraic expressions into a single equivalent expression. 

Addition is sometimes described as collecting terma in an expression. 

32. Similar Temis (or like terms) are terms which contain 
the same literal factors and the same exponents or the same 
radical signs over the same factors. 
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Thus, 7a^ and -5a6^ are similar terms. Also5av^and — 6a\/2 
are ajmilfir terms. 

Dissimilar terms (or unlike terms) are terms which are 
unlike either in their literal factors or in the radical sign 
over the same factor. 

Thus, 5a'6 and 5a6* are dissimilar terms. Also zVb and zVb 
are dissimilar terms. 

The addition of dissimilar terms can only be indicated. 

Thus, 6 added to a gives a + h; also a' - 3a'6 added to 3a* — 6* 
gives a» - ZaH) -f 3a* - 6». 

33. Method for Addition. The most convenient general 
method for addition is shown in the following examples: 
Ex. 1. Add 4ar^ + 3a; + 2, 3a:2 _ 4^. _ 3^ _ 2a? - x - 5. 

Arranging similar terms in the same column, and adding each 
colunm separately, we obtain 

CHECK ' 

4x*+3a;+2= 4+3+2= 9 

3x2-4a;-3= 3-4-3 = -4 

-2a;*- X -5 = -2-1-5=^-8 

Sum 5a;*-2x-6= 5-2-6=-3 

To check the accuracy of the work, we let x = any convenient 
number, as 1; find the numerical value of each row; and compare 
the siun of these results with the numerical value of the algebraic 
expression obtained as the sum. 

Ex. 2. Add 2a« - 5a?b + ^alt? + d?W, 4a% + 2a» - oft* - Safe^, 
Proceeding as in Ex. 1, 

CHECK 

2a» - 5a*6 + 4o6* + a*6« =2-5+4+1 =2 

2a« + 40*6 - 3a6* - a6* = 2 + 4 - 3 - 1 =2 

- a» + a^h + 2a6* = -1 + 1+2 =2 

Sum 3a» + 3a6* + a*&» - aft* = 3 + + 3 + 1 - 1 = 6 

In the second column the algebraic sum of the coefficients is 
— 5+4 + 1, which = 0; and as zero times a number is zero, the 
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sum of the second column is zero, which need not be set down in 
the result. 

The work is checked by letting a and h each « 1. 

Hence, the process for addition may be stated as follows: 

Arrange the terms to he added in columns, placing similar 
terms in the same column; 

Find the algebraic sum of the numsrical coefficients of each 
column and prefix this result to the literal facUrrs common to the 
terms in the column. 

Sometimes the algebraic sum of the coefficients of each group of 
similar terms is found without arranging the terms in columns. 

EXERCISE 9 

Add and check each result: 



1. 


2. 


3. 


4. 


s. 


-11 


4 


8* 


• — X 


-7x 


6 


-10 


-6a; 


-Zx 


12a; 


6. 


7. 


8. 


9. 


10. 


2a 


-ar" 


7xy 


a^ 


73?f 


5a 


3a^ 


-lOxy 


ba^h 


-10a;*y* 


-12a 


S.-r* 


2xy 


-Za% 


ahf 



11. Soar, — 2az, 5ax, ax, — Sax. 

12. 6a;*, 12a;*, - lOar!, ar^, - 16a.^ 3a:*, - a?. 

13. 7«*6*, - 12a*6*, - aW. - Ad?V, 5a*6*, 60*6*. 



14. 


15. 


16. 


17. 


3(a + h) 


. -6(a;-y) 


sVa + a; 


47rr* 


5(a + h) 


4(a; - y) 


- eVa + X 


-27rr* 


- 4(a + h) 


- 5(a; - y) 


2V0 + X 


\-Jn^ 
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18. 


19. 


20. 


3x-2y 


&t*+ 7 


o*- ax + 4a? 


-2x + 3y 


«*-10 


3o2 + 2aa: - 5a? 


X- y 


-7a?+ 1 


— o* — ax — a? 



21. a — 26, 3a + 46, o + 56, — 5a — 6, a — 56. 

22. 3a:2 + y2^ 2a? - Tj^, - 4a? - 5y2^ a? + Zy\ - Sj/^. 
^3. 3aa? - 5b^, 2aa? + 462/^, 262/^ - 4aa?, 62/^ - as?. 

Reduce each of the following to its simplest form: 

24. ^ - xy + Zf + 2j? + 2xy'2if + :^ + y' + W ^xy. 

25. ran — 3n^+ m^ + m^ + 2v? — 3wn + w^ — n^ + mn— 2m^ 
2$. a? + 2r^ - 22? + 3a? - 2/^ + 22? + 2(2 - 2a? + a? - 2?. 

;x47. 2a? - X2^ + 3x2^ - 52/2 ^ 3^ _ 33J8 ^ 3JS ^ 2!/^ - 2a:2^. 

28. 7a; + 2/ + 52; — lOary + 2y — 32j + 13ar2/ — 4a3s + 52 

— 6a; — 4asz +2a;y — 3y + 9z + 7a; — a:2! + 21a;2; — I62; + a; — 5a:y. 
«/29. a? + 3a?2/ + 3a3/2 + j^ + 3^ „ 3a^y +33.2^2 _ j^ +2a?2^ 
''2xy' + f + ^'-f + 7?y'-Aj?-xy'-']^ + ]^ + ;^- 
a?2/ + a^. 

Collect similar tenns in the following and check each result: 

30. 2a; - 32/ - 5a; + 421 + 42/ + z - 22/ - a; - 32; +2a:-32/. 

31. 3a:2^ - 5aa; + 32/2 _2a;y- 3a? + 4aa;- 22/2 + 3aa;-2a:2^. 

32. a; - 32/ + 22; + 22/ - 2a; - z - 3a: - 4z-2a; + 2; + 2a;. 

33. 2a;-l + 52/-2 + 3a; + 2 + 32/-3-2a;+l-2;-32/. 

34. 3a26 - 2a2c + 3a2 - ba^h - a^ - 3a2c + a^h + Ga^c - 2a^ 

35. 5a? - 3x + 4 - 2a? - 6a? + 4a; - 7 - a? + a? + 3a? 

- a; + 5 + 3a? - 6a; ^ a? + 4a; - 2a? + 2a;. 

36. 2a;'' - 5ar« + 3a? - a;'^ - 7a; + 3a? - 3 + 2x« - 5a? 
+ 6 + 3a;«, 
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37. Reduce Zxxxyy + Sxxxyy - 5xxxyy - 2xxxyy to its 
simplest form. About how much briefer is the fonn you 
obtain than the given form? 

3a Make up and work an example similar to Ex. 37. 

39. Make up and work an example showing the use of 
algebraic addition (see Ex. of Art. 30, p. 39). 

40. State in general language the use of algebraic addition. 
(The following are mixed problems of Types I, II, TTT ) 

41. Three partners in a retail business made $18,000 in 
one year. The second partner owned the building and re- 
ceived t^dce as large a share as the first partner. The third 
partner supplied most of the capital and received three times 
as large a share as the first How much did each receive? 

42. Make up and work a similar example for yoursdf . 

43. Find three consecutive numbers whose sum is 36. 

44. Rnd four consecutive numbers whose sum is 106. 

45. Make up and work an example concerning five con^ 
secutive numbers. 

46. The area of the United States and its outlying posse*, 
sions is 3,742,155 sq. mi. The area of the United States 
exceeds that of its outlying possessions by 2,309,045 sq. mi. 
What IS the area of the outlying possessions? 

47. How many of the examples in this Exercise can you 
work at sight? 

48. Name the type to which each of the above problems 
belongs (Exs. 41-i6). 
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Subtraction 

34. The TTtility of Subtraction in Algebra. 

Ex. Find the numerical value of 17aW — ISa^fc^, when 
a = 3 and 6 = 2. 

PROCESS WITHOUT ALGEBRAIC SUBTRACTION 

ITa^ft^ - 15a26» « 17 X 3^ X 2» - 15 X 3* x 2» 
= 17x9 X8 -15X9X8 
= 1224 - 1080 - 144 Ans. 

PROCESS AIDED BY ALGEBRAIC SUBTRACTION; 

17a26» - 15a26« = 2a26» 

= 2 X 32 X 2» 
= 144 Ans. 

In solving the above example, algebraic subtraction 
enables us to save more than half of the work. Algebraic 
subtraction has other advantages which will appear later. 

Why do we now proceed to make definitions and rules? 

35. Subtraction, in algebra, is the process of finding a 
quantity which, added to a given quantity (the subtrahend), 
will produce another given quantity (the minuend). 

Thus, if we subtract 3ab from 10a6, we obtain 7ab, for 7ab 
added to Sab (subtrahend) gives 10a6 (minuend). 

36. Signs in Subtraction. From Art. 26 it follows that 
Subtracting a positive quantity is the same as adding a nega- 
tive quantity of the same absolute magnitvde; and 

Subtracting a negative quantity is the same as adding a 
positive quantity of the same absolute magnitude. 

37. Method for Subtraction. The most convenient general 
method in subtraction is to 
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Write the terms of the subtrahend under the terms of the 
minuend, placing similar terms in the same column; 

Change the signs of the terms in the subtrahend mentally, and 
proceed as in addition. 

Ex. 1. From bx^-27? + a: - 3 subtract 2a:8 - 3a:2 - a; + 2. 
Check the work by letting a; = 1. 

CHECK 

5x»-2a:»+ x-S « 5-2 + 1-3 = 1 
2x»-3a;'- a?-h2 ^2-3-1+2=^0 

Difference 3x»+ a;«+2x-5 « 3 + 1+2-5 = 1 

The coefficient of x* is 5 — 2, or 3, of x' is — 2 + 3, or 1, etc. 

Ex. 2. Subtract 2a* - 3a«6 - &aW - 2a6» + 26* from 
a* + ba^h - &a^h^ - ZaJt?. Check the work by letting o = 1 
and 6 = 1. 

CHECK 

a* + 5a»6 - 6a»6» - 3a6» - 1+6-6-3 - -3 

2a^ - 3fl^6 - 6o^y -2a6»+26^« 2-3-6-2+2x,-7 

-a*+8a»6 -a6»- 26* =-1+8+0-1-2- 4 

The coefficient of o'6' is — 6 + 6, or 0. The coefficient of 6* is 
- 2, or - 2. 



EZEBCISE 10 

Subtract and check each result: 

1. 2. 3. 4. 5. 6 

lab 5x X 5x -Zz? — 7xy 
Sab 9x 2x - 3x - 4a? 3a^ 

7. 8. 9. 10. 


5(a + b) 7{x + y) 
3(o + 6) - 3(a; + y) 


- 2Va + x -Wb-y 

- sVa + x . 2Vh-y 


11. 12. 

3a? - 4a; 3a; - 9 
2a? + a; 5a; + 1 


13. 14. 

2a? - 5 5a? + 4x - 3 
-a? + 2 -a?-3x + 5 
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15. From 3a + 26 - 3c - d take 2a - 2b + c - 2d. 

16. From 7 - 3a; + 2a? take 15 - 4a; - 5a?. 

17. From a? - f -s? + 8 take 23? + f - 22? + 10. 

18. From 5xy — 3a» + 5yz + a? take 4xz — 2ary — a?, 
^/19. From 2 - a; + a;^ + a;* take 3 + a: - ar^ - a;^ _ 2a;*. 

20. Subtract lOor^ + 3ary - 13a;y2 f j.^^ ^ ^ ^2 _^ 2a?y\ 

21. Subtract 3 — 2ab + 3ac — 4cd from 5 — ac + 8cd — bad. 

22. Subtract l + a; — a? + a;^ — a;*from2 — a; — a;^ — a;' + a;5. 

23. Subtract a + 26 — 3c + 4<i from m + 26 + d — a; +0. 
^,«. Subtract 3a;* - 2a? + 5a; - 7 from 3a? + 2a? - a; - 7. 
^5. Subtract-a?-2a? + a? + 5froma?-a? + a?~2a; + 5. 

26. Subtract 3a;"» - 3a;'' + a; - 3 from a;*" + a;" - a? + a; - 1. 
^r«7. From the sum of 2a; and Zy subtract their difference. 

28. From subtract — 3a;. From subtract x — y. 
From zero subtract 3a^ — 2a6 + 6^. 

29. Reduce 7aaabb -f- baadbh — 3aaa66 to its simplest 
form. 

30. Make up and work an example similar to Ex. 29. 

If ^ = a? - 3a? + 1 , 5 = 2a? - 5a; - 3, C = 3a? + a? + 3a;, 
find the value of 

3\. A + B + C 33. A + B-C ] 

32. B-A + C 3^. A-B + C 

(The following problems are variations of Types I and H.) 

35. Find the value of a;, if 3a; — 2 in. = 7 in. 

36. Separate $24.80 into two parts such that one part is 
smaller than the other by $4.60. 
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37. Separate $24.80 into two parts such that the smaller 
part equals ^ of the larger part. 

38. Separate $5000 into three parts such that the second 
part shall exceed the first by $300, and the third shall exceed 
the first by $800. 

39. Separate $5000 into three parts such that the second 
part shall exceed the first by $300, and the third shall exceed 
the second by $800. 

40. Separate $6800 into three parts such that the second 
part equals ^ of the first, and the third part equals ^ of the 
first. 

41. Separate $6300 into three parts such that the second 
part is double the first, and the third part is double the second. 

42. Make up and work an example similar to Ex. 36. 
To Ex. 40. 

43. Name the type of which each of the above problems 
(Exs. 36-43) is a variation. 

44. How many of the examples in this Exercise can you 
work at sight? 

45. How many of the examples in Exercise 1 can you now 
work at sight? 

Use of the Parenthesis 

38. TTtility of the Parenthesis. The parenthesis is useful 
in indicating an addition or a subtraction in a brief way. 

Thus, 2a + 36 - 5c - (3a - 26 + 3c) indicates that 3o - 26 + 3c 
is to be subtracted from 2a -}- 36 — 5c. 

The parenthesis will also be found useful in indicating 
multiplication and division in a brief manner, and other uses 
of the parenthesis will become evident as we proceed. 
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39. Semoval of a Parenthesis. From the processes of addi- 
tion and subtraction it follows that 

When a parenthesis preceded by a + sign is removed, the 
signs of the terms inclosed by the parenthesis remain unchanged. 

But 

When a parenthesis preceded by a minus sign is removed, the 
signs of the terms inclosed by the parenthesis are changed, the 
+ signs to — , and the — signs to +. 

Ex. Simplify 2o + 36 - 5c - (3a - 26 + 3c). 

2a H- 36 - 5c - (3a - 26 H- 3c) = 2a + 36 - 5c - 3a + 26 - 3c 

= — a + 56 — 8c Ans. 
Let the pupil check the work by letting a « 1, 6 « 1, c = 1. 

40. Parenthesis within Parenthesis. Using the parenthesis 
as a general name for all the signs of aggregation, it is evident 
that several parentheses may occur one within another in 
the same algebraic expression. The best general method of 
removing several parentheses occurring thus is as follows: 

Remme the parentheses otic at a time, beginning with the 
innermost; 

Collect the terms of the resuU. 

It is also possible to remove the parentheses in reverse order, 
that is, by removing the outside parenthesis first, etc. Working an 
example in this way often forms a convenient check on the first 



Ex. Simplify 5a; - y - [4a: - 6y + { - 3a: + y + 2z 
(2a: - z)}]. 

5x - y - [4a: - 6?y + { - 3x + 2/ + 22 - (2x - z)]] 
= 5x- y-[4a:-6t/ + {-3a:+2/+22- 2x + z\\ 
^bx - y -[Ax -^ -3a:+2/+22- 2x + z] 

= 5x- 2/-4a:+62/ +3a:-y-22H- 2x - z 

= 6a; + 4y — Zz Ans. 
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The work may be checked by removing the parentheses in reverse 
order, or by the method of substitution as follows: 

Letting a; = 1, y = 2, « =« 3, we have 

5x -y -I4x -^ + { - ar + y + 22 - (2x - z)}] 
= 5_2-[4-12{ -3+2+6- (2- 3)1] 
==3-[-8 + {5-(- 1)}] - 3 - [ - 8 + {5 + 1}] 
«3_(-8+6)=3-(-2)-3+2=5 

Also ar+4j/-3z-6+8-9-5 

EXERCISE 11 

Remove parentheses and collect similar terms. Check 
each result either by substitution of numerical values, or by 
reversing the order in which the parentheses are removed. 

1. 3a + (2a - b). h, x - [2x + {x - 1)]. 

2. 2x - {x - 1). 8. 5ar + (1 - [2 - 4a:]). 

3. x+{l- 2x). i>9. 2 - {1 - (3 - a) - a}. 

4. 3a: - (1 + 3a;). lo. 2ar - [- a: - (a: - 1)]. 

5. x-{-x- 1). 11. 2y + {- a: - (2y - x)}. 

6. x + 2y - (2x - y). 12. a - {- a - {- a - 1)\. 
,13. [a^ - (xh/ - s?) - 2?] + (7?y - 7?). 

14. 1 - {1 - [1 + (1 - a:) - 1] - 1} -;r. 

^. a: -[-{-(- a: - 1) - x ) - 1] ~ 1. 

^16. 1 - {2 + [- 3 ^ (- 4 -5" ^~7]| . 

;i7. a - ^a + [6 - (a+ 6 + c-a + 6 + d)- c]}. 

^8. x-{27?+ {^7? - 3a; - [a: + ^]) + [2a; -{2? + 7?)]}. 

^d9. ar* - [4a:» - [3a;2 _ (2a; + 2)] + 3a;] - [a;* + (3a;3 +2a:2 

- 3a; - 1)]. 

/20. - [- 2a; - {- (- 2a; - 1) - 2a;| - 1] - 2a;. 

t/21. a; -[a; + (a; - y) - {a; + (y - a;) - 2y} + y] - y + a;. 
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I M. 25a: - [12 + }3a; - 7 - (- 12a; - 5 + 15a;) - (3 + 
2^)}] + 7 - (3a: + 5) + (2a:~ 3) + a: + 8. 

23. In 3a: — (5a — 26 + c), what is the sign of 5a as the 
example stands? 

24. In Ex. 12, Exercise 10, indicate the subtraction by- 
use of a parenthesis. Do the same in Ex. 13. 

Remove the parentheses and find the value of x in each 
of the following: 

25. a: + (a: + 2) = 7. 27. 5a: - (2a: - 3) = 12. 

26. 3a: - (a: + 2) = 8. 28. 4a: - (a: - |) = 2i. 

29. Make up and work an example similar to Ex. 16. To 
Ex. 26. 

30. How many of the examples in this Exercise can you 
work at sight? 

31. How many of the examples in Exercise 3 (p. 19) can 
you work at sight? 

41. Insertion of a Parenthesis. It is clear that the process 
of removing a parenthesis may be reversed; that is, that 
terms may be inclosed in a parenthesis. 

Inverting the statements of Art. 39, we have 

Terms may be inclosed in a parenthesis preceded by the plus 
sign, provided the signs of the terms remain unchanged; 

Terms may be inclosed in a parenthesis preceded by the minus 
sign, provided the signs of the terms are changed. 

Ex. o-6H-cH-d-e=a-6 + (c+d-e), 

or, =a — 6 — (— c— d+e) Ans. 
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EXERCISE 12 

In each of the following insert a parenthesis inclosing the 
last three terms, each parenthesis to be preceded by a minus 
sign. Check the work either by removing the parenthesis in 
the answer, or by nmnerical substitution. 

1. s? -Sx^ + Sx-l. 5. a?* + 4ar - r^ - 4. 

2. a-b + c + d. 6. a^ft^ - 2cd - c2 - (P. 

3. l+2a-a^-l. 7. 4a?* - 9r^ + Uxij - if. 

• 4. 1 -a2-.2a6- 62 g a^-4a:« + 4ar^ + 4a:-4 -a?. 

It is often useful to collect the coefficients of a letter into 
a single coefficient. 

Ex. Collect the coefficients of x, y, and z in the expression, 
3x — 4y + 5z — ax — by — cz — bx + ay + az. 

The complete coefficient of a; is (3 — o — 6) ; of y, ( — 4 — 6 4- a) 
or — (4 + 6 — a) ; of 3, (5 — c + a). 
Hence, the expression may be written, 

(3 - a - 6)x - (4 + 6 - o)y + (5 - c + a)z Ans. 

In like manner collect the coefficients of x, y, and z: 

9. mx — ny + 3z + 2x + nz — 4y. 
10. x " y — 2z — ax + by — az — bx — ay + cz, 
U. - 7a: + 12y - lOz - 2ax + Sbz - cy + 2bx - 6dy . 

12. 5y — 3acar — 5cdz — 4a6a; — Scdy + 2cx — 4z — 5aa:. 
Collect the coefficients of oi?, a?, and x: 

13. Sa^' + a; — 2a? — aa:* — S + aa:^ — 2ax — ca? — ax? —ex. 

14. — a^ — x — aa^ + a^ — aa^ + bx^-'ao?-' 3bx — 2ba?+ 3a. 

15. a^a? - ax- a-l^a? - 2U^s? + 3bx - a^s? - cx^ + 
3cx — c. 
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Equations and Transposition 

42. An Equation is a statement of the equality of two 
algebraic expressions. 

An equation, therefore, consists of the sign of equality and 
an algebraic expression on each side of it; as 3a; — 1 = 2x + 5. 

The solution of an equation is the process of finding the 
value of the unknown number (as of x) in the given equation. 

43. Members of an Equation. The algebraic expression 
to the left of the sign of equaUty is called the^ir^^ member of 
the equation; the expression to the right of the sign of equality 
is called the second member. 

Thus, in the equation 3a? — 1- « 2x + 3, 
the first member is 3a; — 1; the second member is 2x + 3. 

The members of an equation are sometimes called sides of 
the equation. 

The members of an equation are similar to the pans of a set of 
weighing scales which must be kept balanced. (See Art. 15, p. 18.) 

44. TTtility of Equations. An equation expresses the re- 
lation of at least one unknown quantity to certain known 
quantities. By means of an equation, we are often able to 
determine the value of the unknown quantity. 

See the problems solved in Exercises 1, 2, etc., by the aid of 
equations. 

45. The Transposition of a Term is moving the term from 
one member of an equation to the other member. We shall 
see that when a term is transposed, the sign of the term must 
be changed. 

Ex. 1. Find the value of « in a:— 5 = 7. 
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PBOCESS WITHOUT TBANSPOSmON 

We have given x—5 = 7 

Adding 5 to each of the equals, a: = 7 + 5 ^^^' ^^' ^^ 

or a; = 12 An8. 



PBOCESS WITH TRANSPOSITION 

We have given a;— 5 - 7 
Transferring 5 to the right-hand] x ^ 7+5 

member of the equation and> a; « 12 Ans. 

changing its sign, j 

Hence transposition is a short way of adding equal num- 
bers to the two members of an equation. The labor saved 
by means of transposition is more evident when several terms 
are to be transposed at the same time. 

For the present, however, in order to fix firmly in mind the na- 
ture of the process, we shall not transpose terms, but shall add 
equals to the members of an equation when we wish to transfer 
terms from one member to the other. 

Ex. 2. Solve 5x-(x + 2) = 3a: - (2x - 7). 
Removing parentheses, 5a:— x — 2 = 3a:— 2a: + 7 

Adding-3x+2x+2to| _ 3* + 2x +2 - - 3x + 2x + 2 
each member, ) 

6a:-a;-3a:-h2a:=2+7 
3a: =9 
X = 3 Ans. 

46. Checking the Solution of an Equation. The result 
obtained by solving an equation may be checked by substi- 
tuting in each member of the original equation the value of 
x obtained by the solution. If the two members reduce to 
the same number, the value found for x is correct 

Thus, in Ex. 2, putting 3 in the place of x, 
The left member, 5a: - (x + 2) = 15 - (3 + 2) - 15 - 5 = 10 
Also the right member, 3a: - (2a: - 7) = 9 - (6 - 7) = 9 + 1 = 10 
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EXERCISE 18 

Solve the following equations without transposition of 
terms. Verify each result obtained. 

^1. a: + 2ar - 3 = 6. *^ 3a: - 2 = 2a; + .74. 

^. 3a: = a: + 10. h. hx - (2a: - 3) = 6. 

^^. 5a: - 1 = 14. ^. 1x - (5a: + 4) = -2. 

^4. 4a: - 3 = 12 - a:. 9. 9a: = 10 - (a: + 5). 

Ip. 5a: - 1 = 3a: + 7. lo. 8a: + (3a: - 4) = 25. 

11. 10a: - (a: - 5) = 4 - (a: + 2). 

12. 10 - (3a: - 5) = 8 - (7a: + 2). 

13. Solve Exs. 1-12 by aid of transposition of terms. 
Solve the following problems and check each result: 

14. K 5 times x equals 9 diminished by twice x, find x. 

15. If f of a: equals 12 less fa:, find x. 

16. If 12 is added to a given number, the result equals 
three times the given number. Find the number. 

17. One number exceeds another by 5 and the sum of the 
numbers is 12. Find the numbers. 

18. The difference of two numbers is 5 and the sum of the 
niunbers is 13. Find the niunbers. 

19. Separate 12 into two parts such that one part exceeds 
the other by 5. 

20. One number exceeds another by 1.4 and the sum of 
the numbers is 16.4. Find the niunbers. 

21. The difference of two numbers is 1.4 and the siun of 
the numbers is 16.4. Find the numbers. 



i 
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22. Separate 16.4 into two parts such that one part ex- 
ceeds the other by 1.4. 

23. Make up and work three examples similar to Exs. 
14^16. Also to Exs. 17-20. 

24. Find three consecutive odd numbers whose sum is 45. 
Also five consecutive odd numbers whose sum is 45. 

25. Find three consecutive even numbers whose sum is 60. 
Also five consecutive even numbers whose sum is 60. 

26. Make up and work an example similar to Ex. 24. 

27. Make up and work an example similar to Ex. 25. 

28. To what type does each of the above problems belong, 
or of what type is each a variation? 

EXERCISE 14 

Review 

1. Find the value of a + 3(6 — x), when a » 5, 6 » 2, and 
«- 1. 

2. Fmd the value of 3x - {x — 2)» + 2{x + 1) (4 - x) - 
VSa; + 1, when a; = 3. 

3. li 8 = vt -i- i^, find the value of 8 when t; = 10, ^ = 32.16, 
and < » 4. 

4. If X = 3, find the value of 4x\ Also of (4x)'. 

Shnplify: 

\/^. 2x* - 5a:» - 3a:* H- 2a; - 5 + 2a:' - 3a:* - 2x + 2a;2 - 2a: + 2a:« 
-6+3a:»+a:*-3a:'+7-a:+2+3a:«+2a:*-4a:-2a:». 

6. 3^/2"- 5V3 + 8 + WS- 2^2"- 7 -f SVS- 4^2"- 2. 

Subtract: 

W. 3a:» - 2a:« H- 5a; - 3 from 8a:« - a:» - 1. 

a* Bx^ - Zx^ + y» from 3a;» + 7xy^ - y». 
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Simplify and collect: 

. 9r ar - J - 2x -I- [- 4a? - (x - 2) ^x] -x]-l. 
^0. dx-l-Sx-px + i-Qx-hl) -5x] -4x} -{3x + l)-2x. 
Bracket coefficients of like powers of x: 

U. x«-a:5+2-3a;*-ax'+ax*-cx*-2ax2+3cx'-2ca:«-5a;». 

12. l-a;-x»-x«-h2a-2aa;+ 2ax^ - 2ax^ - 3&c + 36a?« 
+ 36x» + ex. 

Solve and give the reason for each step: 

13. ar - 5 = a: + 7. ^5. 4x + (x - 1) = 3x - (x -|-2). 

14. &r - (x - 4) = 16. 16. 3 - (a: - 2) = 7 - 5x. 

17. Subtract 5x^ - Sax - 2a^ from - 3a:« -|- 2aa;« - a*. 

18. Find the value of 5x* — ^(ja — 2a;) + 5o', when a = 4 and 
X = 1. 

19. Add 5a;* - 3ax + 40*, 6ax - 3x* + a*, and Boa; - a:* - 2aa;. 

' 20. Simplify X* - [Soa? + (a» - 2a;* - ax) - 3x*] - 5a*. Test the 
accuracy of your work by letting a = 1 and x = 2. 

21. Solve 5 - X = 4 - (7 -h 3x). 

/^2. The land surface of the world is 51,240,000 square miles. If 
the land area of the rest of the world is seven times that of North 
America, find the area of North America. 

23. Add ix* - |x+ i, ia;* + ix - i, and |x* -Jx + §• 

24. Subtract Jx* - J x+ f from J x*- Jx — f . 

25. Add .5a*-.15a +2.5, 1.2a* + . 3a -1.5, and-.75a* + .3a-.7. 

26. Subtract .27a* - .12a - 2.3 from 1.5a* + 2a - 1.7. 

27. Add 2(x + 2/) - 3(x+ z) + 2(y + e), 4(x + 2) - 3(x + y) 
- 5(y -h 2), and 4(x + y) - (x + 2) + 4 (y + z). 

^-28. From the sum of a* - 7a6 + 36* and 2a* - 66* + 7a*6*, take 
the sum of 4a*6* - 3a» + 2a* - b* and 3a6 - 26* + a*. 

29. What must be added to x* — x + 1 that the sum may be x'? 
That the sum may be 3x? 15? 0? 

30. What must be subtracted from 2x* — 3x + 1 that the re- 
mainder may be x»? x* + 10? 7? a - x + 1? 
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B = 4x» - x«y - xy« - 3y», i) = «» - 2x2/' + y«, 
find the value of 

31. il - 5 + C - D 33. il - (5 4- O + ^ 

32. il - [5 - (D + CO] 34. B + {il - [C - D]} 

35. By a diagram show that — 7 — ( — 3) and —7+3 have 
the same value. 

36. In an election for two candidates, 32,544 votes were cast. 
The successful candidate had a majority of 2416 votes. How many 
votes did each candidate receive? 

37. The Panama Canal is 49 miles long and the part of it through 
the lowlands is 4 miles more than 8 times the part through the hills 
(called the Culebra Cut). How long is each part? 

38. How many examples in Exercise 2 (p. 13) can you now work 
at sight? 



CHAPTER IV 

MULTIPLICATION 

47. Multiplication, at the outset, may be regarded as the 
process of finding the result (called the product) of taking one 
quantity (the multiplicand) as many times as there are units 
in another quantity (the multiplier). 

The term multiplication has acquired a much broader 
meaning than this, which is sometimes expressed as follows: 

Multiplication is the process of finding a number (the 
product) which is obtained from a given number (the multi- 
plicand) in the same way that another number (the multiplier) 
is obtained from unity. 

Multiplication is useful as a means of shortening addition 
or subtraction. Later many other uses (often indirect) of 
multiplication will become evident.. 

Multiplication of Monomials 

48. Multiplication of Coefficients. To multiply 4a by 3b, 
we evidently take the product of all the factors of the 
multiplier and the multiplicand, and thus get 4 X a X 3 X 6. 
Rearranging factors, we obtain as the product, 

4x3XaX6or 12ab. 

Hence, in multiplying two monomials, 

Multiply the coefficients to produce the coeffiment of the 
prodvjd. 

58 
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49. XnltiplicatioiL of Literal Faeton or Law of Exponents. 
Ex. Multiply a^ by a\ 

Since c? ^ aXaXa 
and a^ = a X a 
:. 0? X a^ ^ a X a X a X a X a ^ a\ 

This may be expressed in the form 

c? Xa^ ^d^^^ =^ a\ 
or, in general, a*" X a" = a"* "** *, 

where m and n are positive whole nmnbers. 

Hence, in multiplying the literal factors of a monomial. 

Add the exponents of each letter that occurs in both multiplier 
and mvUiplicand. 

Ex. ^^h<? X Sa^t^a: = I2a^lf(?x. 

50. Law of Signs. The law of signs in multiplication 
follows directly from the general law of signs as stated in 
Art. 31. 

(1) + $100 taken 5 times gives + $500, 

or, in general, a + quantity taken a + number of times gives 

a + result. 

(2) $100 of debts, that is, - $100, taken 5 times gives - $500, 
or, in general, a — quantity taken a + number of times, gives 

a — quantity as a result. 

(3) $100 deducted 5 times, or $100 X — 5, gives as the total 

amount of deduction — $500, 

or, in general, a + quantity taken a — number of times, gives 

a — quantity as a result. 

(4) Deducting $100 of debts 5 times from a man^s possessions 

is the same as adding $500 to his assets; that is, 
- $100 X - 5 = + $500, 
or, in general, a — quantity taken a — number of times gives 
a + quantity as a result. 



60 
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We see from (1) and (4) that 

either + X +, or — X — , pves +, 
and from (2) and (3)^ that 

either — X +, or + X — , gives — . 
In brief 9 in multiplication 
lAJce signs give 'plus; urdike signs give miniLS. 

51. Xnltiplication of MonomiaLi. Combining the results 
of Arts. 48, 49, and 50, we may express the method of multi- 
plying one monomial by another as follows: 

Multiply the coefficients together for a new coefficient; 

Arinex the literal f(wtors, giving each factor an exponent 
equal to the sum of its exponents in the terms multiplied 
together; 

Determine the sign of the result by the rule that like signs 
give +, and urdike signs give — . 

Ex. 1. Multiply 5a^ba? by - 6a6»j/*. 

The product is - 30 cPlMj^. 

Ex.2. Multiply 5a*»+3 by 2a'^i. 

Since n 4- 3 and n— 1, added, give 2n + 2, 
the product is lOa*""*^. 



Multiply - 5 
by 4 



EXERCISE 16 

2. 3. 4. 

- 3a 3a6 ^Q7?f 

-2 -5 - 1 





7. 


8. 


9. 


Multiply 


Zax 


-6a:j/2 


7ax 


by J 


- Aax 


-7V 


-Say 



5. 6. 

4x — 5a? 
2x -3a? 



10. 11. 12. 

- 5a^b 6c^d - 2x^ 
-4c(P -3aP -8xyV 
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13. 


14. IS. 16. 


17. 


1& 


Multiply 


4a? 


^ox* .5x 2.\^ 


2|«» 


fa? 


by 


.2x» 


faV .03x .052/* 


fx 


.5ar 




19. 


20. 21. 


22. 


23. 


Multiply 


2-1 


2n-l 2»~1 


a;»-i 


jp»-2 


by 


22 


2» 2 ■ 


a? 


X» 



Verify Exs. 19-21 when n = 4. Also Exs. 22 and 23 
when n = 4 and x = 3. 





24. 


25. 


26. 


27. 


28. 


dtiply 


a^a:**-^ 


a^ar'^i 


d'x^ 


- d^x--^ 


a:^' 


by 


^ 


— aa^ 


-aV 


ax''^^ 


a:^* 



29. 30. 31. 32. 

5(a + hf 3(a + 6)* - 6(a + 6) 7(a + h)-r^ 
2(o + 6)2 - (a + 6) - 2(a + 6)3 3(a + 6)' 



33. Multiply 2*^2 by 2 and verify the result when n = 4. 

34. Write out all the factors of 7a». Of {^af. 

35. {ahy is how many times as large as ah^ when o = 3 
and 6 = 2? 

36. How many a;'s are there in the product of has? by 
6aV? How many a's? 

37. How much money do five empty pocket-books contain? 
5X0=? 

38. Find the value of 7 times 0. Of 5a X 0. Of X 6ary . 
Of 3(a; + y) X 0. 

Ifa = 4, 6 = 1, c = 0, a? = 1, and y = 9, find the value of 

39. abc. 41. 5ca^. 43. 40^ + a. 

. 40. a^c. 42. a? + 3cy. 44. {3c + x)K 
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ac + y 2o + c(x + y) 
45. —3-. 47. 4 . 

^ Soc^ + l ^ 5(a; - 1) + 8 

x + y 2a 

49. How many of the examples in this Exercise can you 
work at sight? 

50. How many examples in Exercise 3 (p. 19) can you 
now work at sight? 

MULTIPUCATION OF A POLYNOMIAL BY A MONOML^ 

52. Utility of the Distributive Law in Multiplication; 
Bnle. In arithmetic we have become familiar with the fact 
that, for instance, 5X67 = 5(60 + 7)= 5X60 + 5X7; and 
that this principle enables us to perform all multiplications 
by committing to memory only the products up to 9 X 9. 

Similariy, in algebra, a(6 + c) — ah + hc. This is called 
the DistribiUive Law of Multiplication, By use of this law, 
all multiplications in algebra can be perfonned as a multi- 
plication of pairs of monomials. 

Hence, to multiply any polynomial by a monomial, 

Multiply each term of the midtiplicand by the muMplierf 
and set down the residts as a new polynomial. 

Ex. Multiply 2a» - 5a^b + Sah^ by - 3a6*. 

2a» - 5a*6 + 3a6« =- 4 

-3ay = -12 , 

Product - 6a^ + 15a»&» - 9a«6* = - 48 
The check is obtained by letting a « 1, and 6 » 2. 

EXERCISE 16 
1. 2. 3. 4. 

Multiply 2a + 3x 3x - 2y 4a?y - xy^ 7ax - 4hy 

by Zax — 5ay 2xy — Zabxy 
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Multiply: 

5. Sac^ — Smhi by ban. 9. Sar""*"^ + 7a;*» by — 4x. 

6. m — rn?-- Sm? by — 7m^n. 10. 3ar"^^ + 3aj**"* by of. 

7. Sar^i/ - 5a:2^ - y^hy 3xy. 11. 3a:^ + Ba?^ by ar*«. 

a 2ar" - 3a:*»-^ by a?. 12. 2a^*» - 7a'*» by - 2o2». 

13. 14. 

Multiply 2.50? - 3.7x + .51 ix - ^x" - i 

by .4a; |x 

15. 16. 

icux? - ^cut - ia .4a? - ia^ - |a:» + .5a?* 

— 4aar — .25a:^ 



17. What is the value of 7a: — 5y times zero? 
Multiply: 

18. 6(a + by - 3(a + 6) - 5 by 2(a + 6). 

19. 7(a; - yy + 2(a: - y) - 6 by 3(a? - y^. 

20. 2(3a + 26)2 _ 5(3^ + 26) + 4 by 4(3a + 26). 

21. Reduce {7aaabb — 5aaabb) X 6aa66 to its simplest 
form. Compare the size of the result with that of the original 
expression. 

(The following problems are mixed variations of Types I, 
n, and m.) 

22. What number diminished by 19 equals 37? 

23. What number increased by 19 equals 37? 

24. What number diminished by 1.067 equals 4.5? 

25. What number increased by twice itself and then by 
24 equals 144? 
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26. What number increased by twice itself and then 
diminished by 24 equals 144? 

27. What number increased by J of itself and then by 20 
equals 60? 

28. What number diminished by J of itself and then 
increased by 30 equals 90? 

29. WTiat number of dollars diminished by j of Itself and 
then by $30 equals $160.60? 

30. If a number is multiplied by 3 and then diminished 
by 40, the result is 140. Find the number. 

31. If 5 times a certain number is increased by 20.5, the 
result is 870. Find the number. 

32. If five times a certain number is increased by 20.5, the 
result is equal to three times the number increased by 160. 
Find the number. 

33. A man who died left $16,000 to his son and daughter. 
The share of his daughter, who had taken care of him in his 
illness, was $500 less than twice the share of the son. 
How much did each receive? 

34. A cubic foot of iron and a cubic foot of aluminum 
together weigh 618 lb. If the weight of the iron is 14 lb. less 
than three times the weight of the aluminum, find the weight 
of each. 

35. A baseball nine has played 54 games, and the number 
of games it has won is 3 less than twice the number it has 
lost. How many has it lost? 

36. Of which type is each of the above problems (Ezs. 
22-35) an instance or a variation? 
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Multiply each member of the following equalities by — 1 
and solve: 

37. — 2ar — 5 = — a: + 4. 38. — 4x — a: = — 6 — 9. 

39. Make up and work an example similar to Ex. 10. To 
Ex. 19. 

40. Make up and work an example similar to Ex. 30. To 
Ex. 35. * 

41. How many of the examples in this Exercise can you 
work at sight? 

Multiplication op a Polynomial by a Polynomial 

53. Arranging the Terms of a Polynomial. The multi- 
plication of polynomials is greatly facilitated by arranging 
the terms in each polynomial according to the powers of some 
letter, in either the ascending or descending order. 

Thus, 5x'+3— x+x*- 7^*, arranged according to the as- 
cending powers of x, becomes 

3 - a; + 5x2 - 7x» + ic*. 

Also, a* -f &* — 4a*6* — 5a% arranged according to the descend- 
ing powers of a, becomes 

a* - 5a»6 - 4a^b* + 6*. 

54. Multiplication of Polynomials. By a double use of 
the Distributive Law: 

{a + b)(c + d) =: a{c + d) + b{c + d) 
= ac + ad + bc + bd 

We see that a similar result is obtained, no matter how 
many terms occur in each polynomial. 
Therefore, to multiply two polynomials. 
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Arrange the terms of the mvMplier and the multiplicand 
according to the ascendvng or descending powers of the same 
letter; 

Mvltiply each term of the multiplicand by each term of the 
midtiplier; 

Add the partial products thus obtained. 

Ex. 1. Multiply 2x - Sy by 3a: + 5y. 

The terms as given are arranged in order. 
The most convenient way of adding partial products is to set 
down similar terms in columns, thus: 

2x - Sy « - 1 

3x + & y = 8 

Partial jyrodvjds 






Product 6x2 + xy - 152/2 = - 8 

The check is obtained by letting x - I and y « 1 (or x = y = 1). 
Note that this method checks only the signs and coefficients, not 
the letters or their exponents. Mistakes in letters and exponents, 
however, are rare in comparison with mistakes in signs and coeffi- 
cients. A convenient check for all elements in the process is ob- 
tained by letting x « y = 2. A useful check on the letters and 
exponents in many examples is given in Art. 56. 

Ex. 2. Multiply 2x - :x? + I - Zx^hy 2x + Z - :^. 

Arrange the terms in both polynomials according to the ascending 
powers of X. (Why is the ascending order chosen rather than the 
descending?) 



1 + 2x - 3x2 - 

3 + 2x - x2 


x» 


-1 
4 


3 + 6x - 9x2 - 

+ 2x + 4x2 - 

- x2 - 


3x3 

6x» -2x* 

2x3 + 3x^ + x« 





Product 3 + 8x - 6x2 - ii^-s ^ x* + x«^ = - 4 

Now multiply the two polynomials together with their terms m 
the order as first given. This will show you the advantage of ar- 
ranging the terms in order before multipl3ring. 
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Ex.3. Multiply a2 + 62 + c2 + 2a6-ac-6c by a + 6 + c. 
Arranging the terms according to powers of a, 

g + 6 + c -_3 

+ a% +.2a6« - abc +6«-6^+W 

-i-dh -f 2abc -cu? +yc--6c»+C 

a» + 3a26 + 3a6« +6* + C = 9 

55. Degree of a Term; Homogeneoiu Expressions. The 
degree of a term is determined by the nmnber of literal fac- 
tors which the term contains. Hence, the degree of a term is 
equal to the sum of the exponents of the literal factors in the 
term^ 

Thus, la^hf? is a term of the 6th degree, since the sum of the 
exponents in it is 3 + 1 -f 2, or 6. 

The degree of an algebraic expression is the same as the 
degree of that term in the expression which has the highest 
degree. 

Thus, 7j^ 4- 3xV + 2/ is of the 4th degree. 

A homogeneoiu polynomial is a polynomial of which all the 
terms are of the same degree. 

Thus, 5a^b — 6* -f a^' is a homogeneous polynomial, since each 
of its terms is of the 3d degree. 

56. Multiplication of Homogeneoiu Polynomials. If two 
monomials are multiplied together, the degree of the product 
must equal the sum of the degrees of the multiplier and the 
multiplicand. 

For instance, in Ex. 3, above, the multiplicand is of the 2d 
degree and the multiplier is of the 1st degree, and are both homo- 
geneous. Their product is seen to be homogeneous and of the 3d 
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The fact that the product of tivo homogeneous expressions 
must also he homogeneous affords a partial test of the accuracy 
of the work. 

If, for instance, m Ex. 3, p. 67, a term of the 5th degree, such as 
ba?¥, had been obtamed in the product, it would have been at once 
evident that a mistake had been made in the work. 

57. Detached Coefficients; Symmetrical Expressions. The 
process of multiplying algebraic expressions may often be 
further abbreviated by using only the signs and coefficients 
of terms, omitting the letters and their exponents (see Ap- 
pendix^ p. 466). 

EXERCISE 17 

Multiply and check each result: 

1. ar-4by2ar+l. 5. 7:f - bfhy A3? + ^f, 

2. ar - 3 by 3ar + 2. i^. bxy + Q by Qxy - 7. 

3. 2x + 5 by X - 7. 7. 4o* - Vc by 8a»c + 2altl^(^. 
^. 3x-4yby4a;-3y. a lla^y - 7xi/ hy Zs? + 2y^. 
l/B. a^ - ab + h^hy a + b. 

^/lo; a? + 3!?y + xy^ + fhyx-y. 

x/ii. 4a?-'Sx^ + 2x-lhy2x + l. 

^A2. 2a?-3xy + 2f by Zx - 5y. 

^3; Q? ''Z^-\-2x-'\\iy2Q?'>rx-Z. 

V 14. 3a:^y - 4a:/ - fhy 7? - 2xy - y^. 

vis. :^-Z7?y + Zxii'-y'hyx'-2xy +y. 

/16. 4x»-3ar^ + 5a;-2bya:2 + 3a._3^ 

H7. aj* - 3a:2 + 5 by a:^ _ 3. _ 4^ 

tie. ^ -^ + fhyiif -Zxy ''^. 
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^9. a^-ab + Vhya^ + ab + h^. 

^o. 4a? + 9f-6xyhy43? + 9f + 6xy. 

1/21. a^ - 7x^y^ + Qxy^ - ]/^hy a? - 2xy^ + ^. 

ly^. a? - 6aa? + 12a^x - Scfihy - a^ - 4ax - ia^. 

(y^z. a^ + 6^ -H a:^ + 2a6 — ax — 6x by a + 6 + a?. 

[y^. oft + cd + oc + M by a6 + cd — ac -M. 

25. ^o + |6 by ^a — ^6. 

26. far^ - 4a; + i by f x + |. 

27. .5a - .46 by .2a - .36. 

28. 1.8a:2 - 3.2ar + .48 by 2.5a; + .5. 

29. x"" + 2ar'^i + Zx"^ - 2 by a; - 2. 

30. x^+i - 3a;« + 4a;'^^ - Sa;*-^ by x" + 2ar»^. 

31. x"^ - 2a;*^ + Sx"-® - 4a;"-i + 5x»» by 2a? + 3ar + 1. 

32. Multiply 3a;-5 + 4a? + a;'by2ar-3 + a;^ without 
changing the order of the terms. Now arrange the terms in 
each expression in descending order and multiply. About 
how much easier is the second process than the first? 

33. Make up and work an example similar to Ex. 32. 
Arrange the terms of the following in descending order of 

some letter, and multiply: 

^/134. 4a; - 3a:2 _ 5 + 2a? by a; + 4. 

35. 3a? - 5 - a; by a; + 4a? - 2. 

146. 2i? + 2/3 -4x2/2 + 33^ by 2/2 + 33j2_2a;y. 

37. Which of the polynomials in Exs. 16-24 are homo- 
geneous? 
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38. A number increased by 3 times itself and then by 40 
equals 180. Find the number. 

39. Separate 180 into two parts such that one part exceeds 
three times the other by 40. 

SuG. Let X - the second part. 

40. A number increased by | of itself and then by 20 
equals 95. Find the number. 

41. Separate 95 into two parts such that one part exceeds 
J the other part by 2(k 

42. A number increased by f of itself and then diminished 
by 30 equals 70. Find the number. V^ ^ 

43. Separate 70 into two parts such that one part exceeds 
f of the other part by 30. 

44. A number diminished by f of itself and then increased 
by 30 equals 66. Find the number. 

45. A number increased by .06 of itself and then. by $100 
equals $312. Find the number. 

46. Separate 400 into two parts such that one part exceeds 
3 times the other part by 60. 

47. Separate $1000 into two parts such that one part is 
smaller than 4 times the other part by $100. 

48. Of which type is each of the above problems (Exs. 
38-47) an instance or a variation? 

63. Multiplication Indicated by the Parenthesis; Simpli- 
fications. The parenthesis is useful in indicating multipli- 
cations or combinations of multiplications. 

Thus, (a — 6 + 2c)* means that a — 6 + 2c is to be multiplied 
by itself. 

(a — 6 4- 2c)' means that a— 6+2cistobe taken as a factor 
three times and multipliecL 
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To perform the multiplication expressed by a power is to 
expand the power. 

Again, (a — 6) (a — 26) (a -f & — c) means that the three factors, 
a — 6, a — 26, and a+6— c, arealltobe multiphed together. 

Also, (a — 2xy — (a + 2x) (a — 2x) means that a + 2x is to be 
multiplied by a — 2a:, and the product is to be subtracted from the 
product of a — 2x by itself. 

We simplify an expression in which multiplications are 
indicated by parentheses and exponents by performing the 
operations indicated and collecting terms. 

Ex. Simplify S(x - 2y) (x + 2y) - 2{x - 2y)\ 

3(a; - 2y) {x + 2y) - 2{x - 2y)» 

« 3(x2 - 4y2) - 2(x2 -4xy + 4y») 
= ar« - 12y« - (2a;« - &cy + Sy^) 
= 3a;« - 12y« - 2a:2 -f Sxy - 8y» 
= x*. + 8x2/ - 20y^ Ans. 

Check this result by letting x - 1 and y = 2. 

EXERCISE 18 

Find the product of 

1. (- a) (- o) (- a) (- a) (- a)- 

2. (- 1) (- 1) (- 1) (- 1) (- 1) (- 1). 

3. (x - y){x- y) (x + y){x - y) (x + y) in parenthe- 
sis form. 

4. Find the value of (— 2)^. Of a" when a = — 1 and 
n = 7. 

Simplify by removing parentheses and collecting terms: 

5. X - 2(0: + 1). f^. (2x + 3) (5a: - 4). 

6. (x - 2) (a: + 1). 9. 7a - 3(4a - 8). 
y4. 2a: + 3(5a: - 4). lo. 9o + 5(3a + 4). 
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l/H. 3x(x - 2) - 2x(x - 3). 

12. (2^* - 3a; + 1)«. 

13. (2a - 36 + 5)» - (2a + 36 - 5)«. 
|ar4. (x - 5)2 -ix + 5)\ 

15. 3a; - 2(3** - 5a: + 2). 

n:6. x-2(x- 1) (a: + 3). 

I i.7. (x - 2) (a; - 1) (x + 3)."\ 

I 18. 3a2- (a - 26) (3a + 46). 

^ 19. (x-y-zf- x(x - 2y + 2z). 

^;^ 2x* - 3(x - ly + (x - 2)^ 

^. 3x* - x(l - x) (2 + a;) + x». 

■^. 2 - 3(x - 2y - 2(3 - 2x) (1 + a;). 

d^. a^ — [x(a — x) — a(x — a)] — x*. 

k'M. (x - 1) (x - 2) - (x - 2) (a: - 3) + (x - 3) (x - 4). 

'725. 3(x - yy -2\{x + yf - (x - y) (x + y)} + 2f. 

26. x(,x - y - z) - y(z - X - y) - z{z - y — x) - if. 

27. 3[(a + 26)x + 2my\ - 5[(m - t)y + 6x] - 4[(x - a) 
a + cy]. 

28. 26o6 - (9o - 86) (5a + 26) - (46 - 3a) (15a + 46). 

20. Multiply the sum of (a — 2x)* and (2a — xf by 
3a - 2(o - x). 

30. Subtract (x — 2yy from a? — 8i^ and divide the re- 
mainder by X — 2y. 

31. Find the value of 3X0 + 4. Of 8-7X0. 
Of 6 X X 5 + 7. 
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If a = 3, 6 = 0, a: = — 2, and i/ = — 5, find the values of 

32. 2ax. 36. by^ + Sx(x — y). 

33. boi^y. 37. 4x^ — abx{4x — y). 

34. 3ar^ + aby. 38. 3x - 5(2a:'+ 3). 

35. 6a:y — aa?. 39. 2(a:^ + y) — oiy + aof. 

40. 2(1 - 2xy + (x + y) {€? + x). 

41. (x - If - 3(a: + 1) (a: + 2) - xCx^ - 2) (y - 2a:). 

42. 3a(a - 2a;) - {a - (a - 1) (a: + 1) - (a + x)^} + 5aa:. 
Find the value of 

43. {x + of — (a; — a)^ when x = 2a. 

44. 5(x + p)^ — (a: + p) (x — 2p) when x = 3p. 

45. 3x^ + 4x — 5(x — 1)^ when x = oft. 

46. If X = 2 and y = 1, find the value of (x + yf. Also 
of x' + 2/^. 

47. From the sum of 2a + 56 and 36 — 5a, subtract three 
times a — 76, and verify the result when a = 2 and 6 =-5. 
Also when a = 3 and 6 = — 1. 

48. If a certain number is diminished by 24 and the result 
multiplied by 3, the final result will be 78. Find the number. 

49. If a certain sum of money is increaseci by $150 and 
the result multiplied by 4, the final result will be $1000. 
What is the original sum of money? 

5a Separate $1000 into two parts such that one part 
equals four times the sum of $150 and the other part. 

51. Separate .0015 into two parts such that one part equals 
3 times the sum of .0001 and the other part. 
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52. The sum of two fractions is If, and the larger is three 
times the smn of the smaller and |. Find the fractions. 

53. Separate $100 into two parts such that the smn of one 
part and $10 equals the other part. 

54. Separate $100 into three parts such that 3 times the 
sum of $5 and one of the parts equals each of the other parts. 

55. Separate $104 into four parts such that twice the siun 
of one part and $1 equals each of the other parts. 

56. A man walked 15 miles, rode a certain distance, and 
then took a boat for twice as far as he had previously trav- 
eled. Altogether he went 120 miles. How far did he go by- 
boat? 

57. The sum of three numbers is 50. The first number is 
twice the second, and the third is 16 less than three times the 
second. Find the numbers. 

58. Find five consecutive numbers whose sum is 3 less than 
6 times the least of the numbers. 

59. The difference between two numbers is 6, and if 3 is 
^ added to the larger, the sum will be double the less. Find the 

numbers. 

60. Divide $4500 among two sons and a daughter so that 
each son gets $100 less than twice the daughter's share. 

61. Find two numbers, whose difference is 14, such that 
the greater exceeds twice the less by 3. 

62. The difference of the squares of two consecutive num- 
bers is 43. Find the numbers. 

63. Three boys together earned $98. If the second earned 
$11 more than the first, and the third $28 less than the other 
two together, how much did each earn? 
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64. Which of Exs. 48-63 are instances or variations of 
Type I? Of II? III? 

65. Make up and work an example similar to Ex. 48. To 
Ex.49. 

66. Make up and work an example similar to Ex. 58. To 
Ex. 62. 

67. How many examples in Exercise 6 (p. 29) can you 
now work at sight? 



CHAPTER V 
DIVISION 

59. Division is the process of finding one factor when the 
product and the other factor are given. 

The dividend is the product of the two factors, and hence 
it is the quantity to be divided by the given factor. 
The divisor is the given factor. 
The quotient is the required factor. 

Thus, to divide lOocy by 5x, we must find a quantity which, 
multiplied by 5x, will produce lOxy. The factor 5x is the divisor, 
lOxy is the dividend, and the other factor, or required quotient, is 
evidently 2y. 

The division of a by 6 may be indicated in each of the 
following ways: 

b )a, a -T- b, r, or a/b 

60. Oeneral Principle. Division being the inverse of mul- 
tiplication, the methods of division are obtained by inverting 
the processes used in multiplication. 

Division of Monomials 

61. Index Law for Division. If a^ is to be divided by a\ 
we have 

o* aXaX aXjsrX^ ,, _ , 

a*" 
Or, in general, — = a"*"**, 

where m and n are positive whole numbers. 

76 
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62. The Law of Signs in Division is obtained by inverting 
the processes of multiplication. 

Thus, in multiplication, if a and b stand for any positive 
quantities (see Art. 50, p. 59), 



+ aX+b^+ab] 
+ aX -b = - ab 
-aX+6=-a6 
-aX-6 = +a6, 



+ a6-^ +&= +a...(l) 

- oft -5- - 6 = +a...(2) 

- oft 4- +6 = - a... (3) 
[+ab^ -b= -o...(4) 



Hence, by 
definition 
of divi- 
sion, 

From (1) and (2) we see that the division of like signs 
gives +. From (3) and (4) we see that the division of unlike 
signs gives — . Hence, the law of signs is the same in divi- 
sion as in multiplication. 

63. Division of Monomials. Combining the results ob- 
tained in Arts. 60, 61, and 62, we have the following method 
for the division of one monomial by another: 

Divide the coefficient of the dividend by the coefficient of the 
divisor; 

Obtain the exponent of each literal factor in the quotient by 
subtracting the exponent of each letter in the divisor from the 
exponent of the same letter in the dividend; 

Determine the sign of the result by the rule that like signs give 
plus, and unlike signs give minus. 

Ex. 1. Divide 27a»6V by - 9a^ba?. 

since the factor x* in the divisor cancels x* in the dividend. 
Ex.2. Divide a^*^ by a--^ 
a^ 



= a"*"* Quotient 

Check the work in each of the above examples by multiplying the 
quotient by the divisor. 
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EXERCISE 19 

Divide and check the result: 

1. 15a by — 5a. lo. — m'n by — m'. 

2. - ^3? by X. 11. - 3a:2 by _ i^ 

3. 8aV by - 4aa?. 12. — 8ar by \x. 

4. - SOa^^j/^ by - 6xV. 13. 16V by - f &y. 

5. - 7a:z3 by 72?. 14. Sttw: by .2x. 

6. 21a:2/22 ^y - Zxz. 15. .4aa:2 ^y .ga?. 

7. ISk'd' by - Ocr^d. 16. Max by .5aa:. 
a - iZ^fz' by llarj/^z^. 17. 2\7? by la:^. 

9. 28a:2j^z» by - lAxy^, is. - \j? by .5a:. 

19. 47rr2 by 27r. By r^. By ttt. 

20. tflf^^bygr/. ByJ^. By ^f. 

21. ^7? by |m. By .b'fi. By .25«. 

22. 20(x + yf by - 4(a: + y). By - 2(a; + yf. 
2a - 1.4(a - hf by - 7(a - hf. By - 2(a - 6)*. 

24. a®** by a^'». By a'**. — a\ 

25. - 6a«+3 by 2a'»+^ Bya»+2. ««. - 3a«-^ a2*»-». 

26. a2«+^ by a^'+i. By a2«+3. a'•-^ 

27. How many 2's are multiplied together in 2^®? In 2*? 
In the quotient of 2^^ -^ 2*? 

28. How many ar's in a:^^? In a:*? In the quotient of 

29. Divide 2'»~^ by 2 and verify your result when n == 5. 
Treat 2**"^ -^ 2^ in the same way. 
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30. K an empty box is divided by partitions into 5 equal 
parts, will each compartment of the box be empty? 

31. What is the value of 4- 5? Of -^ 7? State the 
meaning of the latter in a manner similar to that used in 
Ex. 30. 

32. Give the value of 4- 10. Of -h a. Of -^ 2a:. 




Of 



7a 7ab 7abx 7a^?7?^ 



33. What is the value of —— when a = 0? When x = 0? 

If o = 2, 6 = 3, c = 0, X = 1, find the value of each of the 
following: 

34. ^ 36. '^^ - ^> 
a 4a 

«^ c(a + x) ^„ 5ac 

35. -^^ — 37. 



6 ■ b + x 

3a What is a polynomial? A binomial? A monomial? 
Give two examples of each. 

Division of a Polynomial by a Monomial 

64. Utility in the Di8tribiitiv<e Law of Division; Bnle. In 

arithmetic we have become familiar with the fact that, for 

instance, 

65 _ 50 + 15 _ 50 , 15 _ .^ , ^ _ .^ 
g— - - + - - 10 + 3 - 13, 

and that this principle enables us to perform all divisions by 
committing to memory only the quotients up to 81 -r- 9. 

Similarly, in algebra, divisions can be greatly simplified by 
the fact that 

ae + be ac , be , , 

c c c 



80 DURELL'S ALGEBRA: BOOK ONE 

This IS called the DistribiUive Law of Division. 
Hence, to divide a polynomial by a monomial, 

Divide each term of the dividend by each term of the divisor, 
and connect the results by the proper signs. 

Ex. 1. Divide I2a^x - lOa^y + 6aV by 2a\ 

2a «)12o»g - IWy -f 6aV 

6aa; — % + 3a*2? Quotient » 

Ex. 2. Divide Ga^^+s - 4a2«+2 _ 2a^^-^ by 2a^-'\ 

3a2»+< -2a'»+3-o4»^2 Quotient 

Check the work in each of the above examples by midtiplying the 
quotient by the divisor. 

EXERCISE 20 

Divide and check: 

1. x'-Sx^hy - X. 

2. 20x2 _ g^y by 4^^ 

3. 4a62 - Qa^bc by - 2ab. 

4. - 3a:3 + 7a:2 _ 3. by - a-. 

5. 153^y — lOa:^?/^ — 60:2/^ by 5xy. 

6. — m — m^ + m^ — m^ by — m. 

7. 14a::^y22; — 21xy^2? + ari/z by — acyz. 
a - 3a:2 _ 2a; + 5 by - 1. 

9. .60:2 _ 12a: + 9 by - .3. [ 
10. .02a2 - .04a6 - .86^ by .5. . ; 

11. W-i^-i^y-l 

12. ia'h" - la^frs _ 1^254 by - |a5. 
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la 9a:'*' - 6ar^» + 12a?'» by - 3a?*. 

14. - 4a:2n+i + iOa^n+2 _ Q^n-^ by 2a?\ 

15. a?'»+' - 2a:»'*^ + 3a?»+^ + ar'^ by ar«~^ 

16. 8a:"»+2 _ iea;m+i _ j^m _ I2ar«-i by - 4a:"^. 

17. Qa?""-^ - 6ar^»-i + i2aJ!n _ ar2n+i by Sa:''-^ 

18. 10(a + 6)2 - 8(a + 6) by - 2(a + &). 

19. .5(x - y)* - .15(ar - y)' by .5(x - y^. 

20. (a + 6)a: - (a + 6)y by (a + 6). 

21. (a — b)x + (a — 6)y by (a — 6). 

22. x(x + 1) + (ar + 1) by (ar + 1). 

23. I of a number added to twice the number gives 210. 
Find the number. 

24. f of a number added to 5 times the number ^ves 340. 
Find the number. 

25. f of a number added to | the number giyes 140. Find 
the number. 

26. The difference between f and J of a certain ntunber is 
14. Find the number. 

27. What number increased by .06 of itself gives 318? 

28. What sum of money at simple interest for one year at 
6% will amount to $318? 

29. What number increased by .15 of itself .will amount to 
690? 

30. What sum of money at simple interest at 5% will 
amoimt to $690 in 3 years? 

31. For every nickel which a girl put in her savings bank 
her father put in a dime. If her bank contained $18.75 at 
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the end of one year, how many nickels did the girl save in 
that time? 

32. For every dime that a boy spent for books, his father 
gave him a quarter to spend for the same purpose. If he 
spent $52.50 in all, how much did his father give him? 

33. A purse contains $10.50 in dollar bills and quarters, 
but there are twice as many quarters as bills. How many 
are there of each? 

34. How can $2.25 be paid in 5 and 10 cent pieces so that 
the same number of each is used? 

35. How can $5.95 be paid in dimes and quarters using 
the same number of each? 

In the following equations divide each member by — 1 
and solve, checking each result: 

36. -l-3ar=-a?-5 38. — x -px - 1) = — 5 

37. -5a:-8-a;= -7a:+ 1 39. - 7a: - 5 = - 3a: + 4 

40. How many of Exs. 23-35, pp: 81-82, belong to Type 
I? To Type II? III? 

41. Make up and work an example similar to Ex. 31. To 
Ex. 36. 

42. Make up and work an example similar to Ex. 13. To 
Ex. 18. 

43. How many of the examples in this Exercise can you 
work at sight? 

Division of a Polynomial by a Polynomial 

65. Oeneral Method. The method of dividing one poly- 
nomial by another is to arrange the polynomials according 
to the ascending or descending powers of some one letter. 
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and then, in eflfect, to separate the dividend into par- 
tial dividends, which are divided in succession by the 
divisor. 
Ex. 1. Divide6aJ* + 7s? -'Za?+ liar - 6by2r^ + 3a:-2. 

We divide the first term of the d/vidend, 6x*, by the first term 
of the divisor, 2x\ obtaining the quotient 3x*. Multiplying this 
quotient, Sx^, by the entire divisor, we obtain the first partial divi- 
dend. If we subtract this from the entire dividend and divide the 
remainder by 2x', we have a process like the following: 

Dividend Divisor 

. A , K , 

Gx* + 7x» - 3x2 + iia; _ 6 |2x'+3x -2 = 15 -s- 3 
6x^ -f 9x» - 6x» ac' - X + 3 « 5 

~ 2x3 + 3x» + llx - 6 ^—7—-' 
- 2x3 -3x2+ 2x ^^"^ 

6x* + 9x - 6 
6x2 + gx-e 

A quick check on the parts of the work in which errors are most 
likely to be made is obtained by letting x = 1, as is done in the 
solution above. A more complete check is obtained by finding the 
product of the divisor and quotient and noting whether the result 
equals the dividend. 

Now state the process of dividing a polynomial by a 
polynomial as a general rule. 

Ex. 2. Divide 31al^ - 20¥ - lOa^h^ + 6a* - a^b hy 

6a* - a% - 10a262 + 31a6» - 206* |3o2 + 4ab - 5b^ ^ 6^2 
6a* + Sa% - 100252 2a2 - 3a6 + 462 = 3 

- 9a^b + 31a63 

- 9a»6 - 12o262 + 15a6» 

+ 12a262 + 16a63 - 206* 
4- 12a262 4- I6a6» - 206* 

Is the dividend homogeneous? The divisor? The quotient? 
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Ex. 3. Divide a? + i/^ + s? + 3xh/ + Sxy^hyx + y + z. 

Arranging terms according to the descending powers of x, . 
x»+3x«2/+ary«+ y^-he' lx +y+z = 9 -&- 3 

g* + x^ + xh X* +2a^-a» + |/' +a'-y2 = 3 

+ 2x^- x^z -i-Sxy^-hj^-^-z^ 

+ 2x^ +2xy« +2xyz 

— xh + xy^ - 2xyz + y* + «• 

— x^z — xz^ — xyz 

xy'^ -{• Qcz^ — xyz -\- y^ -{- s? 

x^ + y* + y'g 

-{•xz^-xyz -yh+s^ 

+ xz^ + yg' + g» 

- xyz - y^g _ yz^ 
.^xyz — y'g —yz* 

Notice the simplicity of the process of checking the work 
in an example like this. 

EXEBCISI 21 

• Divide and check each result: 

Vi. 3x2 + 7a; + 2byar + 2. 
\/i, 6r^ + 7x + 2by3x + 2. 
y6. 123^ + xy''20i/hy3x + 4y. 

fL. 3a:2 + a; - 14 by X - 2. 
j^ 6r^ - Z\xy + Zhy" by 2x - 7y. 

6. \2c? - Hoc - 36c2 by 4a - 9(?. 

7. - 15a:2 ^ 59a. _ 55 by 3a: - 7. 
(^ 44a:2 _ ^ _ 32^ by llx - 3y. 

9. a2-462bya-26. ^v^. Ox* - 49 by 3ar + 7. 
10. a:^ - 2/3 by X - y. 13. 125 - 64x3 by 5 - ^^ 

n. 27x3 + 8 by 3x + 2. ui4. Sa^x^ + 2/^ by 2ax + y^^ 



DIVISION OP A POLYNOMIAL 86 

f^. 2a? - 9x* + llx - 3 by 2a; - 3. 
H6. 35a? + 47a:* + l3i+lby5ar + l. 
"T^^tTGo' - ITa^fa: + 14flt - 3a:» by 2a - 3ar. 
^oa 4/ - 18/ + 223/* - 7y + 5 by 2y - 5. 

19. c» + c*a; + c»a? + c*a:« + ca;* + a:* by c + X. ■ 
j/«). llx - 8a? + 5a? - 20 + 2«* by ar + 4. 

21. 4a: + 6a? + 3a? - 11a? - 4 by 3a? - 4. 

255, - a?y - Hay - 2a?jr' + 6a? - 6y< by 2a; - By. 
^^23. 4y» + 6a? - 13a?y by 3a? - 2y. 
t^24. a? — 16y* by X — 2y. 26. a? — y* by x + y. 
J^^ia^x^ + 322/5 by X + 2y. 27. 256x« - j/' by 4x* - j/«. 
^'2a Sx - 18x» + 8x* - 13x» + 2 by 4X* + X - 2. 
Z>29. 10 - x' -27x* + 12x* - 3x by X + 4x* - 2. 
£-«o. 22x* - 13x» + lOx^ - 18x* + 5x - 6 by x + 5x» ^ 2. 
"^ /i4a?ji»^/l65y + 4?)f j/8 + ,5a^ -^'exy* by 3x* h(/ 

MTSo^fe - 3a^ft* - o26» + ^ - 4y'by 0* + 3a6 + 26*. 
J. a? — y* + z* — xyz — 2a?z + 2ys? by x — y — z. 
^^"^ c* + <P + «* — 3cdn by c + <i + ». 

35. j/" - 2j/» + 1 by 2/* - 22/ + 1. 

36. 2x« + 1 - 3x* by 1 + 2x + X*. 

37. 6xy - 62/V - 6xV - 13x2/2* - 5x2/% by 3x2/ + 22/a 

+ 3X2. , 

C^za. x» - 39x + 15 - 2x» by 3x» + 6x + x» + 15. 
39. "4x» - 9x* + 25 - 14x» -y\iy 2x» - x - 5 + 3x*. 
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41. ^3? - -^ef by ^x - ly. 

42. |a^ - iV^ by |a - |6. 

43. fa:^- V-« + f by fx--2. 

44. .16a?- .25y^hy .4x + .5y. 

45. 2.88a? + lOMx - 19.2 by 1.2r^ + 1.5a; + 6.4. 

46. 6a:2n+i _ i3a^n + gar^n-i ^y 3a;n+i _ 2x\ 

47. 12a?*'» + 13ar^» - a;« by Sx'' + 1. 

48. 4a:»+* + 5a:»+2 - a:«+i - ar** + ar«-^ by «* + 2ar + 1. 

49. 6a;«+i - 5ar" - 6x'^ + ISx"^ - 6a:«^ by 2a? - 3a: + 2. 

50. In Ex. 20 try to divide without arranging the terms of 
the dividend either in ascending or descending order. 

51. What is the value of ^^ when x = 0? Wheny = 0? 

x + y 

52. Divide a? + i^hyx — yto5 terms and note the 
, remainder. 

53. Divide 1 by 1 — a: to 4 terms and note the remainder. 

54. Divide 1 by 1 — ax to 3 terms. 

55. If a boy walks at the rate of 3 miles an hour, how far 
will he walk in 5 hours? In a hours? In x hours? In x + 2 
hours? 

56. A boy starts at a given time and walks 5 hours. An- 
other boy then starts and rides a bicycle x hours until he over- 
takes the first boy. How many hours does the second boy 
ride? How many if the first boy has a start of a hours? Of 
y hours? 
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57. Two men A and B start from places 35 miles apart 
and walk toward each other at the rate of 4 miles and 3 
miles an hour respectively. How many hours will it be 
before they meet? 

SuG. In forming an equation, it is an aid to diagram a problem 
of this kind: 35^^ 

If the two men start j^ ( " ^ ^^ 

at the same time and ^ ^ Y 

walk toward each other * 

xmtil they meet, they must travel the same number of hours. 

Let X « the number of hours each man travels. 

Then ix «= number of miles A travels. 
3i = number of miles B travels. 
4x + 3a; = 35 (Art. 15, 1) 

7a; = 35 
a? = 5, no. hours before they meet. 

Check. 4x = 20, distance A travels. 
3a; « 15, distance B travels. 
20 + 15 = 35 

In working Exs. 58-72, draw a diagram as an aid in each 
solution: 

58. Two men, A and B, start from places 42 miles apart 
and walk toward each other, at the rate of 4 and 3 miles per 
hour respectively. How many hours will it be before they 
meet? 

59. Make up and work an example similar to Ex. 58. 

60. Two bicyclists, A and B, start respectively from New 
York and Philadelphia, 90 miles apart, and ride toward each 
other. A rides 8, and B, 12 miles per hour. How long and 
how far will A ride before meeting B? 

d. Boston is 234 miles from New York. If two automo- 
biles start from the two cities at the same time and travel 
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toward each other at the rate of 12 and 14 miles per hour 
respectively, how far will each go before they meet? 

62. Make up and work a similar example concerning trains 
which travel between New York and Chicago, which are 912 
miles apart. 

63. One boy starts at a certain time from New York on 
a bicycle and travels toward Philadelphia at the rate of 8 
miles an hom*. One hour later another boy starts from 
Philadelphia and goes toward New York at the rate of 6 
miles an hour. How long before they will meet? 

64. New York and Washington are 228 miles apart. A 
train starts from New York at a given time and goes at the 
rate of 26 miles an hour, and two hours later a train starts 
from Washington and proceeds at the rate of 34 miles an 
hoiu:. How long before they will meet? 

65. Make up and work an example similar to Ex. 64 con- 
cerning trains which travel between Cincinnati and New 
Orleans, which are 830 miles apart. 

66. Two boys start at the same place and travel in oppo- 
site directions on bicycles at the rate of 8 miles and 10 miles 
an hour. How long before they will be 108 miles apart? 

67. If they travel in the same direction, how long before 
they will be 16 miles apart? 

68. Two boys start from New York and Philadelphia at 
the same time and travel toward each other until they meet. 
If one goes twice as fast as the other and they meet in 7J 
hours, what is the rate per hour of each boy? 

69. If in Ex. 68 one boy went 5 miles an hour faster than 
the other, and they met in 6 hours, what was the rate of each? 
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70. Make up and work an example similar to Ex. 68 
concerning automobiles traveling between New York and 
Washington. 

71. Make up and work an example similar to Ex. 69 con- 
cerning railroad trains traveling between New York and 
Buffalo, which are 440 mi. apart. 

72. A set out from a town, P, to walk to Q, 45 miles distant, 
an hour before B started from Q toward P. A walked at the 
rate of 4 miles an hour, but rested 2 hours on the way; B 
walked at the rate of 3 miles an hour. How many miles did 
each travel before they met? 

73. How many examples in Exercise 10 (p. 45) can you 
now work at sight? 

EXERCISE 22 

Review 

1. Express the following in as few terms as possible: 3.2x' — 
2,5xy + .16y* + 1.5a:* - .8y* - ,32xy + .4y* - l.Sx* + .4xy. 

2. Subtract .15a« + .36« - 2.6a6 from - 7a« - 4a6 - 1.56». 

3. Add 2ip« - 1.5p + J, .75p« + Jp - .4, f - 6ip« - .5p. 

4. Sunplify 3.2x« - [.&r« + (3.5a; - i - .2x«) - 1.5 - 3a;]. 

5. Solve .3a; - 4 = .2a; + .5. 

^- What is the root of an equation? How do you check your 
Bolhiion of an equation? Check Ex. 5. 

7. Simplify 5a; - 3(a; - 2) (a; + 7) + 3(a; - 2)«. 
K a = 0, 6 = 1, c = 4, a? = — 2, find the value of 
a o(6 + c) - 3a;. 
^. (c + 2x) (b -a) -3(a; + 4) (a; + 6). 

^ 3a+5(2+a;) . 
b +c 
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yil' Multiply X -2-\-4^hy2a^ -1 "dx. 

^. Divide a* + 3 - Cx^ + a;« + 8x - lla:» by 2x - ai» + 3. 

13. Find three consecutive numbers whose siun is 33. 

14. In a certain kind of concrete, twice as much sand is used as 
cement, and twice as much gravel as sand. How many pounds of 
each are used in making 2800 lb. of concrete? 

15. The record time for the 100 yd. swim at a certain date was 
65J sec. This was 7f sec. more than 5 times that for the 100-yd. 
dash. What was the record time for the latter? 

16. Solve Ex. 15 without using x to represent the unknown 
number. How much of the labor of writing out the solution ia 
saved by the use of x? Is there any other advantage in using x to 
solve problems? 

17. What is the dividend when the quotient is «* + 2a:* + 7x 
+ 20, the remainder 62a; + 59, and the divisor a;* — 2aj — 3? 

18. What is the divisor if the quotient is a:* + 3x, the dividend 
x* — 8, and the remainder 9a; — 8? 

1.9. If a; = — f and y = — J, find the value of 

(3a; - 2yy (9x^ + 4y^) - 6(2^ - x) VQxy{x + 2y^ + i). 

20. Add a to 6. Also add 3a - 56 to 4c + 7d, • 

21. Subtract 3x - 2ij + z from - 7. From - o. From b. 

22. Subtract 2a - 36 from 0. Also 5 from 0. 

23. Can 3 + 2ab be united in a single term? Give a reason. 

24. The product of an even nimiber of negative factors has what 
sign? Of an odd number of negative factors? Give an example 
using not less than five factors. 

25. Express the following in a simpler form: 5aaa(x — y) {x — y) 

{x - y) {x - y). 

26. If a boy's mark on each of three recitations is 0, what is his 
average on the recitations? Give the value of + + 0. Of 3 X 0. 

0,1 

27. Find the value of 8 X - 5 + ^^ 
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2a Fonn the power whose base is 5 and exponent 2. Also the 
power whose base is 2 and exponent 5. Find the difference in value 
between these two powers. 

29. Find the value of each of the following products and verify 
each result for the values a; = 2, a « 3, 6 = 1. 

(1) a:«.x*» (2) z^+K a:—* (3) a:«+*. a:—* 

30. From the product of 3a:* — 2 and 2a; — 5 subtract 7 times 
the product of x and x — 2. 

31. Show on squared paper that 3x4+5x4=8x4. 
Also that 4X5+7X5-2X5=9X5. 

32. Multiply |a:* - aa? + fa* by fx* + iar + M 

33. Divide x*" - y»* by a;* - y\ • 

34. Divide 2— a;byl+a;to five terms in the quotient. 

35. Divide [(x* - 2x - 1) (x - 1) + 2a:« - 2x] by [(x + 2) 
(x + 1) - (x* + 2x + 3)]. 

36. Multiply 3.2x» - 4.5x2/ + l.Si/* by 1.5x - 3.5y. 

37. Divide x* — 15 by x' + x — 1 to five terms. 

3a Divide 36x« + iy* + i - 4xy - 6x + Jy by 6x - iy - J. 

39. Divide 2.4x» - .12xV + 4.32j/» by 1.5x + 1.%. 

40. Divide c^ + fe» + c» - Zabc by o + 6 + c. 
Solve and verify 

^1. (2x + 1) (x - 3) + 7 = X - 2(x - 4) (2 -x). 

42. 7x - 2(x - 1) (2 - x) - 17 = x(3x + 7) - (x + 1)«. 
Simplify: 

43. 62 + [42 - {8x - (2? + 4x) - 22x1 - 7x] - [7x + {14? - 
(42 -5x)}]. 

44. a«(6 - c) - 6«(a - c) + c^{a - 6) - (a - 6) (a - c) (h - c). 

45. What is the advantage of regarding a polynomial as made up 
of terms? (What is a polynomial? A term?) 

46. What is the name of an expression containing two terms? 
Three terms? 

47. Write a homogeneous expression containing three terms, and 
the letters x and y. 
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48. If s = ar^ " *, find the value of 8 when a = 2, r = 3, n = 4. 
Also when o = 2, r = 1, and n = 5. When o = 3, r = J, and n = 5. 

If a = —1, 6 = 2, c = —3, a? = 0, find the value of 

49. 36c*. 54. 3cx - 7(a - 36). 

50. 36+c«. 55. (8a + 5) (3c« - 56). 

51. 5a' + 36»a;. 56. 5a - [6c - 5(a; - 26)]. 

52. 3a(46 + c*). 57. 3(a; - 2) (3x - 5). 

53. 7c(2a+36)«. 58. 7(a; - a)« - 5(36 - a«). 

59. 3c»-7c+5. 

60. 8a6« - 5(x - 3) (6 - 3c) - x(56« + 4c). 

61. If a: = - 2, find the value of 3x* + 7x - 5. 

62. If X = — }, find the value of x* — x. Also of 30:* — 5x* -h 
8x + 17. 

63. If a; = —.2, find the value of 3x' + 5a; — 4. Also of a::' — 
8x»+5. 

64. How many examples ux Exercise 13 (p. 54) can you work at 
sight? 



CHAPTER VI 

EQUATIONS {continued) 

66. The Equation, members of an equation, and transpo- 
sition have already been explained. (See Arts. 42-45, pp. 
52-53.) 

67. A Boot of an equation is a number which, when substi- 
tuted for the imknown quantity, satisfies the equation; that 
is, reduces the two members of the equation to the same 
number. 

Ex. If in the equation, 3a; — 1 = 2a; -f 3, 
we substitute 4 in the place of x in each member, 
we obtam 3x-l=12-l-ll 

2x+3= 8+3- U 
The equation is satisfied. Hence, 4 is the root of the given equation. 

68. The Degree of an Equation having One Unknown 
Quantity. If an equation contains only one unknown quan- 
tity, the degree of the equation (after the equation has been 
reduced to its simplest form) is determined by the highest 
exponent of the unknown quantity in the equation. 

Thus, if 05 is the only unknown, 

2a; + l =5a;— 8isan equation of the first degree, 
oa; = 6* -f ex is of the first degree. 
4a;* — 5aj = 20 is of the second degree. 
3x*— a;» =6a;H-8isof the ihird degree. 

A simple equation is an equation of the first degree. 

An equation of the first degree is also often termed a linear 
equation, for reasons which will be explained later. (See Art. 148.) 

93 
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69. IdentitieB and Conditioiial Equations. If we take the 
expression (x — 2) (x + 2) = a? — A, and substitute a: = 1, 
we obtain — 3 = — 3. The two members of the expression 
are found to be equal. 

Similarly, they are found to be equal if we let ar = 2, 3, 4, 
etc.; 0, — 1, — 2, etc.; or any niunber. An expression hav- 
ing this characteristic is tenned an identity. 

An identity (or identical equation) is an equality whose 
two members are equal for all values of the imknown quantity 
(or quantities) contained in it. 

A conditional equation is an equation which is true for 

only one value (or a limited number of values) of x. For 

the sake of brevity, a conditional equation is usually termed 

an equation. 

The equations studied in Art. 42 (p. 52) and Exercise 13 (p. 54) 
are conditional equations. 

Hence, the sign = is used in two senses in elementary 
algebra, viz.: to indicate sometimes an equation, and some- 
times an identity. The context enables us to decide readily 
which of these two meanings the sign = has in any given case. 

Later it will be found useful to use the mark = to indicate an 
identity, and = to indicate a conditional equation, or equation 
proper. 

70. The Aids in Solving an Equation, given in Art. 15, 
p. 18, stated more precisely, are as follows: 

The roots of an equation are not changed if 

1 . The same quantity is added to both members of the equation. 

2. The same quantity is subtracted from both members of the 
equation. 

3. Both members are multi-plied by the same quantity or equal 
quantities (provided the midtipUer is not zero, or an expression 
containing the unknown). 
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4. Both members are divided by the same qiumtUy (provided 
the divisor is not zero, or an expression containing the 
unknown). 

Other principles similar to these are used later as aids in solving 
equations. 

Transposition (see Art. 45, p. 52) is a short way of using Prin- 
ciples 1 and 2 of this article. 

71. The Method of Solving a Simple Equation may now 
be stated as follows: 

Clear the equation of parentheses by performing the operations 
indicated by them; 

Transpose the unknown terms to the left-hand side of the 
eqiudion, the known terms to the right-hand side; 

Colled terms; 

Divide both members by the coefficient of the unknown quantity. 

Ex. Solve x{x - 2) = ar(a; + 4) - 3(a: - 3) (1) 

Removing parentheses, x' -2a: =^x^ -\-Ax —Zx +9 

Transposing terms (Art. 70, 1, 2), x^ -x^ -2a; -4a: +3a; =9 
Collecting terms, —3a; =9. . . .(2) 

Dividing by -3 (Art. 70, 4), x = -3 Root 

Check. x(x - 2) = - 3(- 3 - 2) = - 3(- 5) = 15 
a:(a; + 4) - 3(a; - 3) = - 3(- 3 + 4) - 3(- 3 - 3) 

= -3 -3(-6) = -3 + 18 = 15 

EZEBCISE 28 

Solve the following; refer to each principle in Art. 70 as 
you use it, and check each answer: 

1. 2x = 15 - 3a;. m. 3.T - 7 = 14 - 4x. 

2. 15 + 3a; = 27. ^ 2a; - 7 = 8 + 5a;. 

3. ix - 11 = 29. 14. 2a; - (a; - 1) = 5. 
/4 16a; + 3 = 15a; + 7. 9. 2 ft. + a; = 12 ft. 
1/5, 14a: - 10 = 12a; - 3a;. 10. 7 in. + a; .= 2 ft. 
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*ll. a^-a;(a; + 5) = a;+12.^ 7(2 - 3ar) = 2(7 - 8ar). 

^ 2a; - 3(0! - 3) + 2 = 0.^4. 3 - 2(3a; + 2) = 7. 

5Sr (« - 8) (« + 12) - (a; + 1) (a; - 6) - 0. 

l^. 5(a; - 3) - 7(6 - x) + 3 = 24 - 3(8 - x). 
^7. 3(x - 1) (x + 1) = x(3x + 4). 

Aas. 4(x - 3)* = (2x + 1)1 

^9. 8(x - 3) - (6 - 2x) = 2(x + 2) - 5(5 - x). 
I/20. 5x - (3x -■ 7) - {4 - 2x - (6x - 3)} = 10.' 
T^STx + 2 - [x - 8 - 2{8 - 3(5 - x) - x}] = 0. 

y^ 2x(x - 5) - {x» + (3x - 2) (1 - x)} = (2x - 4)«. 

23. 8x2 + i3a;_2{x»-3 [(x-1) (3 + x)-2(x + 2)*]> = 3. 

24. .25x - 2 = ,2x + 3. 26. f X + 6 = §x + 8. 

25. l.Cx - .7 = 1.5x - .3. 27. \x-\ = i — Ix. 
2a (.2x + .2) (.4x - .3) = (.4x - .4) (.2x + .3). 

29. What right have we to change the equation 3x = 15 — 2x 
to the form 3x + 2x = 15? 

30. If 2x — 3 = 5, what right have we to transpose the 
— 3, and to write the equation in the fonn 2x = 5 + 3? 

31. What is the advantage in being able to add the same 
number to both members of an equation? To transpose a 
term? To divide both members of an equation by the same 
number? 

32. Determine which of the following are identities and 
which conditional equations, or equations proper: 

(1) (x + 3) (x - 3) = X* - 9. 

(2) (x + 3) (X - 3) = (X + 1) (x - 2). 

(3) (x + 2) (X - 1) = X* + X - 2. 

(4) (X + 2) (x - 1) = x*. 
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33. Write an identity and an equation of which the first 
members are the same. 

34. Prove that the smn of any three consecutive numbers 
equals three times the middle one of the niunbers. 

Sua. Let the three numbers be indicated by n, n — 1, and n — 2. 

35. Find a similar result for the sum of five consecutive 
niunbers. Of seven consecutive numbers. 

36. Prove that the product of the sum and difference of 
any two numbers is equal to the square of the first, minus 
the square of the second. Illustrate by a numerical example. 

SuQ. Denote the twp numbers by a and b, 

37. Prove that the square of the smn of any two numbers 
equals the square of the first number, plus twice the product 
of the two numbers, plus the square of the second number. 
Illustrate by a numerical example. 

3a State and prove a similar property for the square of 
the difference of two numbers. 

39. Prove that if the smn of the cubes of two niunbers is 
divided by the sum of the numbers, the quotient equals the 
square of the first number, minus the product of the first by 
the second, plus the square of the second. 

40. State and prove a similar property of the difference of 
the cubes of two numbers. 

Find the value of the letter in each of the following: 

41. 3a - 2 = 7. 44. 24 = 12 - 3p. 

4^. 5 - 26 = 1. 45. 3(y - 4) = 5(2 - y). 

43 5(c - 1) = 12 - c. 46. r - 3(r - 1) = 5. 

47. In ^ = Iw, if A = 42^ and I = 8^ find w. 

4a If ^ = 48.36 sq. ft. and w = 6.2 ft., find I 
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49. Convert each of the two precedmg examples into an 
example concerning areas. 

50. If V = Iwh, and F = 504, Z = 12, and A = 5, find w. 

51. Convert Ex. 50 into an example concerning volmnes. 

52. In i = prt, Ui = $27, r = .05, and p = $240, find t. 

53. Convert Ex. 52 into an example concerning interest. 

54. So far as we know, who first used an equation to solve 
a problem? Give this first problem thus solved, and tell all 
you know about the document in which it was found. 
(See pp. 454 and 462.) 

55. Form an equation whose root is 2 and which contains 
four terms. 

56. Make up and work an example similar to Ex. 15. To 
Ex.31. Ex.46. 

57. How many of the examples in this Exercise can you 
work at sight? 

72. Solution of Problems. In solving problems, the stu- 
dent will find it necessary to study each problem carefully 
by itself, as no rule or method can be found which will cover 
all cases. The following general directions will, however, be 
found of service: 

By study of the problem, determine what are the unkrunon 
quantities whose values are to be obtained; 

Let X equal one of these unknmun quantities; 

State in terms of x all the other unknown quantities which are 
either to be determined or to be used in the process of the solution; 

Obtain an equation by the use of a principle (such as, the 
whole is equal to the sum of its parts, or things equal to the 
same things are equal to each other) ; 
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Solve the equation, and find the value of each of the unknown 
quantities. 

In solving problems it is especially important to note that 
WQletx = a definite number, not a vagv^e quantity. 
Thus, in working Ex. 1 of Exercise 24 
we do not let x = A's marbles, 
nor X B what A has, 

but let X » number of marbles A has. 

73. COiecking the SolnUon of a Written Problem. The 
best way of checking the result obtained by solving a prob- 
lem is to observe whether the result obtained satisfies the 
conditions as originallV' stated in the language of the problem. 
(This method is better than that used in checking the example 
in Art. 46, p. 53.) 

Thus, to check Ex. 18, p. 54: after the answers 9 and 4 have been 
obtained, we note that the difference of 9 and 4 is 5, and that the 
sum of 9 and 4 is 13. 9 and 4 thus satisfy the original conditions of 
the problem. 

What is the advantage in this method of checking the solu- 
tion of a problem? 

EZEBCISEM. 

Oral 

1. A has X marbles, and B has twice as many. How many has B? 
How many have both? 

2. There are 100 pupils in a school, of which x are boys. How 
many are girls? 

3. If I have x dollars, and you have three dollars more than 
twice as many, how many have you? How many have we together? 

4. Two boys together solved a examples. One did x examples. 
How many did the other solve? 

5. The difference between two numbers is 15, and the less is x. 
What is the greater? What is their sum? 
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6. If n is a whole number, what is the next larger number? The 
next less? 

7. Write three consecutive numbers, the least being x. Write 
them if the greatest is y. 

8. John has x dollars, and James has seven dollars less than 
three times as many. How many has James? 

9. If I am a: years old now, how old was I ten years ago? a years 
ago? How old will I be in c years? 

10. A man bought a horse for x dollars, and sold it so as to gain 
a dollars. What did he receive for it? 

.11. A man sold a horse for $200, and lost x dollars. What did 
the horse cost? 

3L2. If a yard of cloth cost m dollars, what will x yards cost? 

13. A boy rides a miles an hour, how far will he ride in c hours? 

14. A bicyclist rides x yards in y seconds. How far will he ride 
in one second? In n seconds? 

15. In how many hours can a boy walk x miles at a miles an hour? 

16. A man has a dollars and h quarters. How many cents has he? 

17. How many dimes in x dollars and y half-dollars? 

la I have X dollars in my purse and y dimes in my pocket. If 
I give away fifty cents, how much have I remaining? 

19. By how much does 30 exceed x? 

20. What number is 40 less than x? What number is x less 
than 40? 

21. What number exceeds X by a? What number exceeds a by a;? 

22. By how much does a +b exceed x? 

23. How much did a girl have left if she had $5 and spent 15^? 
If she had a dollars and spent h cents? 

24. A boy had a dollars, received h cents, and then spent c cents. 
How many cents did he have left? 

25. What is the interest on a dollars at b per cent for c years? 

26. Express algebraically the following statement: a divided by 
b gives c as a quotient and d as a remainder. 
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27. A man having x hours at his disposal, rode a hours at the 
rate of 8 miles an hour, and walked the rest of his time at the rate 
of 3 miles an hour. How far did he ride? How far did he walk? 



EXERCISE 26 

I 1. Separate $84 into two parts such that one part is three 
times as large as the other. 

/ 2. Separate $84 into two parts such that one part exceeds 
tlie other by $12. 

3. Separate $84 into three parts such that the first part 
is twice as large as the second, and the second part is twice as 
large as the third. 

4. A boy has three times as many marbles as his brother, 
and together they have 48; how many has each? 

l/h. A and B pay together $100 in taxes; if A pays $22 more 
than B, what does each pay? 

yC Two boys made $67.50 one sununer by taking passengers 
on a launch. The boy who owned the launch received twice 
as large a share of the profits as the other boy. How much 
did each receive? 

7. How many grains of gold are there in a gold dollar, if 
the gold dollar weighs 25.8 grains and 9 parts of the dollar 
are gold and 1 part copper? 

Vs. A ball nine has played 64 games and won 12 more than 
it has lost. How many games has it w^on? 

9. A man left $21,000 to his wife and four daughters. If 
the wife received three times as much as each daughter, how 
much did each receive? 

10. If he had left $21,000 so that the wife received $10,000 
more than each daughter, how much would each have 
ifeceived? 
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^11. A cubic foot of water and a cubic foot of alcohol to- 
'gether weigh 112.5 lb. The alcohol weighs j as much as the 
water. What is the weight of a cubic foot of each? 

y 12. Find three consecutive numbers whose sum is 63. 

13. In a certain grade of milk the other solids equal three 
times the weight of the butter fat, and the liquid part of the 
milk weighs 7 times as much as the solids. How many pounds 
of butter fat in 4800 lb. of milk? 

14. The difference of the squares of two consecutive nuio- 
bers is 43. Find the numbers. 

15. At a certain date the record time for the quarter-mile 
run was 47 seconds, and 5 times the record time for the 100- 
yard dash exceeded the record time for the quarter-mile by 
1 second. Find the record time for the 100-yard dash at this 
date. 

16. The difference of two numbers is 13 and their sum is 

35. Find the numbers. 

« 

17. John solved a certain number of examples, and 'William 
did 12 less than twice as many. Together they solved 96. 
How many did each solve? 

: 18. Three boys earned together $98. If the second earned 
$11 more than the first, and the third $28 less than the other 
two together, how many dollars did each earn? 

19. The sum of two numbers is 92, and the larger is 3 less 
than four times the less. Find the numbers. 

20. The sum of three numbers is 50. The first is twice 
the second, and the third is 16 less than three times the second. 
Find the numbers. 



EQUATIONS 103 

21. A farmer paid $94 for a horse and cow. What did 
each cost, if the horse cost $13 more than twice as much as the 
cow? 

22. Ex. 1 (p. 95) might be stated as a problem concerning 
an unknown number, thus: Twice a certain number equals 15 
less three times the number. Find the nmnber. 

In like manner, convert Ex. 2 (p. 95) into a problem con- 
cerning an unknown number. Also Ex. 3. Ex. 8. 

23. In reducing iron ore in a furnace, 7 times as many car- 
loads of coke as of limestone are used, and 8 times as many 
carloads of iron ore as of limestone. If 800 carloads in all are 
used on a certain day, how many carloads of each is this? 

24. One side of a triangle is twice as long as the shortest 
side. The third side exceeds the length of the shortest side 
by 12 yards. If the perimeter of the triangle is 360 yards, find 
each side. 

r/25. A man spent $3.24 for coffee and sugar, buying the 
same number of pounds of each. If the sugar cost 5 cents a 
pound and the coffee 22 cents, how many pounds of each did 
he buy? 

26. The distance from New York to Chicago is 912 miles. 
If this is 24 miles less than four times the distance from 
New York to Boston, find the latter distance. 
l/27. On a certain railroad in a given year the receipts per 
mile were $3085. If the receipts per mile for freight exceeded 
those for passengers by $265, find the receipts per mile from 
each of these soiurces. 

1/28. A man left $64,000 to his wife, daughter, and niece. 
To his daughter he left $4000 more than to his niece, and to 
his wife $8000 more than to his daughter and niece together. 
How muck did he leave to each? 
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29. Find the number whose double exceeds 24 by 6. 

30. The perimeter of a given rectangle is 26 feet, and the 
length of the rectangle exceeds the 
width by 5 feet. Find the dimen- 
sions of the rectangle. 

31. The perimeter of a given 
rectangle is 18 yards, and the 
length exceeds the width by 3 ft. Find the dimensions. 
Make up and work a similar example for yourself. 

32. The length of a rectangle exceeds a side of a ^ven 

square by 3 inches and the width of the rectangle is 2 inches 

less than a side of the 

square. If the area of 

the rectangle equals the 

area of the square, find 

a side of the square. 

SuG. Denote the sides of the square and rectangle as in the 
diagram. 

Since the areas of the two figures are equal, 

x^ ^ (x + 3) {x - 2), etc. 
In working Exs. 33-38, draw a diagram for each example. 

/7 33. The length of a rectangle exceeds a side of a given 
Square by 8 ft. and the width of the rectangle is 4 ft. less than 
a side of the square. If the area of the rectangle equals the 
area of the square, find a side of the square. 

34. If one side of a square is increased by 4 yd., and an 
adjacent side by 3 yd., a rectangle is formed whose area ex- 
ceeds that of the square by 47 sq. yd. Find a side of the 
square. 

35. The perimeter of a rectangle is 120 ft., and the rec- 
tangle is twice as long as it is wide. Find its dimensions. 
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36. A certain rectangle is three times as long as it is wide. 
If 20 ft. is added to its length and 10 ft. is deducted from 
its width, the area is diminished by 400 sq. ft. Find the 
dimensions of the rectangle. 

37. A rectangle is 5 ft. longer than it is wide. If its length 
is increased by 4 ft., and its width by 3 ft., its area is in- 
creased by 76 sq. ft. Find the dimensions of the rectangle. 

38. A rectangle is 4 in. longer than it is wide. If its length 
is increased by 4 in., and its width diminished by 2 in., its area 
remains michanged. Find the dimensions of the rectangle. 

39. Make up and work an example similar to Ex. 38. 

40. A tennis court is 42 ft. longer than it is wide. If a 
margin of 15 ft. on each end and of 10 ft. on each side is 
added, the area of the court is increased by 3240 sq. ft. 
Find the dimensions of the court. 

41. The length of a football field exceeds its width by 140 
ft. If a margin of 20 ft. is added on each side and end of the 
field, the area is increased by 20,000 sq. ft. Find the dimen- 
sions of the field. 

42. A boy is three times as old as his brother. Five years 
hence he will be only twice as old. Find the present age of 
each. 

43. A man is twice as old as his brother. Five years ago 
he was three times as old. Find the age of each at the present 
time. 

44. How many pounds of coffee at 30ff a pound must be 
mixed with 12 pounds of coffee at 20)if a pound to make a 
mixture worth 24)!f a pound? 

45. How many pounds of tea at OOjf a pound must be 
mixed mth 25 lb. of tea at 40{5 a pounds to make a mixture 
worth 45^ a pound? 
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46. Make up and work an example similar to Ex. 45. 

47. Find five consecutive numbers who^e sum shall be 3 
less than six times the least. 

f/M. Find three consecutive odd numbers whose sum is 63. 

49. A telegram at a 25-2 rate cost 47 cents. How many- 
words were in the telegi^am? 

SuQ. A 25-2 rate means a cost of 25 cents for the first 10 words 
and 2 cents for each additional word. 

50. Make up and work an example, similar to Ex. 49, con- 
cerning a telegram sent at a 40-3 rate. 

51. A talk over a long distance telephone at a 50-7 rate 
cost 85)if. How many minutes did the talk last? 

Sua. A 50-7 rate over a long distance telephone means a cost 
of 50 cents for the first 3 minutes and 7 cents for each additional 
minute. 

^52. A rectangle is 8 ft. longer than it is wide and the pe- 
rimeter is 120 ft. Find the dimensions of the rectaogle. 

53. If 5 is subtracted from a certain number and the differ- 
ence is subtracted from 115, the residt equals three times the 
given number. Find the number. 

, /54. If J is added to double a certain fraction, the result is 
the same as if f had been subtracted from three times the 
fraption. Find the fraction. 

^55. What number subtracted from 100 gives a result equal 
to the sum of 14 and the number? 

56. Find the number which exceeds 12 by as much as 
three times the number exceeds 24. 

57. Find five consecutive numbers such that the last is 
twice the first. 
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^ sa Find two consecutive integers such that the first plus 
5 times the second equals 53. 

*^59. A man is 48 years old and his son is 18. How many- 
years ago was the fatlier four times as old as the son? Also 
how many years hence will the father be twice as old as the 
son? ^ 

Ax^O. Find two numbers such that their diflference is 24, and 
one is four times as large as th^ other. 

61. The length of a single tennis court exceeds the width 
by 51 ft. If the width is increased by 9 ft., we have a double 
court, the area of which exceeds that of the single court by 
702 sq. ft. Find the dimensions of each court. 

62. A boy sold a certain number of newspapers on Monday, 
twice as many on Tuesday, on Wednesday 5 more than on 
Monday, and on Thursday 7 less than on Tuesday. If he 
sold 310 newspapers on the foiu* days, how many did he sell 
on each of the days? 

63. Twenty-five men agreed to pay equal amoimts in 
raising a certain sum of money. Five of them failed to pay 
their subscriptions, and as a result each of the other twenty 
had to pay one dollar more. How much did each man sub- 
scribe originally? i 

64. A boy starts from a certain place and walks at the 
rate of 3 miles an hour. Three hours later another boy starts 
after the first boy and travels on a bicycle at the rate of 6 
miles an hour. How many hours will it be before the second 
boy overtakes the first? (Draw a diagram.) 

65. If the boys had traveled in opposite directions, how 
many hours after the second boy started would it have been 
before they were 81 miles apart? 
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66. A boy was engaged to work 50 days at 75^ per day for 
the days he worked, and to forfeit 25j5 every day he was idle. 
On settlement he received $25.50; how many days did he 
work? 

67. Which of the above problems belong to, or are varia- 
tions of. Type I? Of Type II? III? 

Solve the following equations: 

68. 3(a:-l)* + 5a: = 5+3(a?-l> 

69. 7(a; - 1) - 3(a; - 2)» = a^ + 3 - 4(x«-4) 

70. 3(a: - 5)2 - 2(a: - 1)« - a:* + 83 = 

71. 6(ar-l)-[3ar-(5-a;)] = 7 

72. 4(a; - 2)» - 5[3ar + (ar - 4)] + 36 = 4fl:*-36 

73. (5a; + 2) (3a; - 4) = 15(x - 1)* + 9 

74. (ar + l)(ar + 2)(a;-3)-(x-2)(a; + l)2 + 3a; + 8 = 

75. x-[a:-8-2{8-3(5-a;)-x}] + 2 = 

76. 5a;- [3a;- {4a: + 15- 3(x + 5)- 8} - 5] + 3 = 

77. How many examples in Exercise 15 (p. 60) can you 
now work at sight? 



CHAPTER VII 
ABBREVIATED MULTIPLICATION AND DIVISION 

Abbreviated Multipucation 

74. Utility of Abbreviated Multiplication. In certain 
cases of multiplication, by observing the character of the 
expressions to be multiplied, it is possible to write out the 
product at once, without the labor of the actual multiplica- 
tion. This is true of almost all the multiplication of binomials, 
and that of many trinomials, and by the use of the abbre- 
viated methods at least three fourths of the labor of midti- 
plication in such cases may be saved. The student should 
therefore master these short methods as thoroughly as the 
multiplication table in arithmetic. 

75. I. Square of the Sum of Two Quantities. 

Let a + 6 be the sum of any two algebraic quantities. 
By actual multiplication, a + b 

a + b 

a^ + ab 
+ ab +V 

a^ + 2ab + V Product 

Or, in brief, (a + bf = a^ + 2ab + W, 

which, stated in general language, is the rule: 

The square of the. sum of two quantities equals the square of 
the first, phis twice the product of the first by the second, plus the 
square of the second. 

109 



110 DURELL'S ALGEBRA: BOOK ONE 

Ex. 1. (2a: + Zyf =^ ^ -^ 12xy + 9f Product 
Ex. 2. 1042 = (100 + 4)2 = 1002 + 8 X 100 + 42 
= 10,000 + 800 + 16 = 10816 Ans. 

76. n. Square of the Difference of Two Quantities. 
By actual multiplication, a — b 

a — b 
a^ — ab 

-ab +h' 
a^-2ab + b^ Product 
Or, in brief, (a - bf = a^ - 2afc + fc^, 

which, stated in general language, is the rule: 

The square of the difference of two quantities equals the square 
of the first, minv3 tmice the product of the first by the second, 
plus the square of the second. 
Ex. 1. {2x - 3y)^ = ix^ - 12xy + 9y^ Product 
Ex. 2. [{x + 22/) -5]2 = {x + 2yy- lQ{x + 2y) + 25 

= x^ + 4a^ + 4^/2 _ loa; - 20y + 25 

Prodvjct 

To check the work of Ex. 2, let x = 2, y = 1. 
Then [{x^ + 2y) - 5p - (4 + 2 - 5)« = (1)« - 1 ' 
Also 
x« +4xy +42/« -10x-202/+25=4 +8+4-20-20 + 25=L 

EXERCISE 26 

Write by inspection the value of each of the following and 
check each result: 

1. (n + # 5. (5a: + 1)2 

2. (c-a:)2 6. (a: 2+ 1)2 

3. (2a: - yf ^ 7. (a: - ff 

4. (3a: - 2y)\ a (1 ~ 'Jf? 
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9. (3a?* + 5a?)2 la (1.5m - .02)2 

10. {Qa?y - nf^y 19. [(a + 6) + 4]^ 

11. (5a:» - 3y»z"')2 20. [(a + 6) - 3^ 

12. (4a:32^22« + 92^**)^ 21. [(a + 6) + cp 
la (^a:^ + fi/)2 22. [(2a - a:) + 32/p 

14. {lab - f a:2)2 23. [3 + (a + 6)]^ 

15. (.2a: + 2yY 24. [5a - (a: + y)P 

16. (.3a + .0462)2 25 [2a2 - (6 - 2c)]2 

17. (.02a: - myf 26. [(a: + y) - (a + 6)p 

27. Find the value of 998^ by multiplying 998 by itself. 
This product might also have been obtained in the following 
way: 

998* = (1000 -2)2 = [10002 - 2 X 2 X 1000 + 2*] 
= 1,000,000 - 4000 + 4 
= 996,004 

After practice the part of the work in the brackets may be omitted. 
Compare the amount of work in the two processes of finding the 
value of 998*. 

By the short method obtain the value of: 

28. 9992 31. 512 34 9962 

29. 9972 32. 10032 35. 99972 

30. 99982 33. 972 36. (99.2)2 

37. Make up and work an example similar to Ex. 19. To 
Ex.29. Ex.36. 

3a How many of the examples in this Exercise can you 
answer orally? 
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77. m. Product of fhe Sum and Difference of Two 

Quantities. 

By actual multiplication, a + b 

a — b 
a^ + ab 

a^ — 52 Product 

Or, in brief, (a + 6) (a - 6) = a^ - }?, 

which, stated in general language, is the rule: 

The 'product of the sum and difference of two quantities equals 
the square, of the first minus the square of the second, 
Ex. 1. {2x + 3y) {2x - 3y) = 4s? - 9f Product 
Ex. 2. Multiply x + {a + b) by x - {a + b). 
We have 
lx + (a+b)]lz - (a+b)] =a;» - (a + 6)«, by III. 

= a;2 - (a» +2ab+ b^), by I. 

= a;« - a* - 2a6 - 6« Product 
Let the pupil check the work. 

It is frequently necessary to re-group the terms of trino- 
miak in order that the multiplication may be performed by 
the above method. 
Ex. 3. Multiply x + y — z by x — y + z. 
{x+y -z){x -y +z) = [x + (y - 2)] [x - (y - z)] 
^x^-{y - z)\ by III. 
= x« - (y« - 2yz + z^), by IL 
= «* - jf^ + 2y2 - 2* Product 
Let the pupil check «the work. 

EXERCISE 27 

Write by inspection the value of each of the following 
products, and check the work for each residt: 

1. {x + z){x- z) 3. (3a: - y) (3a: + y) 

2. (y-3)(y + 3) 4. (7a: + 4i/) (7a: - 42/) 
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5. (a? -2) (1^ + 2) . 9. (§a + 16) (io - -|6) 

6. (a3?-Vy)(flx' + Vy) lo. (?\x - \y) {2\x + \y) 

7. (1 - ll2») (1 + lla:») 11. (.2a; + .Zy) (.2x - .3?/) 

a (2a:» + 5y") (2«» - 5y-) u. (.05o*-.36')(.05o*+.3t') 

13. (la: + .7y) (fa: - .7y) 

14. (o«+» + §6--i) (a«+» - §6"-') 
c- IS. [(a + i) + 3] [(o + 6) - 3] 

16. [(ar + y) + a] [(a: + 2/) - o] 

17. [(2a: - 1) + y] [(2ar - 1) - y] 

18. [4 + (a: + 1)] [4 - (a: + 1)] 

19. [2a: + (3y -.5)] [2a: - (3y - 5)] 

20. (o + 6 + 3) (a + 6 - 3) 

21. (a: + y + o) (ar + y - a) 

22. (4 + a: + 1) (4 - a; - 1) 

23. (2x + 3y - 5) (2a; - 3y + 5) 
[24. (4 + a; + y) (4 - a; - y) 

25. (ar* + 3a; + 2) (ar* + 3a; - 2) 

26. (a + 6 + 3a;) (o + 6 - 3a;) 

27. (o + 6 - 3x) (a - 6 + 3x) 
2a (a? - a;y + y") (ar* + a;y + y*) 

29. (o" + o + 1) (a^-a + 1) 

30. (2a:2 - 3x - 5) (2a;* + 3a; - 5) 

31. (2a? + 5a:y - f) {23? - 5xy - y^ 

32. (3? + xy - f){3? - xy - y^) 

33. [(a + b)-{c- 1)] [(a + 6) + (c - 1)] 

34. [{3? + f) + {3?f + 1)] [(a:* + y*) - (ar=y* + 1)] 
^35. (x + y + 2 + 1) (a; + y - z - 1) 
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36. Work Ex. 16 in full (see Art. 54, p. 65). How much 
of this labor is saved by the short method of multipUcation? 

37. Make up and work an example similar to Ex. 36. 

3a Multiply 93 by 87. This product may also be obtained 
thus: 

93 X 87 - (90 + 3) (90 - 3) 
= 8100 - 9 - 8091 
Compare the amoimt of work in the two processes. 

39. Make up and work an example similar to Ex. 38. 
Find the value of each of the following in the short way: 

40. 92 X 88 43. 1005 X 995 

41. 103 X 97 44. 1032 - 972 

42. 105 X 95 45. (17.31)2 - (2.69)2 
Find in the shortest way: 

46. The area of a rectangle 102 ft. long and 98 ft. wide. 

47. The cost of 32 doz. eggs at 28)!f per dozen. 
4a The cost of 67 yd. of cloth at 73)!f a yard. 

49. Make up and work two examples similar to Exs. 47-48. 

50. Work Ex. 40 in full. How much of this labor is saved 
by using the short method of multipUcation? 

Write at sight the product for each of the following miscel- 
laneous examples: 

51. (a: + 2a)2 5a [(z + 2y) + 5]^ 

52. (x + 2a) {x - 2a) 59. (x + 2y + 5)(x + 2y- 5) 

53. (x-'2ay 60. {.3x + .5y) i.3x - .5y) 

54. (3a: - 1) (3a: + 1) 61. 998^ 

55. (3a: - ly 62. 998 X 1002 

56. (3a2- 26^)2 63. 972 

57. (3a2 - 2fc3) (3a2 + 26^) 64. 97 X 103 
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65. Make up and work an example in each principal form 
of abbreviated multiplication studied thus far. 

66. How many of the examples in this Exercise can you 
answer orally? 

78. IV. Square of any PolynomiaL 
By actual multiplication, 

a + b + c 

a + b + c 
€? -\- ab + ac 

+ ab +6*+ he 

+ flg + he + <? 

o2 + 2a6 + 2ac + fe2 + 26c + c2 Product 

Or,in brief, (a + 6 + c)^ = a^ + 6^ + c^ + 2afc + 2ac + 26c. 

In like manner we obtain 

(a + 6 + c + d)2 = a2 + 62 + c2 + d2 + 2a6 + 2ac + 2ai 

+ 2hc + 2hd + 2cd 
Or, in general. 

The square of any polynomial equals the sum of the squares 
of the terms plus twice the product of each term by each term 
which follows it. 

It is often useful to indicate the order in which the products of 
the tefms are taken as shown in the following diagram. (If the 
curved hnes joining the terms are drawn as each product is taken, 
the numbers on these lines may be omitted.) 



^^'"26 



Ex. (a - 2 6 + c - 3x)« = a« + 46« + (? + 9a;« - 4a6 + 2ac - 6aa: 
- 46c + 126x - 6cx. 
Let the pupil check the work. 
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EZEBCISE 28 

Find in the shortest way the value of the following and 
check each result: 

1. (2ar + y+l)« 8. (2a^ + 5a - 3)^ 

2. (a; - 2y + 22)" 9. (x - y + z - ly 

3. (3ar-2y-5)« lo. (2x + Sy - 4z - 5)^ 

4. (2a-6 + 3c)* 11. (33? - 43? + X - 2)'^ 

5. {x-2y-3zy 12. (f ar* - fa; + 5)« 

6. {4x + 3y- 1)« 13. (fa;' -^3? + ix + 6)« 

7. (a:* - a; + 1)" 14. (.2a + .36 - .Sc)" 

15. Expand (2o — 36 + c — M)' by multiplying in full. 
Now obtain the same result by the method of Art. 78, p. 115. 
About how much of the work of multiplication is saved by 
the latter method? 

16. Make up and work an example similar to Ex. 15. 
Write at sight the product for each of the following nus- 

cellaneous examples: 

17. (2o-36)« 21. (3a^ + /)« 
la (2a + 36) (2o - 36) 22. (33? - Ay')^ 

19. (2 + 36)« 23. (x + 2y-3)(x + 2y + 3) 

20. (33? - y') (33? + f) 24. (x + 2y-3)^ 

25. (4ar + §a-f)« 

26. (ix + ia-i)(ix + ia + i) 

27. (a;»+» - 3x"-V)* 

28. (ar»+» - 3x''-hj) (ar»+i + Sx'^^y) 

29. (.02a:* - .3a: + .5)2 
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30. Make up and work an example in each principal form 
of abbreviated multiplication studied thus far. 

79. V. Product of Two Binomials of the Form x + a, 
x + b. 

By actual multiplication, 



X +5 


x — 5y 


x + a 


X +3 


x + 3y 


x-\-h 


a? + 5x 


a? - 5xy 


3? -{■ ax 


+ 3a; + 15 


+ 3xy-15f 


+ hx + ab 


a* + 8a; + 15 


a?-2xy- Ibf 


x'-\-(a-\-h)x + ab 



By comparing each pair of binomials with their product, 
we observe the following relation: 

The prodvet of two binomials of the form x + a and x + b 
consists of three terms: 

The first term is the square of the first term of the binomials; 

The last term is the product of the second terms of the 
binomials; 

The middle term consists of the first term of the binomials 
with a coefficient equal to tlie algebraic sum of the second terms 
of the binomials, 

Ex. 1. Multiply ar - 8 by X + 7. 

-8+7 1. -8x7=- 56. 

.'. (x - 8) (x + 7) = x* - X - 56 Product 

Ex. 2. Multiply {x - 6a) (x - 6a). 

(- 6a) + (- 5a) = - 11a. (- 6a) X (- 5a) - + 30a«. 
.'. (x -6a) (x - 5a) ^ x^ - Wax + 30a* Product 

Ex. 3. Multiply x + y + 6hyx + y'-2. 
(x+y + 6)(x+y-2) =[(x+y) + 6] [(x + y) - 2] 

= (a: H- y)^ + 4(x +y) -12 Product 
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EXERCISE 29 

Write the product for each of the following and check each 
result: 

1. (x + 2)(x + 5) 10. (x + .2)(x + .5) 

2. (x - 6) (a: - 3) ii. {x + |) (a: + I) 

3. (x -7){x + 4) 12. (x + .02) {x + 5) 

4. (a:-4)(x + 8) 13. (a + .02) (a + .5) 

5. (x + l)(x-7) 14. (a:-|)(a: + i) 

6. (a? - 2) (a:2_3) ^^ (^ + f ) (a - i) 

7. (x' + 3)(;x^ + l) 16. (ai + a:) (a5 + 3x) 

8. (a + 3x) (a - 10a:) 17. (aft + x) (a5 - 3a:) 

9. (x- 7y) (x + y) 18. (xy - 7z^) (xy + 32?) 

19. (a:« + 5) (x'* - 5) 

20. l(x + y) + S][(x + y)+5] 

21. [(a: + y)-3] [(x + y) + 5] 

22. {x + y^3)(x + y + 5) 

23. (a + 2b + 5) (a + 26 + 3) 

24. (2a: + 3y + 3a) (2x + 3y - 5a) 

25. {x + a + b)(x'-a- b) 

26. (2a: + a + 36) (2.t - a - 36) 

27. (2a: + a - 36) (2a: - a + 36) 

28. Find the product of x + y + 6 and x + y — 3 by 
multiplying in full. Then find the same product by the 
method of Art. 79. About how much of the work of multi- 
plication is saved by use of the latter method? 

29. Make up and work an example similar to Ex. 27. 
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30. A building lot is 167 ft. wide and 213 ft. deep. If the 
width and depth of the lot are each increased by 1 foot, find 
the increase in area without multiplying 167 by 213. 

Write at sight the product for each of the following mis- 
cellaneous examples: 

31. (x + 5) (x - 5) 35. (x + 5) (a: - 3a) 

32. (x + 5)2 36. (a: - 3a) (x + 3a) 

33. (x - 5)2 37. (x - 3a) (x + 5a) 

34. (ar + 5) (a: - 3) 3a (a; - 5ay 

39. {x + y + 5a) {x + y - 5a) 

40. (x + y + 5a)2 

41. {x + y + 5a) (x + y + 3a) 

42. (x + y + 5a) (x + y - 3a) 

43. (x' + ^x + S)^ 

44. {x' + hx + 3){x' + ix-3) 

45. (x' + ^x + 3){x' + ^x-5) 

46. {a'^ + ax + x^) (a^-ax. + x^)] 

47. Make up and work an example in each principal f onn 
of abbre\aated multiplication studied thus far. 

48. How many of Exs. 31-45 can you answer orally? 

80. VI. Prodnct of Two Binomials whose Corresponding 
Terms are Similar. 

By actual multiplication, 
2a - 35 
4a + 56 



8a2 - 12a6 

+ lOafc - 15y 
8a2 - 2a6 - 156^ Product 
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We see that the middle term of this product may be ob- 
tained directly from the two binomials by taking the alge- 
braic smn of the cross products of their terms. Thus, 

( + 2a) ( + 5b) + (- 36) ( + 4a) = lOofc - 12ab = -2a6. 

Hence, in general. 

The product of any two binomials of the given form consists 
of three terms: 

The first term is the prodiLct of the first terms of the binomials; 

The third term is the product of the second terms of the 
binomials; 

The middle term is formed by taking the algebraic sum of 
tlie cross products of the terms of the binomials. 

Ex. Multiply IQx + 7y by Sx - lly. 
To show the method of obtaining the middle term of the 
product, we write the given expression in the form 



(10xH-72/)(8a;~lly) 
Hence, 

(lOr) (- lly) + (72/) (8x) = - llOxy + 56a:y = - 54ry 
.'. (lOx + 72/). (8x - lly) = SOx^ - b^y - 77y\Prodvct 

EXERCISE 30 

Write at sight the product of each of the following and 
check each result: 

1. (2x + 3){x + 4) 7. (5a: - 1) (x + 7) 

2. {2x - 3) (x - 4) 8. (x + 3y) (3x - 8y) 

3. (2x + 3) (a: - 4) 9. (3a^ + b) {^a^ - 56) 

4. (2x - 3) (x + 4) 10. {x + i) (Ix + i) 

5. (3a + 5) (2a + 3) ii. (a + .26) (2a - .36) 

6. (3a - 5) (2a + 3) 12. {^x + fa) (fa: - Ja) 



ABBREVIATED MULTIPLICATION 



121 



13. How many examples in Exercise 9 (p. 41) can you 
now work at sight? 

EXERCISE 31 

Review 

Write at sight the value of each of the following and check each 
result: 



1. (2x + 3)» 16. 

2. (2x-3)»' 17. 

3. (2x + 3) (2x - 3) 18. 

4. {x + 3) (x - 5) 19. 

5. (2x + 3) (3a; - 5) 20. 

6. {x + 3y) {x + 2y) 21. 

7. (2x + ZyY 22. 
a (2x + 32/) (3a; - Ay) 23. 
9. (2a; - ZyY 24. 

10. (2a; + 32/) (2a; - 32/) 25. 

11. (5o - 3a;) (4a + 5a;) 26. 

12. (7a; + 32/2)2 27. 

13. (So* + 3?/) (5a« - 3?/) 28. 

14. (a' + 3a;) (a* - 5a;) 29. 

15. (2a + 3x + 5)2 30. 



2a H- 3a; + 5) (2a + 3a; - 5) 
;2a + 3a; H- 5) (2a + 3a; - 3) 
1 - 2a; - 3a;2 H- a;')' 
a + 6 -h a; + 2/) (a + & -a; -t/) 
a* + aa; -h a;*) (a* — aa; + x^) 

4a2 + 2a + 1) (4a« - 2a + 1) 
;3aa;« - 2a»-^a;)* 
;a;« + 2a;2/'*~0* 
1 -a)2 
a - 1)« 

- 2x + 32/)» 

- 2x - 32/)2 
-a-6)(-a+6) 
-a; +3) (-a; -3) 



31. Why is it that the result of expanding ( - 2a; - 32/)* is the 
same as that of expanding (2a; + 3^)^ ? 

32. Give two expressions similar to those in Ex. 31 for which 
the product is the same. 

33. Why is (a — hY equal to (6 — a)* ? Make up two expressions 
similar to these. 

34 Make up and work an example in each principal form of 
abbreviated multipUcation studied thus far. 
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Simplify, using the methods of abbreviated multipHcation as far 
as possible: 

35. (a + 2bY + (a - 26)* 

36. (a + 26)2 - (a - 26)* 

37. (2x - 1)2 + (1 - 2a;)* 

38. (2x - 1)2 - (2a; + 1)* 

39. (3a - 1)2 + (2 - 3a) (2 + 3a) 

40. (2a; - 7y) (2x + 7y) - 4(a; - 2yY + 13y (5y - x) 

41. (3a;2 + 5)2 + x' (10 - 3a;) (10 + 3a;) - (5 + 13a;2)* 

42. (a - c + 1) (a + c - 1) - (a - 1)2 + 2 (c - 1)2 

43. (x +y - xy) {z -y - xy) -^x^ - (x - y^) (a; + y^) 

44. Show that a2 = (a + 6) (a - 6) + 62. 

45. By use of the relation proved in Ex. 44, obtain the value of 
(7J)2 in a short way. 

Sua. We have (7})2 » (7J + }) (7J - }) + (})« 
= 8 X 7 + i = 56i Ana. 

Using the method of Ex. 45 find the value of: 

46. (8})2 49. (15})2 52. (7.5)« 55. (75)» 

47. (19})2 50. (49J)2 53. (19.5)* 56- (195)* 
4a (199})* 51. (99})* 54. (99.5)* 57. (995)* 

58. (9.7)2 (Use (9.7)2 =: IQ x 9.4 + .32) 

59. (9.8)2 60^ (9.6)2 ^ (4,8)1 g2. 98* 

63. Find the value of (a + 6)' by multipUcation. Examine the 
result obtained. Make a rule for obtaining similar products in a 
short way. Treat (a — 6)' in the same way. 

64. By use of the rule obtained in Ex. 63, write out by inspection 
the value of (a; + y)'. 

65. Also of (a - a;)». 66.' Of (6 + y)». 

Solve the following equations, using methods of abbreviated 
multipHcation wherever possible: 

67. (2a; - 1)2 - 4a;2 - 19] 

68. (2x + 1)2 - (2a; - 1)2 = 16 
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Compute in the shortest way: 

69. The area of a field 103 rd. long and 97 rd. wide. 

70. The area of a square field each side of which is 98 rd. 

71. The cost of 62 yd. of cloth at 58^ per yard. 

72. The cost of 85 A. of land at $95 per A. 

73. How many of the examples in this exercise can you work at 

sight? 

Abbreviated Division 

81. Utility of Abbreviated SiviBion. In certain cases 
much of the labor of division may be saved by the use of 
mechanical rules. We discover these rules by performing 
the division operation in a typical case, noting the relation 
between the quantities divided and the quotient, and for- 
mulating this relation, into a rule. 

82. I. Sivuion of the Difference of Two Squares. 

Either by actual division, or by inverting the relation of 
Art. 77, p. 112, we obtain 

;- = a — 6 and z- = a + 6. 

a+ a " 

Hence, in general language. 

The difference of the squares of two quantities is divisible by 
the sum of the quantities, and also by the difference of the quan- 
tities, the quotients in the respective cases being the difference of 
the quantities and the sum of the quantities, 

Ex. 1. y "-y = 2a: + 3y Quotimt 
2x — 6y 

Ex. 2. ^ ~ 1^ t ^X = a: - (a + 6) Quotient 
x+ (a + b) 

Let the pupil check the work in these examples. 
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EXERCISE 32 

Write at sight the quotient for each of the following, and 
check eadi result: 

' a-x ■ o62 + 6c'd* 

a. 9-4a^ 8. ^^-^ 



3. 



3-2x ' hx-\y 

x + % I' ^-\^ 



2bx^ - 36y* .250^ - .16^ 

■ &C-62/* , ■ .5a- .46 

J 16a;* -49y* ^ .04ar' - .oy 

■ 4ar' + 72^* ' .2x + .By 

g 25a:^°-y" ^ a;' - .256* 

5a:* — y« 'a; — .56* 

13. Divide a*+2a6 + 6*— 4a;*bya + 6 — 2xby long 
division. Write the restilt of dividing (a + 6)* — 4a;* by 
0+6 — 2x by the method of Art. 82. Estimate how much less 
the labor of the second process is than that of the first. 

14. Make up and solve an example similar to Ex. 13. 
Obtain in the shortest way the quotient for each of the 

following: 

(g - 6)' - (c - 1)» 
(a - 6) + (c - 1) 

1 - (o + 6 - c)' 
1 + (o + 6 - c) 

(2o + 36)* - (5a; - 4y)^ 



Ify 


{X 


+ lf- 


-a« 




X 


+ l+a 


lA 


a* 


-(6- 


2c)* 


XO. 


a ■ 


-(6- 


2c) 


T7 


ix" 


-(f + iy 



la 



19. 



20. 



2x' + (]/" + I) (2a + 36) - (5a: - 4y) 
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Write a divisor and quotient for each of the following: 



^ a^~4a:« ^ ^ (a + x)^ ~ (6 + y)« 



a^ - t/^ 4(a + hf - 9a? 
23. — = 26. -^^ 



Find two factors for each of the following: 

27. 2500 - 16 29. 2491 31. 99.19 

28. 2484 30. 9919 32. 6319 

33. Divide a^ -VhYa-h. Divide (a - Vf by (a - 6). 

34. Find the difference in value between {x + yf and 
^ + y^i when a: = 2 and y = 3. 

83. n and m. Division of Sum or Difference of Two Cubes. 
By actual division we can obtain, 

-^ = a2 - ofc + 62 and ^^^ = «« + oi + ft^. 
a + a — 

Hence, in general language. 

The sum of the cubes of two quantities is divisible ty the sum 
of the quantities, and the quotient is the square of the first quan- 
tity y minus the product of the two quantities, phis tlie square of 
the second quantity; also 

The difference of the cubes of two quantities is divisible by 
the difference of the quantities, and the qiu)tient is the square of 
the first quantity, plu^ the product of the two quantities, plus the 
square of the second. 
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^^'•^- 2a;- 3y ~ 2a: - 3y 

= (2xy + (2x) (32/) + (3y)« 
= 4a;^ + 6a:y + 9y^ Qiu)tieni 

Ex.2. ^^1^^^) + f - (« - ^)' - 3(a - 6) + 9 

= a2-2a6+6^-3a+36+9 QvoHent 
Let the pupil check the work in these examples. 

EXERCISE 33 

Write at sight the quotient for each of the following and 
check each result: 

a^ + 8 27a^ + y^ 

^ 3a2 + y* . 

0^ + ]/^ 
^ + ]^ 
.008a:»-2/» 
.2x - y 

n. Divide 8a' + 276^ by 2a + 36 by the method of long 
division. Now write out the same quotient by the method 
of Art. 83. Estimate how much of the labor of division is 
saved by using the second method of obtaining the quotient. 

12. Make up and work an example similar to Ex. 11. 

13. Treat (a + by -&x? divided by (a + 6) - 2a; as in 
Ex. 11. 



«. 



0+2 


a^-1 


x-1 


273? -64: 


3a;-4 


! + &« 


l + 2a? 


125 -x» 



7. 
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Obtain in the shortest way the quotient for each of the 
following: 

c^ + (1 - xf (a -If -a? 



J.V. 


c + (1 - x) 


- (a-l)-x» 


15. 


8 - (X + yf 
2 - (X + y) 


"• 2a; + «» - 1 


16. 


27a* + 1253/9 


8(a:-y)3-S!» 
^- 2(a:-y)-2 


Wr 


ite the binomial divisor and the quotient for 


20. 


8a»-a:» 


24.««' + ^ = 


21. 


8a» - 27a:» 


25.^ + ^ = 


22. 


rss 


^02 + ^12 
2d. — 


23. 


l-64a:» 

90 


8a« - (a + hf 
27. 

(a + hf + (a; + y)» _ 



Find a factor of each of the following: 

29. 20^ + 3^ 31. 8027 33. 126027 

30. 8000 + 27 32. 7973 34. 124973 

35. Divide c? — V hy a — h. Also divide (a — 6)' by 
a — 5. 

36. Find the difference in value between s? + j^ and 
(x + yy when a: = 2 and y = 3. 

Write a binomial divisor and the corresponding quotient 
for each of the following miscellaneous examples: 

_ a2-462 a«-863 

37. = 38. = 
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46. L=i^, 

^y o' - 4(x + yf ^ 

^ a» - 8(a; + yf _ 

^ 8(a; + yf + o» ^ 

g* - 9(a; - y)' _ 



3Q 


a» + 86» 


40. 
41. 
42. 
43. 
44. 


27a:»-l 


9a^-l 


16o*-9 


8a?-27y' 


a? + l 


45. 


;r*-l 



53. 



50. 

g^ 27a' - (g; - y)« ^ 

(x + ly + (x- ly 



54. How many of the examples in this Exercise can you 
work at sight? 

55. How many examples in Exercise 1 (p. 8) can you 
now work at sight? 

81 IV, V, and VI. Division of Snm or Difference of any 
Two Like Powers. 

By actual division we can obtain, 
a* - 6* 



a + b 



^a'-a^b + abt^-V Quotient 



a + 6 



=^a' + a^b + ai^ + V Quotient 

divisible by either a + 6 or a — i 

= a^ - a'b + a^t^ - aV^ + ¥ Quotient 



a ^ b 
flC* + 6^ is not divisible by either a + 6 or a — 6. But 
<f + }^ 



a^ + c?b + a^V + altP + b^ Quotient 
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Hence, 

The differenee of two like even powers of two quantities 
is divisible by the sum of the quantities, and also by their 
difiEerence; 

The snm of two like odd powers of two quantities is divisible 
by the sum of the quantities; 

The difference of ttoo like odd powers of two quantities is 
divisible by the differenee of the quantities. 

For the quotient in all these cases — 

(1) The number of terms in a quotient equals the degree 
of the powers whose sum or difference is divided; 

(2) The terms of each quotient are homogeneous (since 
the exponent of a decreases by 1 in each term, and that 
of h increases by 1 in each term). 

(3) If the divisor is a difference, the signs of the quotient are 
aU plus; if the divisor is a sum, the signs of the quotient are 
aUemaJtely plus and minus. 

In the above statements the parts in italics should be 
committed to memory. 

The last statement forms a general rule for signs of a 
quotient in all the cases of abbreviated division, including 
I-VI. 

j,^ J 32^:^ + 2^ ^ (2x)' + t/^ 
' ' 2x + y 2x + y 

= {2xy - (2xyy + (2x) V - (2a:)/ + / 
= 16a^—83!?y + 4a^y^ — 2xy^ + y* Quotient. 

Ex. 2. ^'' + ^'' = (g^)^ + (x'f 
' ' a^ + a^ a^ + x^ 

= (a2)*-(a2)3(x2) + (a2)2(a:2)2-(a2) {x'y+^a^y 
= a^-a^x^+a^-a^+x^ 
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EXERCISE 84 

Write at sight the quotient for each of the following and 
check each result: 

^ g^ + g^ g a^ + 32 ^ 32afi - j^ 

' a + X ' a + 2 ' 2x — y 

2. 6. ^ 10. ^ 



a — X a — 2 a + X 



a + 2 


o^-128 


0-2 


a:»-l 


a;-l 


«» + l 



■ft + y X-l ' 7? -■^ 

4. ^lui?! a ^+i 12. ^3-°^ 

6 — y ar + l 3 — a 

13. Divide 32a* +' o*^ by 2a + a: by the method of long 
division. Now write the same quotient by the method of 
Art. 84^ p. 128. Estimate how much of the labor of division is 
saved by using the second method. 

14. Make up and work an example similar to Ex. 13. 
Write a binomial divisor and the corresponding quotient 

for each of the following: 

^.t±±^ 19. ^iii?^ 

V,M±^J 21. 1 - ^'^ -. 

Obtain a factor of each of the following: 

23. 100,001 25. 100,032 

24. 100,243 26. 99,757 
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27. Divide of + 11^ by a + b. Also cii^^ide (a + 6)* by 
a + b. 

2a Find the diflference in value between afi — j^ and 
(x — yy, when x = 3 and y = 2. 

EXERCISE 86 

Review 

Write at sight the quotient for each of the following: 

- 6» - «« ^ 6» - 4c« „ x» - 8(a + 6)» 

A. -; O. -= — — XX. 

6 -x 6 +2a; 

2. -; 7. -T -— 12. 

b-x b -2x 

3^-^ a ^^^ 13. 



i^+a:* « 6»+8x* 



14. 



X — 


2(0 + b) 


&r»- 


-o» 




2x ■ 


- 




27a» 


-8(x 


+ >/)• 


3a» 


-2(* 


+ W 


a:" + y» 




a^+y* 




x«- 


J^ 





b+x b+2x 

5. ^!^t^ 10 ^-^(«+^)' 15. 

6 + X X - 2(o + 6) x* + 2/< 

16. In Ex. 11 remove the parenthesis in the dividend and divisor, 
and divide by long division. The work required is about how 
nmny times that required in the abbreviated process? 

Write a binomial divisor and the corresponding quotient for each 
of the following: 



X7. 



y-Sy* _ ^^ a* - 4(x + y)« 



^ 6«-4y« _ ^ a* + 8(x + y)» 

^ y+Sy* _ 2g o«-8(x+y)' 

20. ^-^ _ 27. ^+y' , 

21. 8^+27 _ 23 4x^-y , , 
aa^ 4x' - 9 _ 3g 32a' -y' _^ 

aa 2^^ - 30. s^^ii^ - 
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Divide each of the following by a: — a in a short way: 

31. a:* - a* + «« - a« 34. 3{x^ - o«) + 4(a; - a) ., 

32. x» - a* + 5(x« - a«) 35. (x - a)» + 5(a;« - a«) 

33. x« - a* + 5(a; - a) 36. 7(x - a)» + 5(x - a) 
Find the value of each of the following in the shortest way: 

37. (a + 6) (a + b) (a - 6) (a - 6) 

38. (a + 26) (a + 26) (a - 26) (a - 26) 

39. (3a; - 2y) (3x - 2y) (3x + 2y) (3a; + 2y) 
Simplify: 

40. 5a; - 3(a; - 2)« - 3(3 - 2a;) (1 + a;) 

41. 7 - 5(a; - 2)« - 3(3 - 2a;) (-a;) 
Solve: 

42. (a; - 8) (a; + 12) - (j; + 1) (x - 6) * 

43. (2a; - 1) (a; + 3) - (a; - 3) (2a; - 3) = 72 

T« — 4 r8 — ft 

46. Four times a certain number diminished by 12.07, equals 
twice the niraiber increased by 1.13. Find the number. 

47. Separate 1000 into three parts such that the second part is _ 
three times as large as the first part, and the third part exceeds the 
first part by 100. 

48. The Suez Canal is 100 miles long. This is 2 miles more than 
8 times the length of the Simplon Tunnel. Find the length of the 
tunnel. 

49. The temperature of the electric arc is 5400° F. This is 464® 
more than 8 times the temperature at which lead fuses. Find the 
temperature at which lead fuses. 

50. The velocity of sound in the air is 1090 ft. per second. This 
rate is 10 ft. more than 9 times the rate at which sensation travels 
along a nerve. Find the rat« at which sensation travels. How 
does this compare with the velocity of an express train going 60 
miles per hour? 

51. If a; =-2, find the value of 3x2 + 4a; -5. Also of 2a; -a;* + 8. 
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52. If 2 *- -i find the value ofa^-2x + l. 

53. Ifa; =-.1, find the value of — . Alsoof ia:» --x« + 2. 

5 2 4 

lfa=0, 6= -1, c- -2, x= -3, find the value of 

54. 3a5-6x. 57. 4(ac« - a) (36« + a«) 

55. 6a»Wx J ^ ^ 
5a(a;-2) ,^- i^T^ 

^^- — 6 

59. 5a? - 7(3a - 5[76 + c«] + 8c, 

60. If a man is now x years old, how old was he 10 years ago? 
a years ago? 

61. If X denotes ar certain number, what denotes the square of 
the next higher nimiber? Of the next lower number? 

62. Prove that the difference of the squares of any two consecu* 
tive numbers is equal to the sum of the numbers. 



CHAPTER Vin 
FACTORING 

85. The Factors of an expression (see Art. 11) are the 
quantities which, multiplied together, produce the given 
expression. 

Factoring is the process of separating an algebraic expres- 
sion into its factors. 

86. Utility of Factoring. If it is known that 

0?- 8ar + 15 = (a?-3)(a:-5) 
and 2j? - \Zx + 21 = (2a: - 7) ( a: - 3) 
^, 7?- 8a; + 15 ^ ( a; - 3) ( a; - 5) ^ ar - 5 

®^ 2x2 - 13a: + 21 ( 3. _ 3) (23. .7) 2a: - 7 

The above reduction of a fraction to a simpler form illus- 
trates the usefulness of a knowledge of factoring in enabling 
us to simplify work and save labor. 

Why do we now proceed to make definitions and rules and 
to divide the topic. Factoring, into cases? 

87. A Prime Quantity in algebra is one which cannot be 
divided by any quantity except itself and unity; as a, 6, 
a^ + 62, 17. 

In all work in factoring, prime factors are sought, imless' 
the contrary is stated. 

88. Perfect Square and Perfect Cube. When an expres- 
sion is separable into two equal factors, the expression is 

134 
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caUed a perfect square^ and each of the factors is the square 

root of the expression. 

Thus, 9a*a?* - 3aa:*-3ax*. 

/. 3aa;* is the square root of 9a*x^. 

Also, «• — 4r + 4 - (a; — 2) (» — 2), and is therefore a perfect 
square, with x — 2 for its square root. 

When an expression is separable into three equal factors, 
the expression is called a "perfect cube, and each of the factors 
is its cube root. 

Thus, 27aVy« - 3aa:V • 3aa:V ' 3aa; V. 

.". 3aa:V is the cube root of 27a'xV*. 

89. The Factors of a Honomial are recognized by direct 
inspection. 

Thus, the factors of 7aV are 7, a, a, x, x, x. 

.90. Factors of Polynomials. Multiply 4a? + 2«y + y* by 
4x* — 2xy + y^. What terms are canceled in adding the 
partial products? Because these terms have been thus can- 
celed and have disappeared, it is difficult to take the final 
product 16a?* + 4a:V + 1/* ^^^ ^ro^ it discover the original 
factors which were multiplied together to produce it. 

Hence, in factoring polynomials various methods must be 
devised to meet different cases, and the cases must be care- 
fully discriminated. 

Case I 
91. A Poljmomial having a Common Factor in all its Terms. 
Ex. Factor 3a:2 ^ 6a:. 

3x* + 6a: - 3a:(a: + 2) Factors 

At first, in working examples of this kind, it is well to put the 
work in the following form: 

3x )Zx* + 6a: « 3a:(a: + 2) Factar9 
X +2 
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Check by SvbstitiUion If we let x » 2 

dx{x+2) -6(2 + 2) =24 

Also 3x* + &c = 12 + 12 = 24 

Check by MnUiplicatian 

X +2 



3x* +6a; 
Hence, in general. 

Divide all the terms of the polynomial by their largest common 
factor; 

The factors vnU be the divisor and quotierd. 

EXERCISE 86 

Factor the following and check the work for each example ' 
either by substitution or by multiplication, or by both as 
the teacher may direct: 

1. 2^ + b^ 6. 3aV - 15a V ii. fa^ft - foft^ 

2. Q? -2x 7. 19^7? - 27x^y 12. ^a^ - 2^ 
Z, 7? + x a. 3^ — a? — a^ 13. .2a:^ + Aaa? 

4. 3o2 - a 9. a^x - 2aV 14.' .02ax^ - .4a^x^ 

5. 7a + 14o^ 10. ^a? + ^^ is. 1.2m7i — .6m^ 

16. 3a^ -6ax + 9a? 19. a^¥c - a^¥(^ + 2a%'^(? 

17. 2x^-^3? -^Q? 20. 2a; Y - Sa^^n^a _^ ^^n^ 
la 10a«62 - 35a263 21. a'^}?(?^ + lla«6«c2*+^ 

22. 7(a + 6)a: + 5(a + 6)2/ 

2a 7(a + 6)arV + 5(a + 6) V 

24. 21(a;-2/)^- 14(a; - y)« 

25. 9(2a:-a)3- 12(2a; - a)« 
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In the shortest way find the value of 

26. 847 X 915 - 847 X 913 

27. 312.75 X 87 - 312.75 X 84 

28. 8 X 11 X 23^ + 7 X 11 X 23* - 5 X 11 X 23* 

29. tt/P + 7rr2 when tt = ^^-, i2 = 8, and r = 6. 

30. tt/P - Trr^ when tt = ^\ R = 410, and r = 60. 
.Find the value of a: m the following equations: 

31. ax + hx — 10. (What does the value of x become 
when a = 5 J^nd h = 15?) 

32. aa: = 10 — fta: 

33. aX'\-hx-\- ex ^12 

34. 2ax — hx + Zcx = 15 

Factor the numerator and denominator of each of the fol- 
lowing fractions and then simplify the fraction by canceUng 
factors: 

^. 3a26-6a6* ^„ oV 

35. — — — 37. 



3o26 + 6a62 4ar* - 6a? 

^ ^ + 27? ^ 3pg - &f(t 

3a:*-6x2 • \2f(f^&pq 

39. From an examination of Exs. 26-38, state the uses or 
advantages of being able to factor by the method of Case I. 

4a How many of the examples in this Exercise can you 
work at sight? 

Case II 

92. A Trinomial that is a Perfect Square. By Arts. 75 
and 76 a trinomial is a perfect square when its first and last 
terms are perfect squares and positive, and the midd'e term is 
twice the product of the square roots of the end terms. The 
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gign of the middle term determines whether the square root 
of the trinomial is a smn or a difference. 

Ex. 1. Factor 16x* - 24xy + V. 

16a;» - 24xy + 9y« - (4a: - Zy) (4r - 3y) Fadm 

Ex. 2. Factor (a + 6)^ + 4(a + b)x + 4a:*. 

(a + 6)« + 4(a + 6)x + 4x« - [(a -f 6) + 2xp 

- (a + 6 + 2x)« An«. 

Hence, in general, to factor a trinomial that is a perfect 
square, 

Take the square roots of the first and last terms, and connect 
these by the sign of the middle term; 

Take tlie resvU as a factor twice. 

EZEBCISX 87 

Factor and check: 

1. ^ + ^ + f 9. a« + 2a* + a^ 

2. 16a2 - 24ay + 9y* 10. ^ + 44ary + 121ay 

3. 2hx^ - Iftc + 1 11. SWh + 126a262 + 49^ 
A, 7? - 2Qxy + IOO2/* 12. 8a2y - ^daxy + 50a:V 

5. 49c+286c2 + 4&V 13. 2a^-&x? + 9a? 

6. a362 + 4a36 + 4a» 14. 30a:V + 3a?* + 753^ 

7. a:y* + 2a:y + a: 15. a^x + asf — 2aV 
a 2m^ — Amn + 2n I6. o?"" + 2a:*y + y* 

17. (a-6)2-2c(a-6) + c2 

18. 9(a: + yY + 12z(a: + y) + 42» 

19. 16(2o - 3)2 - 16a6 + 246 + 6« 

20. 25(a: - yf ~ 120a:y(a: - y) + 144a:V 

21. a2 + 62 + c* + 2a6 + 2ac + 26c 
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22. ia^ + 4xy + Qy^ 24. .04a^ - .12ab + .OdV 

23, la? + ixy+ly* 25. 25a2 - 30ax + 9a^ 
Solve the following equations for x: 

26. ax-3bx ^ a^ -6ab + 9&* 

27. aa: + 3&F = a^ + 6a6 + 96» 
2a a; — 2ax = 1 — 4aa: — 4a' 

29. 2aa: + 36a; = 4a* + 12a6 + 9&« 

Factor the following examples in Cases I and II, and cheek 
each result: 

30. «» - 4a? + 4x 36. lOa* - 20a + 10 

31. a? - 3a? + 4a: 37. 20a2 - 10a + 10 

32. m^ - 2m^ + mW 38. 16aV - 24a*p + 9a* 

33. m^ — m^ + mW 39. 4ar* + 4a?y + aV 

34.' a*a? - Sa'a; + 16a» 40. 8a? + 16a?y + xi/^ 

35. aV - 6a*a: + 4a* '41. 16mV - 9mn' + n* 

42. How many of the examples in this Exercise can you 
work at sight? 

Case III 

93. The Diflbrenoe of Two Perfect Squares. 
From Art. 77, p. 112, (a + fc) (a - 6) = a* - i^ 
Hence, a* - 6* = (a + 6) (o - 6) 

But any algebraic quantities may be used instead of a and 
6. Hence, in general, to factor the difference of two squares. 
Take the square root of each square; 
The factors will be the sum of these roots and their difference. 
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Ex. 1. Factor o? ~ 16y*. 

x^ - 162/2 = (x + 4^) (x - 4y) FtuAm 
Ex. 2. Factor a;* - y*. 

a:* - y* = (x* + y^) (a;2 _ ^2) 

= (a;* + 2/2) (x + 2/) (a; - 2/) i^octor* 
Ex. 3. Factor (3a: + \yf - (2x + 3y)\ 

(3a;+42/)»-(2a;+32/)« = [(3x4-42/) + (2x + 3y)] [(Sx + 4:y) - 

(2x + 32/)] 
- (3a; + 42/ + 2x + 32/) (3a; + 42/-2x-32/) 
= (5x + 72/) (x + 2^) Factors 
Let the pupil check the above examples. 

EZEECISS38 

Factor and check: 

1. a? — 9 10. a^ — 9aV 19. aofi — aa? 

2. 25 - 16a2 11. m — 64a^ 20. a^a: - a? 

3. 4a2 - 496* 12. 242 - 2x^ 21. 225a:2n _ ^ 

4. a:* - 42/2 13. a:^ - a;* 22. 2iar^ - ^ 

5. 100 - 81m2 14. 3a;» - 75xi/^ 23. ^V - 96^ 

6. 9a^ -a? 15. a* - a:* 24. .OOa:^ . je^/^ 

7. 1 - 64m2 16. a^ - 81fc* 25. .Ola^ - .0462 

8. 3a:2 _ 122/2 17. x^ - 2/« 26. .252/^ _ _i^j2 

9. a:' - Qa^a; la a:^ - a: 27. .Sla;^ _ .002562 
28.- if'-f 35. (a; + 2yf - (3a; + 1)2 

29. ^"^ - 2/2»s« 36. 25(2a - 6)2 - (a - 36)« 

30. (a; + 2^)2-1 37. x^Y - 2/2^« 

31. a:2 _ (y + 1)2 33. 81a:i2 _ ig^ 

32. (x - 2/)^ - 9 39- ^ — 144a;2/'^z* 

33. 4(a; - yY - 25 40. (a - 6)2 - 4(c + 1)2 

34. 1 ~ 36(a; + 2yy 41. 1 - 100(a;2 ^ x - ly 
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Solve the following equations for x: 

42. aa: + 26a: = a^ - 46* 44. 3x - ooj = 9 - o* 

43. aa: — 26a: = a* - 46* 45. a: - 6a: = 1 - 6* 
Factor the following miscellaneous examples: 

/ 46. a* — 4a 53. a:^ - 9a: 

47. o* - 4 54. a» + 9a*a: + 6aa? 

4a a* - 4a + 4 55. a» + 6a^x + 9aa? 

49. a' — 4a 56. a* — aa:* 

50. a' — 4a* + 4a 57. a^ + (U^ 

51. a^ - 40^ + 4a* 58. (a + a:)* - 9 

52. a:' - 6a: 59. (a + 6)* - (x - y -'a)* 

eo. Make up and work an example in factoring in each of 
the cases treated thus far. 

61. How many of the examples in this Exercise can you 
work at sight? -^ 

62. How many of the examples in Exercise 2 (p. 13) can 
you now work at sight? s 

Case IV 

94. A Trinominal of the Form x^ + hx + e. 

It was found in Art. 79 (p. 117) that on multiplying two 
binomials like x + 3 and a: — 5, the product, a:* — 2a: — 15, 
was formed by taking the algebraic sum of + 3 and — 5 for 
the coeflScient of x (viz. — 2), and taking their product (— 15) 
for the last term of the result. Hence, in undoing this work 
to find the factors of a:* — 2a: — 15, the essential part of the 
process is to find two numbers which, added together, will 
give — 2 and, multiplied together, will give — 15. 
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Ex. 1. Factor a:^ + 11a: + 30. 

The pairs of numbers whose product is 30 are 30 and 1, 15 and 2, 
10 and 3, 6 and 5. Of these, that pair whose sum is 11 is 6 and 5. 

Hence, x^ + llx +20 " (x + 6) {x + 6) Factors 

Ex. 2. Factor a:^ - a; - 30. 

It is necessary to find two numbers whose product is — 30, and 
whose smn is — 1. 

Since the sign of the last term is minus, the two nimibers must 
be one positive and the other negative; and since their sum is — 1 
the greater nimiber must be negative. 

x« - X - 30 = (a; - 6) (a; 4- 5) Factors 
Ex. 3. Factor a:^ + 3a^ - lo/. 

Since 5y and — 2^/, added give 3y, and multiplied give — lOf/*, 
a:» -f 3xy - 10y« - (» + 5y) (» - 2y)- Factors 

Hence, in general, to factor a trinomial of the form 
a:^ + 6a: + c, 

Find two numbers which, multiplied together, produce the 
third term of the trinomial and, added together, give the coefficient 
of the second term; 

X (or whatever takes the place of x) phis the one number, and 
X plus the other number, are the factors required. 





^ 


Factor and check: 




1. a^ + 5x + Q 


6. a? + a; - 30 


2. 3? -x-Q 


7. «* + 6a^ - 1^ 


3. a? + a; - 6 


a «» - 6«y - 16»* 


*. a^ + 7x-U 


9. a^ + 8aj + 16 


5. «» - llx + 30 


10. a!» + 6a; - 36 
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ll.a:*-5«-36 19. a:V- 23«y + 132 

i2.a?*-5a*-36 20, a? - 5ax - 24a* 

23. a? + 5x-2S 21. a^~9a:* + 8 

14. a:* - 2a: - 48 22. 2a - 14ax - QOaa? 

15. a:^ - 8a; - 48 23. 2a:' - 22a:2 _ 120a: 

16. a:* + 13a: - 48 24. a:^ - 25a? + 144a: 

17. a:* - 22a: - 48 25. a:*'' - a:** - 56 

18. a:* - 4a: - 96 26. a^V - llafcc* - 26<?* 

27. 0^+ {a + b)x + ah 

28. a:* + (2a - 3fc)a: - 6a6 

29. a? + (a + 26 + c)x + (a + 6) (6 + c) 

30. 7?+{a + h)x + (a - c) (fc + c) 

31. (a: - yf - 3(a: - y) - 18 

Factor and check each of the following miscellaneous 
examples: 

32. a? — 4a: + 4 38. a^ - 4y* 

33. a? — 4 39. a^ — 4a^ + aV 
34.a:*-4a: + 3 40. a»-l 

35. a? - a:* - 6a: 41. a:* + 5aa: + 6a* 

36. a? — 4a: 42. a: — a:^ 

37. a? + «a? + 9a: 43. a^ - la" + 12 

44. Make up and work an example in factoring to illus- 
trate each case treated thus far. 

45. How many of the examples in this Exercise can you 
work at sight? 
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Case V 
95. A Trinomial of the Form aoi^ + &^ + c« 

From Art. 80 (p. 119) it is evident that the essential part 
of the process of factoring a trinomial of the form ox^ + 6a: + c 
lies in determining two factors of the first term and two factors 
of the last term, such that the algebraic smn of the cross 
products of these factors equals the middle term of the 
trinomial. 

Ex. Factor lOa:^ + 13a. . 3^ 

The possible factors of the first term are lOx and x, 5a; and 2r. 
The possible factors of the third term are — 3 and 1, 3 and — 1. In 
order to determine which of these pairs will give + 13a; as the sum 
of their cross products, it is convenient to arrange the pairs thus: 

lOx, - 3 5x, - 1 



X, 1 2x, 3 

Variations may be made mentally by transferring the mii^us sign 
from 3 to 1; and also by interchanging the 3 and the 1. 
It is found that the sum of the cross products of 

5a;, - 1 . 

2x, 3 -^-^^^ 

Hence, 10a;» -f 13a; - 3 = (5a; - 1) (2a; + 3) Ftuim^ 
Let the pupil check the work. 

Hence, in general, to factor a trinomial of the form 

03? -^^ hX '\- Cy 

Separate the first term irvto two such factors, and the third 
term into two such factors, that the sum of their cross products 
equals the middle term of the trinomial; 

As arranged for cross midtiplication, the upper pair taken 
together and the lower pair taken together form the two factors. 
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EXE&CI8X 40 

Factor and check: 

1. 2x2 + 3x + 1 j^5 63j2y _ 2«y _ 4y 

2. &x^-lix + 8 16. 16a? - 6xy - 272/* 

3. 2a? + 5a: + 2 17. Ux^ + xy-^eSf 

4. 3ar^ + lOx + 3 18. 320^ + Aab - 456* 

5. 6a? - 7a: - 5 19. 4^* - 13a? + 9 

6. 2a? + 5a: - 3 /.^«). 9a:* - 148a? + 64 

7. 6a? + 20a? - 16a: 21. 12a? - 7xz - 12^? 

a 3a? - 4a? ~ 4a? 22. 24a? + 104a?2/2 - iSxi/^ 

9. Sa* + 2a - 15 23. 25a* + 9a^b^ - 166* 

10. 2a? + a: - 10 24. 16a? - lOa?^^ _ 9^ 

11. 12a? - 5a: - 2 2& 3a?» - 8xy - 3f 

12. 4a? + 11a: - 3 2& 25a* - 41a2i? + 16&* 

13. 5a? + 24a: - 5 27. 20 - 9a: - 20a? 

14. 9a? ~ 15a? - 6a: 28. 5 + 32a:y - 21a:V 

29. (a + 6)2 + 5(a + 6) - 24 

30. 3(a: - yy + 7(x - y)z - 62? 

31. 3(a? + 2a:)2 - 5(a? + 2a:) - 12 

32. 4a:(a? + 3a:)2 _ 8a:(a? + 3a:) - 32a: 

33. 2(a: + 1)2 - 5(a? - 1) - 3(a: - 1)^ 

Factor and check each of the following miscellaneous 
examples: 

34. 4a? — 1 3aa? — 1 

35. 4a? + 4a: + 1 39. a? - a? - 6a: 

36. 3a? + 4a: + 1 40. 50* + 9a - 2 

37. a? + 4a: + 3 41. a? - 9a: + 18 
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42. 3?-Qa? + 9x 46. a:« - o« 

43. a^ — 4:{x + yY 47. x' — X 

44. 3a:* + 7a: - 6 w. 7? -ax-2a^ 

45. (a + hf + 2(a + h)x + 7? 49. 2^-b7?-Zx 

50. Make up and work an example in factx)ring in each 
case treated thus far. 

£1. How many of the examples in this Exercise can you 
work at sight? 

52. How many examples in Exercise 25 (p. 101) can you 
work at sight? 

Case VI 
96. Sum or Differenca of Two Cubes. 

From Art. 83 (p. 125), ^-^ ^-a^-ab + V. 

a + 

Hence, c? + V = {a + h) [a^ - ab + V) . . . 0) 

In like manner, a^ -V -= {a -h) {a^ -\- ab + 1?) . . . {2) 

But any algebraic expressions may be used instead of a and 
6 in formulas (1) and (2). 

Ex. 1. Factor 27a:' - ^f. 

27x» - 8y» = (3x)» - (2y)« 

Use 3a; for a and 2y for h in (2) above. 

27a:* - 8y» = (3a: - 2y) (9x» + ftry + 4y*) Fadm 

In working examples of this type, it is often convenient to call 
3a: — 2y the "divisor factor" and 9x* + ^xy + 4y* the "quotient 
factor." Why are these names appropriate in this case? 

Ex.2. Factor a« + 86». 

o« + 86» - (a«)» + (26»)» 

- (a« + 26») (a* - 2a^l^ + 4h^) Factan 
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Ex. 3. Factor (a + by - a?. 

(a + 6)» - x» = [(a + 6) - x] [(a + 6)* + (a + 6)x + :r«l 
Let the pupil check the above examples. 

Hence, in general, to factor the sum or diflference of two 
cubes. 

Obtain the values of a and h in the given eacample, and aubsti^ 
tute these values in formula (1) or (2). 

97. Sum or Difference of Two Like Odd Powers. 

Since the difference of two like odd powers is always divis- 
ible by the difference of their roots (see Art. 84, p. 128), the 
factors of a» — 6**, when n is odd, are the divisor, a — 6, and 
the quotient. 

Ex. 1. Factor a^ - V^. 

a» - 6» - (a - 6) (a* + a»6 + aW + a6» + 6«) 

Since the sum of two like odd powers is divisible by the 
sum of the roots (see Art. 84, p. 128), the factors of a* + 6», 
when n is odd, are the divisor, a + b, and the quotient. 

Ex.2. Factor a:^ + 32y5^ 

z^ + 32y5 = aH' + (2y)» 

- (x + 2y) [x* - x»(2y) + x«(2y)« - a:(2y)« + (2y)*l 

- (» + 2y) (a:« - 2a:»y + 4xV - &ry* + 16y*) Factors 

98. Sum or Difference of Two Like Even Powers. 

The difference of two like even powers is factored to best 
advantage by Case III (p. 139). 

Ex. 1. x^ - y\ 

=- {3^ + j/*){a^ + f){x + y){x- y) Factors 

The sum of two like even powers cannot in general be fac- 
tored by elementary methods unless the expression may be 
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regarded as the sum or diflference of two cubes (Art. 96), or 
other Uke odd powers. 

Ex. 2. a^ + b^= (ay + (b'y 

= (a« + 52) (a* - a^b^ + ¥) Factors 

But a* + 5^, a* + b^, and a^ + b^ cannot be factored by any 
elementary method, and are therefore prime expressions. 

Let the pupil check the examples of Art. 97 and 98. 









Factor and check: 




1. m» - «» 


14. o« - 64»i2 


27. a" + aJi 


2.(* + 8eP 


IS. 25(te - 2ar' 


2a o» + 6» 


3.27-3? 


16.- 8x« + 2/» 


29. 32** - 1 


4. o» + 86»c» 


17. (o + 6)» + 1 


3a o"- 6" 


5. x» - 125 


la 125 + (26 - ay 


31. 243- a;^ 


R 64j/»-27 


19. 8-(c + d)» 


32. 64 - (o - 6)» 


7. a»6» + 1 


20. (a; - yY - 273? 


33. 8(a; - 2y)» + 1 


8. 1 - 10003? 


21. 16aV-54a»» 


34. o" - 6>» 


9. 27a;* + a'x 


22 a^ + y* 


35. o>» + 6>» 


10. 612a:* - y« 


23. x^ - y'' 


36. 32a* - a^ 


11. o + 343o* 


24. o» + m' 


37. a? + y* 


12. o* - x* 


25. «" + ylS 


3B. 83?^ + y* 


13. «" - y* 


26. o^ - 1286^ 


39. 512a^ - (o + 6)« 



40. Make up a binomial expression whose terms contain 
unlike exponents and which can be factored as the sum of two 
cubes. Also one that can be factored as the siun of two 5th 
powers. 

41. Make up a binomial the exponents in whose terms 
are even numbers, and which can be factored as the siun of 
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two cubes. Also one that can be factored as the sum of two 
5th powers. 

42. State which of the following expressions can be fac- 
tored: 

^ + y^ ^ + f 3f-y^^ af^ + y^^ 

a? + y^^ af-y^^ af^ + y^ af^ + y^' 

sfi + f^ sfi-y^\y 7? + y^. of - yi V 

Pactor and check each of the following miscellaneous 
examples: 

43. a:* — 4a* 51. sfi + a^ : 

44. «* — 8a' 52. a:* - a^ 

45. a? — 4aa: + 4a' 53. a:" + y* 

46. a:* - 4aa: + 3a' 54. a:^ - y^^ 

47. ai^-a^ 55. 6a' - 13a + 6 
4a aj^ + a*^ 56. 16.t' — 8xy + y^ 

49. a:* - 4(a + 6)' 57. ar* + 27a^x 

50. a^ - 8(a + by 58. x^ + y^ 

59. Make up and work an example in factoring to illus- 
trate each case treated thus far. 

60. How many of the examples in this Exercise can you 
work at sight? 

Case VII 

99. A Polynomial whose Terms may be Oronped so as to 
be Divisible by a Binomial Divisor. 

Ex. 1. ax - ay -bx -{-by ^ (ax - ay) - (bx - by) 

= a(x -y) - b(x - y) 
« (o — 6) (a: — y) Factors 

The last step in the preceding process is sometimes clearer to the 
pupil when written in the following form: 
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Ex. 2. 1 + 15a« - 5a - 3a» - 1 - 3a« - 5a + 15a« 

- (1 - 3a») - 5a(l - 3a«) 
= (1 - 3a3) (1 - 5a) Factors 

Ex. 3. a* + 3a« - 4 = a» + 2a« + a» - 4 

= a\a + 2) + (a + 2) (a - 2) 
• -(a+2)(a*+a-2) 

« (a + 2) (a + 2) (a - 1) Fadm 

Let the pupil check the above examples. 
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Factor and check: 




1. ax + ay + hx + hy 


14. x«-x*-4x + 4 


2. ^ — ax-\- ex — ae 


15, 0V-6V-0V+6V 


3. 5a^ - lOy - 3x + 6 


16. x(x + 4)* + 4(x + 4) 


4. 3oTO— 4mn— 6oy+8ny 


17, o*(o + 3) - 3(0 + 3) 


5. o*a; + 3aar + OCX + 3cx 


18. 2(x« - y*) - (x - y) 


6. 3o* + 3a6 - Son - 66n 


^. 4x(x - 1)« + X - 1 


7. a;* + «» + 2a:» + 2x 


20. x» - 1+ 2(x« - 1> 


a 2a;«-2a?-2aV+2a^ 


21. x*-j/* + x»-y» 


9. 2/» + 2/* + y + 1 


22. X - y + x» - y» 


10. oa^ - 2a^x - x + 2o 


23. x» - y» - X* + y* 


01. a;* + 3y - 3x - xy 


24. x» - y» - (x - y)» 


12. Z» - 2* - 2 + 1 


23/ 4a* -j|o*a^^ + X* - 4 



v 13. at — 6y - a + y 26. r^-t/^+aJ^— y^+x-y 

27. 4aa:3 + Soar - 8a — 400:^ 

28. a(3a - xy - Gax^ + 2ar^ 

29. a? - 8 - 7(x - 2) 

30. 4(r^ + 27) - 31a: - 93 

31. (2ar + 1)« - (2x + 1) (3a: + 4) 

32. (2a:-3)3 + 2ar^-9a: + 9 
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33. «* — 7a: - 6 

34. 3f -3x^-10x + 24: 

35. a^-Sa^ + nz- 10 

Factor and check each of the following miscellaneous 
examples: 



36. a» - 8a:» 


44. 


sf-a^ + x-l 


37. o* - l&a^ 


45. 


si?-9a^ + 18x 


aa a^ - 6ax + 9a? 


46. 


^+ia + by 


39. ax — bx + ay — by 


47. 


a» - y» 


40. a^ — a-2 


48. 


(a + 6)2-2(a + 6)p + p» 


41. a?-a? + 2ix-'a) 


49. 


(a + 6)^-(a + 6)-2 


42. 3a2-4a-4 


50. 


a^ + x'-a^-o* 


43. a:* + 2/* 


51. 


a: + a* — a — a:* 



52. Make up and work an example to illustrate each case 
in factoring treated thus far. 

53. How many of the examples in this Exercise can you 
^ork at sight? 

Special Cases Under Case III 

100. By the Oronping of Terms we may often reduce an 

expression to the difference of two perfect squares. 

Ex. h Factor x^ - 4xy + %« - 9z^. 

2!^ -ixy +^y* -dz^ =- {x^ -4xy -i- 42/*) - 92* 
« (a: - 2y)» - 92* 
= [(x - 2y) + 32] [{x - 2y) - Sz] 
- (x - 2y + 32) (x - 2y - 32) Factors 

Ex. 2. Factor a^ - s^ - f + V + 2ab + 2xy. 

a«-x»-j/*+6*+2a6+2xy-(a» + 2a6+ 6*)-(x« '-2xy+^) 

- (a + 6)« - (x - y)« 
= (a+6+a;-y)(aH-6-x+y) 
Let the pupU check the above examples. \ Factors 
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EZESCISE 4S 

Factor and check: 

1. a' + 2ab + b" - 3? 01. 2o6 + a:*-o*-&» 

2. a^-2ab + h^-4a? X2. a? + a' - f - 2ax 

3. a^-x^-2xy-f 13. o" + y^ - ar* + 2oy 

4. 9o*-ar'-4a:y-V !*• a^ - 3* - 23^ - y* 

5. l&a^ - x^ + 2xy - f JS. x' - f - 1 - 2y 

6. vn? — x^ — y^ — 2xy 16. 1 + 2xy — 3? — 'j^ 
T a* + l^ + 2ab-Aa? n. c' - a^ - V + 2ab 
ao* + 6*-4r' + 2a6 16. a^ + IP - (? - 2ab 
9. a'-43? + iP + 2ab la. 2ab + aVP + 1 - a? 

10. 3?-2ab-a^-V 20. 22* - 4z - 22* + 2 

21. 20yz + 3?- Ay\- 252* . 

22. o* +]2o6 + 6* - c* - 2cd - <P 

23. ar* + 4j/* - 92* - 1 - 4a:y - 6a 

24. 9o* - 25«* + 46* - 1 - 10a; - 12a6 

25. o* - 96V - 1 + 66a; - 10a6 + 256» 

Factor and check each of the following miscellaneous 
examples: 
26. aa; — 6a; + oy — 6y 34. a;* — 6^ + a? — 6* 
VI. a^ - n^ - 2xy - f 35. o* + 6* - j/* + 2a6 
2a a* + aa; — o6 — 6a; 36. o' — 272/* 

29. o*-2a6 + 6*-a;* 37. a* - 6ay + 9j/» 

30. ax + 6a; — 3a — 36 38. a*a; — 16ay 

31. 4a* + 4a + 1 - 6* 39. 3a* - 4o + 1 

32. 9a:*-4a*-4a6-6* 40. a;«-8(a + 6)» 
83. 9ar'-9y* + x-y 41. a« + y» 
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1 

'ft2. Make up and work an example in each case in factor- 
ing treated thus far. 

43. How many of the examples in this Exercise can you 
work at sight? 

101. The Addition and Subtraction of a Square will some- 
times transform a given expression into a difference of two 
perfect squares. 

Ex. 1. Factor a* + aW + 6*. 
Add and subtract a*6*. 
a* + a«6« + 6* - a* + 2a*6* + 6* - a*6» 

= (a* + 6« + oft) (a* H- 6« - ab) Factors 

Ex.2. Factor a^-7ary + y*. 
Add and subtract 9a^K 
x« - 7x V + y* = X* + 2a^« + y* - 9xV 

- (x* + y« + Sxy) (x* + y« - 3a:y) Factor* 
Let the pupil check the above examples. 

EXERCISE 44 

Factor and check: 

1. d^ + c'x^ + a^ 6. 49c*-llc2d2 + 25dV 

2. a^ + x^+1 7. 16ar*-9a:2 + l ^ 

3. 4ar*-13ai2 + l a lOOa^ - eia:^ _|. g 

4. 4a^ - 21a262 + 96* ' 9. 225a*6* - 4a262 + 4 

5. 9a:* + 3a:V + 4/ 10. 32a* + 26* - SGa^ft^ 

H. a* + 46* 12. 1 + 64ar* 13. a^ + 324 . 



154 DURELL'S ALGEBRA: BOOK ONE 

Factor and check each of the following miscellaneous 
examples: 

14. a* + 2aV + a:* 20. 4a*-4aV + aJ* 

15. a^+ aV + a^ zi. a^ - ax - 6s? 

16. o* + 4aV + 3a^ 22. b^ + a^b^ + a^ 

17. a*-4a^ 23. a^ + 2a^¥ + b^ 
la a* + 4a^ 24. a* — a:* 

19. 4a* - 13aV + ar* 25. a« + 64a;« 

26. Make up and work an example in each case m factoring 
treated thus far. 

102. Other Methods of Factoring algebraic expressions will 
be treated later. Thus it will be found that 

a* + 6* = (a + 6 + V2ab) (o + 6 - V5a6) 
Also, a* + 6^ = (a + V^b) (a - V^b) 
Factoring by use of the Factor Theorem is treated in the 
Appendix (pp. 369, 370). 

103. Oeneral Principles in Factoring. It is important in 
factoring to reduce each expression to its prime factors. 
Therefore it is important to use the different methods of 
factoring in such a way as to obtain prime factors most 
readily. 

Hence, in factoring any given expression, it is useful to 

1. Observe, first of all, whether all the terms of the expression 
have a common factor {Case J); if so, remove it. 

2. Determine which other case in factoring can be vsed next 
to the best advarUage. 

3. If the expression comes under no case directly, try to dis^ 
caver its factors by rearranging its terms; or by adding and sub- 
iracHng the same quantity; or by separating one term into two 
terms. 
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4. Cordinve the process of factoring until each factor can be 
resolved no further. 

EXEBGI8E46 

Review 
Factor: 

/I. ac» - 3x i^. ex" - 2a; - 4x* 

2. 2a:» - 8xV + &r|^ 27. 1 - 23«« + «;« 

3. x» - lla;» H- 3ar 2a 128 - 2j/» 

4. 4x» + 5xV - 6xy» 29. 1 - a* - 6» - 2a6 

5. 12a« - 2a6 - 306« 30. 21a« - 17a - 30^^ 

6. a:* - 1 - y» .+ 2y 31. «" + y" 

7. 40a» - 5 32. 8a:» + 7292» 

a 16x* - 40x»y + 25xV 33. 405xV - 45x* 

9. a;* + 3aa; - 3a - a; ^ 34. a' - 4a» + 5a* - 20 

10. ac'^ - 3a; j^. (c + d)* - 1 

11. 4a* - 5a? + 1 36. (a; - y)* + 2(a; - y) 
^ 12. 2a;« - 32 37. 24a;« + 5a;y - 2^ 

13. a;* + 4a; - 45 3a a;» - 2z^ - ixy'^ + 8y» 

14. 4a;» + 2a - a* - 1 39. (a« - 6)« - a* 

15. 5aa;» -5a 40. 2;*+2* + l 

16. 18a;» - 3a;« - 36a; 41. (a« - 6* - c*)' - 46V 
. 17. a;* + 3a;»2» + 4^* 42. 21a;» - 40a:y - 21y* 

18. aV - 9x» - a» + 9 43. 32 + n* 

19. 110 - a; - x» 44. bx^ + 5a;2/« 
jA). 3a;« + 13a;y - 30y» 45. m^ + n'^ 

21. 7a - 7a»6* 46. 2aa:' + \ay^ 

22. 6a;* + 14a; + 8 47. 1 + x - a;* - a;* 

23. a;* - (x - 2)« 48. x* - 9 ^ 7(x - 3)« 

24. 3a + 3a* 49. 4a* - pa^ + 9 

25. a* - a» + 2a - 2 50. x« - 64 
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51. a;» - 27 - 7{x - 3) 66. 4(a« - 6«) - 3(a + by 

52. 32x«2/ - 2/^10 57. (^ - 6)8 _|_ (3. _ yjs 
l/fe3. (a:« + 2/2)4 « jg^^ ^g ^^^^ _ ^j, 

54. X* + a;V - yV - 2* ^9. a;« + a« 
^5. ox^-ox-aHV+y 60. x34.y» + (a;4.y)« 

61. (a - 6)2 (x + y) + (a - 6) {x + y)« 

62. (a - by + 4(a - 6) (x + y) + 4(x + y)* 
U63. a" - 1 i^ss. 4a« - 962 - 1 - 66 

64. 40* - 962 + 4a - 66 ^^ ^^ _ ^^y 
67. (x2 - 1)2 + (2x + 3) (x - 1)» 
^/tt. a2 - 6* - a2x» + 6^ 
^69. 3x2 - 27 + 0x2 - 9a 

70. a3 + 3a26 + 3a62 + 6» 

71. a« - 3a2x + 3ax2 - x^ 

72. . a26cx - amnpx + m'hipy - a6cmy 
1/^73, 4x + 4an + x2 - 4a2 - n2 + 4 

74. 2(x3 - 8) + 7x2 _ 17a; + 6 

75. a* - 46* + a2 + 262 

76. (3x^2/ - 3x2/3)2 

77. 18x2 + 52x2/ - 62/2 81. x* - 79x» + 1 

78. (x + 1)3 - a;« 82. a2 - 9 + 962 - 606 

79. (1 - 2x)2 - x« 83. x« - 4x* - 16x2 + 64 

80. 0x2 - ex + ax - c g^ ^^2 ^ 3)8 _ 54^ 

85. X* - 492/2 +9-6x2 

86. xV - 4x2 + 4 - 2/^ - 4^y ^ 4a^ 

87. a2nx - bcm^z + ac7nx2 - a6wn2/ 

88. How many of the examples in this Exercise can you 
work at sight? 

89. Work again the odd-nmnbered examples on p. 88. 
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104. Factorial Method of Solving an Equation. 
Ex.1. Solve a:« + 5x- 24 = 0. 
Factoring the left-hand member, we obtain 
(x H- 8) (a; - 3) - 

If any factor of a product equals zero, the entire product equals 
zero. Hence to obtain the roots for the above equation, we may 
let each factor in the left-hand member equal zero and obtain tlua 
value of X from the two resulting simple equations. 

Hence we have for the above equation 



x -f-8 =0 

a; - - 8 Rw^ 
Check f or x = — 8 
ir« + 5a: - 24 
= 64-40-24 
«0 



Also a; -3 - 

a; « 3 Root 
Check for a; » 3 

x» + 6a; - 24 

-9 + 16-24 

-24-24 

-0 



Ex. 2. Solve x{x - 2) (3a: + 4) (a: + 1) = 0. 
Using the above method, we obtain 

a; = 0, 2, - J, - 1 Roots 

Check for x - 0. x{x - 2) (3a; + 4) (x + 1) Let the pupil 

^ - 0(0 - 2) (0 + 4) (0 H- 1) apply the checks 

-0(-2)4xl-0 for the other 

values of x. 
Ex. 3. Solve x» - ar^ = 4a; - 4. 

Transposing all terms to the left-hand member, we have 

a;»-x'-4a;+4-0 

Hence, a:*(x - 1) - 4(x - 1) = 

(x - 1) (x» - 4) « 

(x - 1) (x + 2) (x - 2) =0 

X = 1, 2, - 2 Roots 
Let the pupil check the work. 
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EXERCISE 46 

Solve and check each of the following: 

1. a:^ _ 5^ _^ 6 = 14. a:^ _|_ 2a; = q 

2. a:2_a._2 = 15. ar* + aa; = 

3. a^ -7x= -12 16. a:^ - a^x = 

^. a? - X = Q 17. a? + 3^ = 4x + 4: 

5. a^^ x + 12 JB. a? + a^-9x-9 = 

6. a? - 16 = 19. ar* - 5ar« + 4 = 

7. a:2^9 20. a:^-a:2_4a. + 4 = 

a a:(a:2-4) = 21. 3(a:2 _ i) _ 2(aj + 1) = 

9. a:^ - 25a; = 22. 1 + ar* = 2ar^ 

10. a:* = 9a: 23. y^ — 9^^ = 

11. 2a:2 _ 33. + 1 ^ 24. p2 - 3p + 2 = 

12. 3a:^ — 4a: = 4 25. 3m^ — 4m + 1 = 
iaa:^-a:2-6a; = 26. z2-4z + 4 = 

27. 2^ - 13y2 + 36 = 

Form the equation whose roots are 

2a 3 and 4 30.-3,-7 32. 0, 2 

29. - 5, 2 31. 1, 2, - 2 33. 2, 3, 

34. The square of a certain number diminished by 4 times 
the number equals 45. Find the number. 

35. The square of a certain number increased by 6 times 
the number equals 40. Find the number. 

36. What number plus its square equals 12? 

37. The square of a certain number diminished by 9 times 
the number equals zero. Find the number^ 



FACTORING 169 

38. The square of what number equals 25 times the 
number? 

39. The cube of what number equals 25 times the number? 

40. Find two consecutive niunbers whose product is 72. 

41. If to 3 times the square of a certain number we add % 
times the number, the result equals 4. Find the number. " 

42. The depth of a certain lot equals three times the f ront, 
and the area of the lot is 7500 sq. ft. Find the dimensions 
of the lot. 

43. The temperature at which iron fuses is 2800® F., 
which is 332° more than 4 times the temperature at which 
lead fuses. Find the temperature at which lead fuses. 

44. The area of Texas is 265,780 sq. mi. This is 29,240 
sq. mi. less than 6 times the area of New York. Find the 
area of New York. 

45. How many of the examples in this Exercise can you 
work at sight? 

46. How many examples in Exercise 30 (p. 120) can you 
work at sight? 



CHAPTER IX 

HIGHEST COMMON FACTOR AND LOWEST 
COMMON MULTIPLE 

105. Utility in the Highest Common Factor and Lowest 
Common Multiple. The advantages in the knowledge and 
use of the largest factor common to two or more expressions 
and of their lowest conmion multiple sire similar to those 
found in arithmetic for the same principles. They aid in 
reducing fractions to a simple fonn, in adding and subtract- 
ing fractions, and in multiplying and dividing fractions. 
Other advantages will appear later. 

Why do we now proceed to make definitions and n^es? 

Highest Common Factor / 

106. A common factor of two or more algebraic expres- . 
sions is an expression which divides each of the given expres- 
sions without a remainder. 

The highest common factor of two or more algebraic 
expressions is the product of all their prime conunon factors. 

Thus, the highest common factor, or H. C. F., of 4c*, 12a:», and 
16x^ is 4z\ 

107. The Hethod of Finding the H. C. F. is to 

Factor the given expressions, if necessary; 

Take the H. C. F. of the numerical coefficients; 

Annex the literal factors common to all of the expressions, 
giving to each factor the lowest exponent which it has in any 
expression, 

160 
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Ex. 1. Find the H. C. F. of Qxh/ - 12a:3/2 _|_ gyS and 3aV 

+ 9xj^- 122^. 

ex^ - 12xy^ + 6y» = 6y(x - y)* 

SxV + 9a:2/» - 122/* = Sy\x^ + Sxy - 4y«) - 3y*(x + 4y) (x - y) 
/. H. C. F. = 3y(x - y) 

Ex. 2. Find the H, C. F. of Mo^b - ^h'y and a\b - a)2. 

3a(a26 - ab^y = 3a[a6(a - 6)p = 3a»6*(a - 6)« 
0^(6 - ay « a2[ - (a - b)f = a^a - 6)« 
.•.H.C._F. ^a^a - 6)« 

EXERCISE 47 

Find the H. C. F. of 

1. 4a%&aly^ ^, a:2 _ 3^ .^2 _ g 

2. h^y, ISa^V 7. 4^2 + 6a;, ^^ + 9x 

3. 24aV, 56aV a (3?-q?,o?-^ 

4. 24a:y, 48aa:^, 36x ^ 9. xy — y,a? -- x 

5. 34aW, 51aa:« lo/4a» + 2a2, 4a» - a 
11.. 0^2 _^ 3. 2j2 _ 1^ 3^ _ 3. __ 2 

12. 4a3a; - 4aa:», 8aV - Soar*, 4aV(a - a:)^ 

13. 2a:3 _ 2a;, 3a:* - 3a;, 4a;(a; - 1)^ 

14. 6r^ + 5a;y - 42/2, 4a;2 _^ 4a^ _ 32^ 

I/is. 3a;» - 5a;2 _ 2a;, A3? - bi? - &Xy3i? - ^ 

16. 6 - a^ft, 36 - a% - 2a*6, V" - a^t^ 

17. 1 - a^ 1 - a^ 3a + Sa^ + 30^, 1 + a^ + o* 

la Find the H. C. F. of the numerator and denominator 
of the fraction in Ex. 5 (p. 170). 

19. Beginning with Ex. 17 (p. 170), treat each example 
through Ex. 22 in the same way. 
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Find the H. C. P. of 

20. {a'b - d62)3, - a^l^{a - by 

21. 9(r^ - xyy, 12r^(a:2 - fy 

22. (a + b)(x- y), (a - b) (y - x) 

23. {a + b){x'-yy,{a'-b){y-xy 
«44. 4 - a:2, ar^ - a: - 2, (2 - xy 

' 25. 3a2 - 10a + 3, 9a- a\ (3 - a)» 

/^ 26. 31?(X — ay, X(cfi — 0!^) 

27. In Exs. 1 and 6, name some common factor of the two 
given expressions which is not their H. C. F. 

28. Write two expressions whose H. C. F. is a^a?. 

29. Write also two expressions whose H. C. F. is 3x(x — 1). 

30. Write three expressions whose H. C. F. is a(x — b). 

31. How many of the examples in this Exercise can you 
work at sight? 

Lowest Common Multiple 

108. A common multiple of two or more algebraic expres- 
sions is an expression which will contain each of them with- 
out a remainder. 

The lowest common multiple of two or more algebraic 
expressions is the expression of lowest degree which will 
contain them all without a remainder. 

Thus, the lowest common multiple, or L. C. M., of 3a', 6a% and 
4ax^ is 12a^x\ 

109. The Method of Finding the L.C.M. is to 
Factor the given expressions, if necessary; 
Take the L. C. M. of the numerical coefficients; 

Annex each literal fojctor that occurs in any of tJie given ex- 
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pressions, giving the factor the highest exponent which it has in 

any one expression. 

Ex. 1. Find the L. C. M. of 3a^ - 9a:», a:» - 9a:, and 

a? - 6a; + 9. 

3a:* - 9x» = 3x»(x - 3) 

x* - 9a: ^x{z -{■ 3) {x - 3) 

x» - 6a: + 9 - (a: - 3)» 

. • . L. C. M. - ^3^{x + 3) (x - 3)« 

Ex. 2. Find the L. C. M. of {a^h - aV'y, 2ab(b - a)^, and 
a\a^ - 62)2. 

(a^ - a62)« - labia - 6)]' = a»&«(a - 6)» 
2a6(6 - a)« = 2ab[ - (a - 6)]« = 2ab{a - 6)» 

. • . L. C. M. = 2a»6»(a + 6)» (a - 6)» Arw. 

EXERCISE 48 

Find the,L. C. M. of 

1. 3a% 2afe2 6. I2a% 16ab\ 24a^l^ 

2. 12aV, 9aV ^. 2a:(a: + 1), x^ - 1 

3. 2ac,3bc,^ab 8. Sa^ + Soft, 2a6 + 26« 

4. Sa^t, 4ac2, eft^c 9. 7x^, 2x^ - 6a: 

5. 42a?f, 28y^2? 10. a:' - 1, a:^ _ j 

/u. a:^ - y2, a^ » 3a^ + 22/^ 

12. 3a:' - 3a:, 67? - 12a: + 6 

13. 5aar^(ar - y)\ Sbxy(x^ - f) 

14. a:' - 3a:2 _ 403.^ ^^ _ g^. + g 

15. a^-V,(^-¥,a^ + ¥ 

16. 6ar^ + 6a:, 2a:' - 2ar^, 3a:2 _ 3 

. ( 1% 4a% + Aab^, Qa^b - 6ab\ 3a^ - 35^ 
18. 2ar^ + a: - 1, 4ar^ - 1, 2ar^ + 3a: + 1 
Z9. 3a:' - 3, 6ar^ - 12a: + 6, 2a:' + 2a:2 _,_ 2a: 
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/ 20. 12x» - 2a:* - 140a:, ISa:* + 6a: - 180, &q? - 2Q:^ + 63aj 

21. 1 - a: +-a:2 - a:3^ i + ^ + a^z ^ ^^^ 2a: - 2a:3 

22. (a: - 1)3, 7ay (a:2 _ i)2^ I4a:5y(a: + 1)3 

23. 18a:»-12a:2_|.2a:, 27a:^-3a:3^18a:»-24a^ + 6a: 

24. (a: - 1) (a: + 3)^, (a: + 1)^ (a: - 3), {7? - 1)^, 7?^% 

25. Find the L. C. M. of the denominators of the fractions 
in Ex. 18 (p. 181). 

26. Find the L. C. M. also of the denominators of the 
fractions in each example from Ex. 21 to Ex. 28 (inclusive), 
p. 181. 

Find the L. C. M. of 

27. (a^t - ofcy, a'6»(a + 6)2 

2a (ofec - hcdf, {Za^c - Zacdf, 6aV - Qa^d? 

29. {a% - afc2)2, (a2 - ab)\ (a« + a'hf 

30. 9(ar^ -a:2/)', 12(a:2 _ 2/2)2^ i^^^ + 2^2^)2- 

31. a — 6, 6 — a 

32. 9(a - 6)2, 12(6 - af 

33. (a + 6) (a: - y), (a - 6) (y - a:) 

34. (a + 6) (a: - y)2, (a - 6) (y - xf 

35. 4 - a:^^ a:^ _ a. _ 2, (2 - a:)^ 

36. ^{x — a)^ ^(a* — a:*). 

37. Find two consecutive numbers the difference of whose 
squares is 5. 

3a Make up and work an example similar to Ex. 37. 

39. The reclaimable swamp land in the United States and 
the land that is capable of irrigation equal 178,000,000 acres 
all together. If the irrigable land exceeds the swamp land 
by 22,000,000 acres, how many acres of each of these kinds 
of land are there? 
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40. The distance from New York to Havana is 1410 mi. 
If a steamer leaving New York travels at the average rate 
of 260 mi. per day, and one leaving Havana at the same time 
travels at the average rate of 280 mi. per day, how many 
days and hours will elapse before the two steamers meet? 

«.. The distance of the sun from the earth is 92,800,000 
mi. This distance exceeds 107 times the diameter of the sun 
by 95,200 mi. Find the diameter of the sun. 

42. A man bequeathed $20,000 to his wife, daughter, and 
son. To his daughter he left $2000 more than to his son, and 
to his wife three times as much as to his son. How much 
did he leave to each? 

43. The distance of the moon from the earth is 238,850 
mi. This exceeds 110 times the moon's diameter by 1030 mi. 
Find the diameter of the moon. 

44. If 10 m. exceeds 10 yd. by 33.7 in., how many inches 
are there in a meter? 

45. Write a common multiple of the expressions in Ex. 1, 
which is not their L. C. M. 

46. Write a common multiple of the expressions in Ex. 10 
which is not their L. C. M. 

47. Write two expressions whose L. C. M. is 24a*6^(^. 

48. Write two expressions whose L. C. M. is 12ar^(ar — 2)* 
(X - 1). 

49. Make up and work an example similar to Ex. 27. To 
Ex.31. To Ex. 47. 

50. How many of the examples in this Exercise can you 
work at sight? 

51. How many examples in Exercise 35 (p. 131) can you 
work at sight? 



CHAPTER X 

FRACTIONS 

110. TTtility of Fractions. In algebra, as in arithmetic, 
fractions are useful in indicating new units, and in indicating- 
quotients and thus opening the way to save labor by cancel- 
lation. 

In algebra fractions also have other uses besides those 
which appear in arithmetic. Thus, in algebra, a fraction is 
often useful in expressing a general formula. 

Ex. If an automobile goes a miles in b hours, how far 
would it go in c hours at the same rate? 

- = no. of miles the automobile travels in 1 hour 



-=- = no. of miles the automobile travels in c hours 



Why do we now proceed to make definitions and rules? 

111. A Fraction is the indicated quotient of two alge- 
braic expressions. This quotient is usually indicated in the 

form -. 
b 

a 
The fraction - is read "a divided by b" or, for brevity, 
b 

"a over 6." 

Note that the dividing line of a fraction takes the place of 

a parenthesis and is in effect a vinculum. 

166 



FRACTIONS 167 

Another method of writing the preceding fraction is afb. This is 
called the solidiLS notation. It is convenient in printing mathematical 
expressions, and is much used in European mathematical hterature. 

_ , written in the solidus notation would be (x -f l)/(3x — 5) 
ox — o 

The numerator of a fraction is the dividend and the cfo- 
nomiTuUor is the divisor of the indicated quotient. 

Terms of a fraction is a general name for both numerator 
and denominator. 

VXEBCISE 49 

1. If three boys weigh a, b, c pounds respectively, what is 
their average weight? 

2. If four boys can run the quarter mile in p, q, r, 8 sec- 
onds respectively, what is their average time? 

3. How many acres are there in a field a feet long and 6 
feet wide? 

4. How many acres are there in a field c rd. X i rd.? In 
one/ yd. X e ft.? p ft. X g rd.? 

5. If sugar is worth a cents a pound, how many pounds 
can be obtained in exchange for b pounds of butter worth 
c cents a pound? 

6. If coal is worth c dollars a ton, how many tons of coal 
can be obtained in exchange for p tons of hay worth b dollars 
a ton? 

7. Make up and work a similar example concerning c 
calves, worth a dollars each, exchanged for chairs worth d 
dollars each. 

8. If coal is worth c dollars a ton, how many tons can be 
obtained in exchange for / bushels of wheat worth h cents a 
bushel and for w bushels of corn worth y cents a bushel? 
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9. Who first used the letters a, b, c to represent known 
numbers? (See p. 456.) Tell all you can about this man. 

10. Before the use of a, b, c, what other symbols were used 
to represent known numbers? Discuss the relative advan- 
tages in these diflFerent sets of symbols. 

U. As a notation, in what respects is a/b superior to 

a 
a -f- 6? To -? In what respects is it inferior to each of these? 
b 

12. How many examples in Exercise 45 (p. 155) can you 

now work at sight? 

112. An integral expression is one which does not contain 
a fraction; as 3a? — 2y. 

An expression like 52:* -f fa; -f i in which fractions occur only 
in the numerical coefficients is sometimes regarded as an integral 
expression. 

A mixed expression is one which is part integral, part 
fractional. 

Thus,3x«+a:-5+^5^ 

113. Sign of a Fraction. A fraction has its own sign, which 
is distinct from the sign of both numerator and denomina- 
tor. It is written to the left of the dividing line of the fraction. . 

The sign of — y is — , and the sign of ^^ is + imderstood. 



General Principles 

114. A. If the numerator and the denominator of a fraction 

are both multiplied or divided by the same quantity , the value of 

the fraction is not changed. 

For if a dividend is denoted by D, its divisor by d, and the quo- 
tient by Q n 

^ «Q,andD -d XQ7 
a 
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If m denotes any multiplier, Z)Xm"dXmxQi or 
D xn r\ 



dxm 
Also if m denotes any divisor except zero, 



(Art. 15, p. 18) 



D^m - d + m X Q, or ?-i-5 - Q (Art. 15) 

a + m 

116. B. Law of Signs. By the laws of signs for multipli- 
cation and division (see Arts. 50, 62, pp. 59, 77), 

a a 



a — o 
6" -6' 


a — a a a 
6 " b -b' be' 




x + y _ x + y 



-bXc -bX-c 

y - X - {x- y) X- y 

Or, in general. 

The signs of any even number of factors of the numerator 
and denominator of a fraction may be changed without changing 
the sign of the fraction, 

Bvi if the signs of an odd number of factors are changed, the 
sign of the fraction must be changed. 

Transformations of Fractions 
I. To Reduce a Fraction to its Lowest Terms 

116. A Fraction in its Lowest Terms is a fraction whose 

numerator and denominator have no common factor. 

To reduce a fraction to its lowest terms, as in arithmetic, 

Resolve the numerator and the denominator into their prime 

factors, and cancel the factors common to both. 

36a^x^ 
Ex. 1. Reduce ^ , ^ to its lowest terms. 

Divide both numerator and denominator by 12a'a:* (see Art. 114). 
. SQaV ^a 



• •48aVy» 4xj^ 



Ana. 
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„ „ 9a6-12y _ 36(3a - 46) _ 36 . 

12a^ - 16o6 ~ 4o(3a - 46) ~ 4a '^"'' 

Notice particularly that in reducing a fraction to its lowest terms 
it is allowable to cancel a, factor which is common to both denomiiub- 
tor and numerator, but it is not allowable to cancel a term which. 
is common unless this term is a factor. 

Thus, — reduces to - : 

ac c 

but in ?Li-?, a of the numerator will not cancel a of the denominator. 
a+y* 

This is a principle very frequently violated by beginners. 

EXERCISE 60 
Reduce each of the following to its simplest form: 




A 



3o» - 6ffl% i5(x - yY 

4a«62-8o6» ' 18(a; - y)» 

Ac? -2a ^ 2a^h - M^ 

Gox - \2ay ' 93^ - Uxy* 

4a; + 4y . ^ 60%^ + 12a6» 

■ 4aa; + 4oy ' 9o'6 + 18o*6« 

12. ^-y" via. 2^ - 3^ 

{x + yy 43^- Qxf 

13 12aV - Sa'xy ^ ida? - Mif 

Ga" - Qa'x ' ISaa? - 12axh/ ' 14a? - 16i^y 

72x^/2^ / 8(3:^ - 1) 3:^-27 

■ 96«2/^ ^ ■ 12a: - 12 .' ar^ - 6a; + 9 

22 (a; - yY (x + y)' 24. ^ ~ ^ " 2|^ 



(a:^ - fy ex" - 7xy + 2f 

2^ - 8f (a + by-c? 

4a?-2xy-l2f ' a« - (6 + cf 
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26. l-(^-^)^ 29. ^"90? 



x"- (a-iy • a?* - a^ - 6a:2 

27. 30. ^ 



4x^ -2ax-6a^ ' a^ + x^f + 1/* 

2Q^ a^ - 8 g^ a x-bx-ay + by 



g^ — g^ — 4 — 2xy — 4z + y^ 
2? — a:^ — 4 — 2yz — 4x + y^ 



1 + 4 

33. What is the correct value of the fraction t— — 7 ? If 

6 + 4 

the 4's are struck out, what does the value of the above 
fraction become? Is it allowable, therefore, to strike out the 
4's in the above fraction? 

34. Make up and work an example similar to Ex. 33. 

35. Which of the following fractions can be simplified by- 
striking out the 4's? 

1 + 4 x + 4: Ax 3X4 4a 4a 

11+4 y + 4 4(1 + 2/) 4 + 11 x + 4: 4x 

36. Make up and work an example similar to Ex. 35, 
involving 3's. 

37. Which of the following can be simplified by striking 
out the 62's? 

h^ + x Vx^ 6 ^-4 g^y o^ 

b^ + y b^y 362 + 4 a2 + 62 b^a^ 

38. Which of the following can be simplified by striking 
out a + 6 in both numerator and denominator? 

a + b 5(a + b) 3x(a + b) 3(a + b) 

a + b + c 3(a + 6) + c 4y{a + 6) 5(a + b)+c 

39. Make up and work an example similar to Ex. 38 con- 
cerning the striking out of a:. Of (p + q)\ 



i 



/ 
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40. Why is it allowable to subtract 4 from each member 
of the equation x + 4 = a + 4 and not from each term of 

the fraction — -— ? 

a + 4 

41. How many of the examples in this Exercise can you 
work at sight? 

EXERCISE 61 

(x — 2)* 

1. Reduce ^^ ^ to its lowest terms. 

4 — ar 

(x - 2)' (x - 2) (a; - 2) _ (2 - a;) (2 - x) 2-x 
4 - x» " (2 4- x) (2 - x) (2 + x) (2 - x) * 2 4- X 

Check. Letx - 1, then, ^^ " ^j' ^^-f^ - I 
4 — X' 4 — 1 S 

Abo 2-f_2^»i 

^^' 2+x 2 + 1 8 

Reduce to Amplest form and check the work: 

'" * ■ c* - (o + 6)« 

« 6y-3ar 



6»- 


-a> 


(2x 


-.v)» 


y"- 


-4a:« 




9-m* 


m* 


- 7m + 12 


9- 


-a? 


(X- 


-3)» 


2- 


-4 


o — 


i 



/ 



10. 



5. -r^ rr: Il- 



ia. 



12ay — 6ax 

eo'fc - 3a» 
40^6^ - 8aft» 

a!* -27 
9 - 6a; + a? 

4 - (o + &)» 
(a - 2)« - 6* 

oa; — fex — oy + 6y 



^■'•i^ ^"- 6^-a^ 
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mhout changing the value of the fraction 

14. Change each of the following so that the denominator 
of the fraction shall be a — 6. 

- 3 3 X z-y - 3a; 2a ~ 36 

6 — o h — a b — a b — a b — a b — a 

15. Change each of the following so that the denominator 
shall be {x — y) {x — y). 

3 -4 a-b 

(y - x) (y - x) (y - x) {x-y) • (y - ar)* 

16. Show that — r equals 



(y - ar) (z - y) {x - y) (y - z) 

17. By changing signs of factors, write each of the follow- 
ing in three different ways: 

5 a — b _ g — 6 a — b (6 ~ a) (c — d) 

a-b X — y c — d (x — y) (y — z) (y — x) (y — z) 

Solve the following equations, after reducing the fraction 
in each equation to its simplest form: 

la ^Lz:i + 2a: = 5 20. ^±^ = 7 + a? 

a; — 1 a; + 3 

19. 7 - ar* = 7 21. — = 5 - « 

a; — 1 ar 

^ oa: — 3a + 6a; — 36 -,. 

22. — = 17 

a + 6 

23. «^-5a-6a; + 56 ^ jg ^ 3^ 



24. —- = 20 

a; -2 a; + 2 

25. How many of the examples in this Exercise can you 
work at sight? 



ax - 


-3a + 6a;-36 




+ 6 


ax - 


- 5a - 6ar + 56 




a-h 


7? - 


-8 af' + 8 
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II. To Reduce an Ibipropeb Fraction to an Integral ok 
Mixed Quantity. 

117. An Improper Fraction is one in which the degree of 
the numerator equals or exceeds the degree of the denomi- 
nator. 

Since a fraction is an indicated division, to reduce an im- 
proper fraction to an integral or mixed expression. 

Divide the numerator by the denominator; 

If there is a remainder, vmte it over the denominator and 
annex the resvU to the quotient with the proper sign, 

Ex. Reduce 



a^ -f x« + 2x 


X* ■\-x-\-2 
a; 4-3 


ar' - 2a: - 5 
3a:« + 3a; + 6 
-5a; -11 


5x+ll 



When the remainder is made the niunerator of a fraction with 
the minus sign before it, as in this example, the signs of terms of 
the remainder must be changed, siace the vinculimi is in effect a 
parenthesis (see Art. 41, p. 50). 

EXERCISE 62 

Reduce each of the following to a mixed quantity 



'f 


-f 


3 181 

^- 17 


,y^ a?^2a: + 3 




g lM^-\-5ax-7-a 


X 




box 


4a^ + 6a;-5 




^-Zx' + x-l 



2x x + l 



a 



10. 



11. 



L2. 



13. 



14. 
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x + y 


i^l5. 


9a» 
3o« - 26 


3a;* - 13a; - 28 


"XR 


3?-\-a?-Ax + 7 


a;2-3 




a; + 3 


x-1 


- « ^7. 


2o« 
a + 6 


a* + l 




a^ - a;* + a;» ^ 2a; 


a^ + x-1 




2?+\ 


a^ 


19. 


— - — (To three terms.) 
1 + a; 


3?-X-l 


2a^ + 7 


20. 


1 


a;* + a; + l 


1 + x-a^ 


ar* + a:«-ar- 1 


01 


8 



ar* + 2 ' 2 + z-x^ 



22. Make up an improper fraction with a monomial de- 
nominator and reduce it to a mixed number. 

23. Make up an improper fraction with a binomial de- 
nominator and reduce it to a mixed number. 

24. How many examples in Exercise 1 (p. 8) can you 
now work at sight? 

III. To Reduce a Mixed Expression to a Fraction 

118. To BeSuce a Hixed Expression to a fraction, it is nec- 
essary simply to reverse the process of Art. 117. Hence, 

Multiply the integral expression by the denominator of the 
fraction, and add the numerator to the result, changing the signs 
of the terms of the numerator if the fraction is preceded by the 
minv^s sign; 

Write thfi denominator under the result. 
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g^^ + y^ 
Ex- x + y^^zr^ 

" X —y 

^ -^« - a;' - y» _ - 2y« 
X - y a; - y 

V -X 

EZESCISE 68 

Reduce to a fraction: 
1. 3^ • 2. 12f 3. 13^V 

x — 1 a — J 

1 ay — c? . 

,.4.-2-^ ^13.1 ^^ 

^ (20^ + 206 
19. ^-{-:r^-[.+ l-^]} 
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20. The distance from New York to Chicago is 912 mi., 
which is 100 mi. more than one fourth of the distance from 
New York to San Francisco. Find the latter distance. 

21. A nmning horse with a rider has gone 1 mi. in 1 min. 
35| sec., which is 13§ sec. more than three times the time in * 
which an automobile has gone one mile. Find the latter 
time. 

22. Make up two mixed numbers of your own and reduce 
them to improper fractions. 

23. How many of the examples in this Exercise can you 
work at sight? 



rv. To Reduce Fractions to Equivalent Fractions of 
THE Lowest Common Denominator 

119. To Seduce Fractions to their lowest common denomi- 
nator, as in arithmetic, we 

Find the lowest common multiple of the denominators of the 
given fractions; 

Divide this common midtiple by the denominator of each 
fraction; 

MuUiply each quotient by the corresponding numerator; the 
resvUs vnllform the new numerators; 

Write the lowest common denominator under each new 

numerator, 

2 3 5 

Ex. Reduce r — , -— ;-, and - — - to equivalent fractions 
oax 4a^x ocwr 

having the lowest common denominator. 

The L. C. D. is 12ah^, 

Dividing this by each of the denominators, we get the quotients 
4ax, 3Xj and 2a. 
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Multiplying each of these quotients by the corresponding numer- 
ator and setting the results over the common denominator, we obtain 

Sax 9x 10a . 

Ana. 



UaV 12a^^* I2dh^ 



EXERCISE 64 



Reduce the following to equivalent fractions liaving the 
lowest common denominator: 

dc ah be ad 
bd' cd' ad* be 

/B. -^.2. 3 



1. 


5 7 
8' 12 




3 4 9 


2. 


5' 15' 20 




2a; -Sx 


3. 


9' 6 




12o 7 o 


4. 


56 ' 10' h 


Ks. 


1 2 1> 
2aP a%' ab 



a^ — a a — 1 
^9- r^.l.-. ' 



Kio. 



1+x' 'x'x + ^ 

X 1 



ar* - 1' «» - 1 



4ar' - 9' 2a; + 3' a; 

l^*- 3a*'W^"'x ^"- 2-2x'^'3 + 3a; 

3 4 . 

'''"• x»-l'a;* + x + l' 



1 5 3 

/ ■ 3x - 6' 2x + 4' ar^ - 4 



« - x»' 3 + 3x' 2 -2x 
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Processes with Fractions 

I. Addition and Subtraction op Fractions 

120. The Method of Adding or Subtracting Fractions, as in 
arithmetic, is to 

Reduce the fractions to their lowest common denominator; 
Add their numerators, changing the sigjae of the numerator of 
any fraction 'preceded by the minus sign; 
Set the sum acer the comrrum denominator; 
Reduce the resuU to its lowest terms. 

Ex.l. -±--a + -^ + l 
o — 1 or ^ a a 



o — 1 1 a^ — a a 
o«-a»-fa«-fl-fa~l 

a(o-l) 
-a»-|-2o»-|-a_ -a»-|-2o+l^ 



aifl, — 1) a — 1 

Ex.2. Simplify ;;^^ + ^ 



a:^— 1 ic + ll — a: 

The factors of x* — 1 are aj + 1 and x — \, Hence, if the sign of 
the denominator, 1 — x, is changed, it will become a; — 1, and be a 
factor of x* - 1. But by Art. 115 (p. 169), if the sign of 1 — a: is 
changed, the sign of the fraction in which it occurs must also be 
changed. Hence, we have 

z^ , X X ^ x* -f a;* — g + g* -f X ^ 3x' . 

a;«-l"^x + l"^x-l x2-l x«-l 

Where the differences of three letters occur as factors in the va- 
rious denominators, it is useful to have some standard order for 
the letters in the factors. It is customary to reduce the factors so 
that the alphabetical order of the letters is preserved in each factor, 
except that the last letter is followed by the first. This is called 
the cydie order. 

Thus, a — 6, 6 — c, c — o are written in the cyclic order. 
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Ex. 3. Simplify 

1 +^ 1^^+, 



(a -b)(c''a) (a - b) (c - 6) ^ (c - b) (a - c)* 

Changing c — 6 to 6 — c, and o — c to c — o where they occur, 
we obtain 

1 1.1 



(a - 6) (c - a) (a - 6) (6 - c) ^ (6 - c) (c - a) 
6--C— c+a+a— 6 



(a - 6) (6 - c) (c - a) 
2a -2c - 2 



Aru. 



(a - 6) (6 - c) (c - o) (a - 6) (6 - c) 

EXERCISE 55 

Find the value of 

I 1. 2_1_ g a ;^ b 

^^' 2x ^c 3a: ^ ' a- 6 a + fc 

/,2 3,1 , „ 3« + l,l-3a: 
^^U-^ + x ^ '-^ ^ + -6- 

''^ 2ac 3a6 6c 2 2 

i/4 a + 26 6o - 1 c-g x-\ ar + l 

■ 2a6 60" ■ a; + l ar-1 

- 2^5 + 3, , 3o + a; ,^ ar + 1 q , 7-3a; 
6*- 74^^ + ^ fe- ^°- -^ — ^ + ^^ 

, 3a — 46 __ 2a — 6 — c 15a — 4c 

* 2 3 "^ 12 

2x^ y — 32 _ arz^ — y^z , y — 3a;z^ ^ 2 
^^a:+l,l-a; v^. m + 1 2m 



2 ' a; + 2 ' (m - l)^ m* - J 
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„ (a + b)* 2b „ 3a: ' 2x , lOt 



4(o-6)* a-b ' x + 2 a;-2'«*-4 



«* + « ari-a; 

3x-3 2a; + 2 ^ 6ar'-6 



2ar-l 4a; + 2 43^*-! 

/ a*-l^ x + 1 ar-1 

« 3 4,2 

i' x + 1 a; + 2a; + 3 

/ 22. ^^ + 2 »-3 I 2x + 5 



1/^ 



2x« + x-l 4x*-l ' 2a:* + 3x + l 

b ab ab' 

a + b (a + b)* (o + 6)» 



^24 2xy 3y 3x 3x» - 3y» 

• a?-y'^2x^2y 2xy 
^ 3a; - y 14ay 3a; + y 

* X + 2y X* — 4y* x — 2y 

/-* 1 2 . 3x-l 2x-5 

a/26. 1 T + X — 



27. 



2a 



x-1 x+1 2 

2 x-3 X* 



x + 4 x'-4x + 16 x» + 64 
5x 7 ■ 26 ' 



2(x-3)* 3x + 9 4x*-36 

Reduce eadi of the following fractions to its lowest terms 
and collect: 

X + 3__J__ 30. ^±f+i_.^±£ 

x*-9 x-4 x*-l^ (x + l)« 
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o2_fc2 oJ-is"^^ 30-36 



a?-l 1-x 1 + x 



a^ — 6^ a + 6 6 — a 
^ Sxy y-x ^ y + x 

* a:2 _ 4y2 2y + x 2y — x 



X - 1 1 + « ' .1 - a? 

a^ + y' a; ■ y 
«*-y*ar + y y-x 



36. 



8-8o4o + 4 8o»-8 



X X— 1 1 — X* x + 1 x + x* 

1 



■ (x-2)(;3-x) 10-7x + x« (5-x)(x-3)' 

40.. \ ..-. A ..+ ' 



+ 



(o-3)(6-2) (a -2) (2 -6) (a-2)(3-o) 
5 . 



1/41. 



(o - 3) (2 - b) 

2b + a 2b -a ibx - 2a* 



x + o a — X x^ — d 



i 



, _ X + 1 2x - 1 , 2 7 



>3, 



" ■ 6x-6 12X + 12 S-Sx* 12x 
x«-x-6 x' + 4x + 3 15x 



"x' + Sx + e x*-4x + 3 9-x» 
f 2a& + y 4a' -6^ a* 

o« -6=' 2(^ - 3a6 - 26« a« - 3a6 + 26« 



/ ,, o« + 2o6 + 6» 4a« - 6' , o* - 2a6 + 36« 
(, **• 5 — rs im — ;n ^, + -;; — » t ■ 
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2x 



lAs ^~^ ^~^ Jt'-Jg + S 
^^ 3a; + 2 . x 4-x 

**• ~i r r~D + 



47. 



x*-6x + 6 8a;-x*-15 7x-x*-10 
a , h , c 



{a-b){a-c) ' (b-c)ib-a) ' (c-a)(c-b) 

y (^ l^ <? 

^ ' {a-b){a-e)'^ {b-c)(b-a)^ {c-a)(p-b) 

49. y + g I 2 + a; _L « + y 



(x - y) (x - «) (y-z)(y-x) (« - x) (z - y) 

50. yz I »g I ay 

(* - y) (* - 2) (y - z) (y - *) (« - a;) (z - y) 

^ l+l I l-+ro 1+n 



(Z — m) (Z — n) (m — n) (m — (» — /) (ra — i") 

52. i.S-A_-.rj.zL5 i_]^ij L_ 

» (a; + l La?-ar + l x + lj ) a? + 1 

53. Make up and add three* fractions with monomial 
denominators. 

54. Also three with binomial denominators. 

55. How many examples in Exercise 2 (p. 13) can you 
now work at sight? 

II. Multiplication op Fractions 

121. The Method of Finding the Product of two or more 
fractions, as in arithmetic, is to 

MvMply the numerators together for a new numerator, and 
multiply the denominators together for a new denominator, can- 
celing factors that are common to the two products. 

This method reduces the multiplication of fractions to 
the multiplication of integral expressions, and enables us to 
use again our knowledge of the latter process. 
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Ex. :=i^^x^^T^X 



g+y y jx +y){x - y) Aa^ 

4(x - y) 



x»+y* 



Arw. 



III. Division op Fractions 

122. The Method of Dividing one fraction by another is 
the same as in arithmetic. For 

a c aXd . bXc , . . ^.. ^--. 



=(!)(!) 



6Xc 

Hence, to divide one fraction by another, 
Inxeri the divisor and proceed as in midtipUcation. 
Ex. ^LzJ-x-^^-^)' ^(^-1)' 



x(x + l) x^ + x + 1 ix + ly 

(x-l)( 
x(x 

(x + 1)^ 



(x-l)(x«+x + l) ^ (x« - 1) (x* ~ 1) (a; + 1)« 
a;(x + 1) ^ x" + X + 1 ^ (x -^ 1)» 



Ana. 

The reciprocal of a niunber is the result obtained by divid- 
ing unity by the given number. 

Thus, the reciprocal of 2 is 1 -5- 2 or ^r; of x is -. 

^ x 

Hence, the reciprocal of a a fraction is the fraction inverted. 

2 2 3 3 

Thus, the reciprocal of ^ is 1 -^ 3; that is, 1 X gi or g. 

.a. b .a— 6. x -}- y 
Similarly, the reciprocal of ^ is -; of ^ , is . . 
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EZESCISE 66 

Simplify: 

^ 5^ 28flW a^¥ + 3ab . a6 + 3 

■ 14o»c 15a:3/* '^^ 4a* - 1 "20 + 1 

^"^ 133» ' 393* '^* a^ + x ■ «2-l 

f/ 9^ 28a^^21a?« (a - 1)» y a; + 1 

■ 8c% 15fc*c ■ low /" ' a{x + 1)« (o - 1)« 
^ 50a^ ,, „„ ,. ,, -y" ^ 4ar' - 9 ,, 6ar + 2 



X28a^«X:j7^ 



iOy" " 40«» ^ 9a;2 _ 1 i2« - 18 

15a; 2a:(a; + 1) 2r'-a;-14»'-l 

i^' 2a:(2a; -1) 5a;*/>' ■2a^ + ar-la:*-l 

g'y - gg^ . o^ - 2aay + ar^ 
l^^^ o?3? + o Vy " a? + ay 

bxy x + y {x-yf 2xy 
J Zja-Vf 7{d*-V) . Uab 

' 4(0 + hf 9(o - 6)» * 8(a + 6) 
, / a^ + 2x - 3 a» + 2a; - 15 ^ a;^ + 5a;^ 
a;* + a:- 12 a;* + 2a;-3 ■a;» + 4a;* 
6a;^-4an/ 30a; + 20y ay 
*^ ■ 45ar'-2(V 4a;y x + y 

w/20 6a;'-5a;-46ar' + a;-2 2ar' + 5a;-12 
^ ■2a;* + 7x-44a;*-4x-39a;*-6a;-8 
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o^-(a-iy (a + xy-1 . o + a;-l 

■ a« - (x + l)!* i - (o - a)'' ■ a-x-1 

2-b-aa'-V-^-4 y- 0^-46 + 4 

■ 6-2-oa* + 6* + 2a6-46«-a« + 4o-4 

\ao oc acj \b c a) a?tr<r 

Vm + 2n , m — 2n n ^ r m + 2n _^ m — 2n "| 
Lm — 2n m + 2n J * L^ — 2n m + 2w J 

30. Write the reciprocal of each of the following: 3, a, 2x, 
4 1 a ^ a + 2x 1 

5' 5' 2x' 2a:' a - 26' a^ - 26' 

31. Make up and work two examples involving both mul- 
tiplication and division of fractions. 

32. How many of the examples in Exercise 15 (p. 60) can 
you now work at sight? 

rV. Reduction op Complex Fractions 

123. A Complex Fraction is one having a fraction in its 
numerator, or in its denominator, or in both. 

In simplifying any complex fraction, it is important to 
write the entire fraction at each step of the process. 



REDUCTION OF FRACTIONS 187 

Ex.1 -J^^^^^xX-^ ^Ans. 

1 -.£ y-a; y-x y - x 

y y 

When the numerator and denominator of a complex frac- 
tion each contain fractions, the expression is often simplified 
most readily if we 

Multiply both numerator and denominator by the lowest 
common denominator of the fractions contained in them. 

Ex.2. Simplify - — ^ — 1 

'- + '- + '- 
y z X 

Multiplying both numerator and denominator by xyz, obtain 

124. A Continued Traction is a fraction whose denomina- 
tor is a mixed expression, having another mixed expression 
in its denominator, and so on until the fraction ends. 
1 



Ex. Simplify 



x + 



1 - 



x-2 
1 



1 ^-' Ans. 



X -5 
Hence, in general, to simplify a continued fraction. 
Reduce the last mixed expression in the fraction to an im^ 
proper fractum (see the brackets in the examples); 
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Then invert the last fraction and multiply it into the numer-- 
ator under which it is placed (see the brace); 

Thv^s aitemately reduce a mixed number and invert a divisor 
fraction until the simplification is completed* 



Simplify: 



\Ai 









EXERCISE 67 



4 1,1 

--X X-- 1--^TT 

? 3. ^ 5. «+^ 

1+f 1-- 1+-^ 

2 X a— 1 

2-1 '^-2d x-% 
^ 4. 1 ^ 3 

4^ .. y X 



^' 



1 * '^ 1x V 

1-1 ^ + 2^-3 

2x y X 

1_3^_2 X ■ 1 -a; 



^_1 a? l-x 

7? \+X X 

1 

a + 1 



2 1 



//13. 



^ + 1 



10. - - 14. ^° ^ ^>^ 

i_J_ + i c^(o + hf - o'y 

a^ ax a^ a^V(? 
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? + ?-2-l 21. 2a-l- ^""^ 



^^ a X ax 9 ^ 



^ ?_?_?+! 



a X a ox 1 +a 

2(|x-i)_, 1 



l-(o6-^ 3a;- ^ 



(afe-l)^-c^<P x + 1 

(o6 + cd)*-l 23. 1 r- 



g-1 

o 5x 

2«--3- 0-6 



-3-^, 



24.1- 2 



1 — _ 






a 6 + c 

4 

X 

1 ^ 1 . X 

87. :r— X r— t- p 

l + a? 1 -ic» 
28. 



1--^^ 1+ ^ 



1 + ^^ .1-^ 



\-x l+x 
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29. 



30. 



31. 
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V + a^y + gV 



■(-1)1 

L./^i + iy i_A_iY A + i-ivi 

i_ _ /i ly ^ i_ _ /I _ iv /I _ i\' _ i 

6* \a^ c) c" \a b) \a c) V 



1-2: 



1 -2x 

1 + 2a; _|_ 4(1 - |ar + aP) - j 



l + 2i 



l + 2a; ^ |(i + a; + J*^) - i 



1 -2x 
Find the value . 

-, 22 , 2 I 

32. Of - — — — when v = =• 

1 + 2b 7 

33. Of :- ; when v = — -' 

1 -B -B* 3 

34. Of i^ when F ='—,m= 10.2, b = 5, and r = ^ 

r 2 

35. Make up and simplify a continued fraction. 

36. How many examples in Exercise 19 (p. 78) can you 
now work at sight? 

SXERCISE 68 

Oral Review 
1. Give the value of each of the following: 



^ ' 2o 4a 



(2)1-1. 



(4) 



0+6 a —b 



a o 



(3)0+6^0-5. 
a 



,.E^da,(l+l)'=.(.,g.|)' ,3,(l-D' 
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3. On the foot rule show the meaning of i m. ■*• 2. Of i in. + 2. 

4. Divide each of the following fractions by 2: J, |, J, |, f, 
2a a_ a a + b 6 7 3x 5^ 46^ 3^ 

b'^'V 2 'o' a' 26' 46' a' o' 

5. Divide^ by 2. By2o. 36. 46. 

6. Divide 1 by each of the fractions i 5 ^, 2 ??. 

ji Z 2 b 26 

7. Give the reciprocal of 3, - 4, i ?,?,-• 

o 4 4 6a 

8. Give the value of 1 when x - 1. When x - 1 1 i |, 1 1 

_2 _1 6 
3' a' e 

9. State the value of | when a: - | When x = j ^, ^, ^, ^, 
2 3 6 

"■ 3' 2' 5 

15 1 

10. Give the value of when a; - - -. 

2 +x 5 

n W1.04 ;ol«^49rk/3 3 4a-la4al 2o 1« 

11. Whatis^ofg? Of-, ^, ^, -^, p -^, -, -, ^? 

12. If 4 is subtracted from both numerator and denominator of 
^, is the value of the fraction changed? By how much? 

13. If a 5 and 6 - - i state the value of ^. Of - ~. 

J z c> 46 

14. What is the value of 1 + 2/3? Of 1 + a/6? Of 2 -h x/2y? 

15. Simplify those of the following fractions which can be reduced 
to lower terms: 

4x 4x 4a 4 a — 6 a +6 a' + 6^ a'6 

4a + 6' 4a + 46' 46' a + 4' 6 - a' a« + 6«' a« + x«' ahc 

Give the value of 

16 - -^ - ^ -2 8 _8^ g» -1 

8 ' - 4 - 6' - 2/3' a/6' 1 - x * 

17. Of ia» -s- Ja« Ja» -J- Ja« fx* -s- Jx* Jx' + Jx 1 + Jx« 
1 -^ §x« 2a« -^ }a 2-5- 5/6x 
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18. Make up an illustration to show the value of 5 X (for 
instance, in connection with a pupil's mark for 5 examples wluch 
he failed to work correctly). 

19. Give in the briefest form the product of (a — 6) (6 — a). Of 
(x - 2y) (22/ -^ x). Of (a - 6) (a + b) (a» + 6») (a* +6*) (o« +6«). 

1 1 o 



2a Does 



(y - xy (x - yY 



EXERCISE 69 

Wbitten Review 

1. Indicate by a parenthesis that 2a— 36+cistobe subtracted 
from 5a + 26 — 3c. Then remove the parenthesis and simplify. 

2. Subtract the sum oiZx -\-2y — z and a — x -^Zy from — 5. 
Also from 0. 

3. Write by inspection the value of [(3a — 6) — c + 2d^. 

4. Factor (a + 6 - c)' - (x + y - x)» • i. - ^ . 1 - ?^ 

5. Change — h -5 so that it shall be a perfect square. 

x^ xy y^ 

6. What is the difference between an exponent and a power? 
Give an illustration. 

7. Subtract (5a + 1) (2a - 3) from (a + 2) (a + 1) + (a + 2)«. 

a Find the value of 3(x - 1)^ - 3(a; + 1) (» H- 2) - x{x - 2) 
(y — 2x) when a: « — 2 and y = — 5. 
2^2 __ J52 

9. Find the value of ^ — when A = 5a and B ^ 2a. 

10. By factoring find the roots of x' — 5a; + 6 = 0. Prove your 
answer. 

«, ., .o~"^. ^ A b — a 

11. Show that J IS equal to ^ * 

c — a a — c 

12. If a = 12J,6 = 37i,c = 33J,andd - 10, find in the shortest 

4£p 4^2^ 4{f 
way the nmnerical value of each of the following: — , — , -7^ 

13. From T.OSa^ take - 44a«. 

(a* + ¥y 

14. Reduce — 1 + — 7-^^ — to an improper fraction. 
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15. Whenwechangex — 3 =» Stoa; = 6 +3,whatisthechange 
called?. What right have we to make this change? Why do we 
transpose — 3 instead of adding 3 to each member of the given 
equation? 

16. What is the use or advantage in being able to find the H. C. F. 
of two given expressions? In being able to find their L. C. M.? 
illustrate. 

17. Show that the sum of two numbers (as of a and b), divided by 
the sum of their reciprocals, equals the product of the given numbers. 

18. If 8 » .. _ , find the value of a when a = 2 and >• - — o- 

2 3 

Also when ^ =" — o ^^^ ^ ^ ~ 2' 

19. If « = — 3^*, find the value of a when >• = o' ^ " T' ^^^ 

1 

20. If a = 3, which is greater, .^ _ or ^ ? 

21. Divide 2a» + 10 - 16a - 39a« + 15a* by 2 - 5a« - 4a. 

22. Give an illustration to show why 3x0 ^ves zero. Also 
why « gives zero. 

23. Show that a common factor of any two algebraic expressions 
is also a common factor of their sum and difference. Of the sum 
and difference of any multiples of the given expressions. 

24. Prove that if half of the sum of any two numbers (as of a 
and b) is added to half their difference, the result will equal the greater 
of the two numbers. Illustrate by two numerical examples. 

25. Prove that if half the difference of any two numbers is sub- 
tracted from half their sum, the result will be the smaller of the two 
numbers. 

26. Write an example of a continued fraction and reduce it. 

27. Why is it allowable to change both minus signs to plus in 
— x = — 3, and not in — a; — 3? 

2a Collect in a short way -— j-h + z o + ^ ' o + ^ . o . 

SuG. Collect the first two fractions first. 
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29. Ck>llect in a short way 

aa Also * * 



' + * 



X +2 X -3 X -2^ X +3' 
2xy ixy* 



X — y X +y x^ +y^ «*+|/* 

Simplify: 

i{ix'+ix-2) 
?(ix«H-ta?-l) 

y\ 



31 



^'^i^' 



a; +2 &r 



2x 2x + l "^-Ix^-l 



33. 



y\x 



+ ajj/-2j/») 



^•a:-l^a:-2 a:-3^ (x* - ») (x - 2)' 



35. 



^ +-^ 



2 ^_A 



a_- a+- a-^ ab +- 



/ 3 2 1 

I/®®- x* - 3x + 2 + (s- - 1) (3 - x) + (2 - x) (x - 3)* 

''■e+5-^)(M+^)*e-5)- 

X f l +x 1 +x' 1 f l +x« 1 +x» l 

i/^-u+x* i+x'j"^ii+x» i+x«r 






; 



x2 

a — — 

a 



aj-4- 



1+- 



ox 



(a-^«)- 



/ 40. 



X -4 



X — 



X -2 



-2 



41. 



4 - 



9 



X -4 



a; — 



aj -5 



-2 



a:» ^9 



aj« 9i 



xa-DG^') 



42. 
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1+824 1 - 27a:« 



2x 3x 



2x ^ ar 

1 J = — 1 — . ^^ 



1 -2x * 1 +3aj 

g*-5x'4-4 a; a; - 2 ^^g, 
*®- x« + 1 ^ 1 "^ , ^ 1 

44. Given a + 6 + c - 2«, 

show that a + 6 — c = 2(« — c) and that o — 6 +c - 2(a — &)• 

45. Also show that 

_ o« + c« ^ y ^ 2(8 - g) (a - c) 
2ac " oc * 

*, . .^ X . a^+¥ -(^ 2«(« -c) ^ 

46. Also show that 1 + ^ab " a6 — ^* 

47. Show that. 

(2o - 3x)» [8x»(a + 2x)« + &c^ (a + 2a;)^ + 27a:» (a + 2x)* (2a - 3g)« 

(2a -3x)" 
reduces to 

2aa:<(24a;H-5a)(a+2a;)« 

(2a - 3a;)w 

4a The distance from New York to San Francisco by way of 
Cape Horn is 13,800 mi. This is 1920 mi. less than three times the 
distance from New York to San Francisco by way of Panama. 
Find the latter distance. 

49. Make up and work an example similar to Ex. 48, using the 
fact that the distance from London to Bombay by way of the Cape 
of Good Hope is 11,220 mi., but by way of the Suez Canal is 6332 
mi. . 



CHAPTER XI 
FRACTIONAL AND LITERAL EQUATIONS 

125. A fraotional equation is an equation that contains 
an unknown number in a denominator. 

Ex. - + 5 = 3a:. 

X 

Equations containing binomial numerators and numerical de- 
nominators are frequently termed fractional equations, since they 
are solved in the same manner as fractional equations proper. See 
Ex. 1. of Art. 126. 

An integral equation is an equation which does not con- 
tain an unknown number in a denominator. 

126. The Method of Solving a Fractional Equation. If an 
equation contains fractions, it is necessary first to multiply 
the members of the equation by such a number as will remove 
the fractions. 

^ , c , a: + 1 2x-5 llx + 5 a: - 13 
Ex.1. Solve -^ ~ 

The L. C. D. of the denominators is 30. 
Multiplying both members of the equation by 30 (see Art. 70, 
3), we have 

15(x + 1) - 6(2x - 5) = 3(llx + 5) - 10(a; - 13) 
Hence, Ibx + 15 - 12x + 30 = 33x + 15 - lOc + 130 

15x - 12x - 33x + lOx = - 15 - 30 + 15 + 130 
- 2Qx = 100 

X == — 5 Root 

= -2+3=1 

« 

- -5+6=1 



aj + l 2x -5 -5 + 1 


-10-5 


^^2 5 2 


5 


llx + 6 a? - 13 -55+5 


-5-13 


10 3 10 


3 
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E,.2. Solve jA^ + f±l-^.0. 

Multiplying by the L. C. D., 1 - a:*, 

4(1 - x) + (a; + 1)« - a:« + 3 = 
4-4a:H-x»H-2xH-l-a;*H-3=0 

-2x= -8 
a: =4 Root 
Let the pupil check the work. 

Hence, in general, 

Redvee each fraction in the equation to its lowest terms; 

Clear the equation of fractions by muMplying each member 

y the L. C. D. of all the fractions; 

Complete the solution by the methods of Chapter VI. 

EXERCISE eO 

Solve and cheek each result: 

5_3x 7x^34 
^'3 5 ■*" 5 15* 

2a:-3,a: + l 5x + 2 
2. h 



6 12 

2x a; 3a; 4a; 24* 



4. 


2x 2x + l 1 
3 5 3 


5. 


3x + 5 . x + 4 
4 6 


V6. 


7 = |(a:--2). 


'.^. 


2a; - 8 - 1(24 - 2a;) = 0. 


Irs. 


f (a; - 1) = ^(a; - 2). 


9. 


3(fx-|)(|x + f)=a;». 
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t^ 8 6 3 ^24 

//,, 3x-l a: + l 4a; + l _ 3(x-l) ' 
J/VL. —^ - 3. 

12. ?l±i-£±ii + a; = 5^IlM_l. 



13. ^-f(5 + x)+5^-K2ar + 5) = ^'=~'* 



14. 2(x + i) + x(l-l) = 



15. 



12 4 

a! + 5a; + 7 . a; + l 2x-5 _ x + 22 
7 5 2 10 70 



16. f(5i + 2)-f(7x-2)+§(3x-2)=a:-|. 

17. .5a: — .4x = .3. 5 g 

23. 



18. 1.5a; -5 = a;. 2a; -1 3a; + l 

.15a;. X 

-9A /'*• 



19. .6a; + .05 = .2-. 15a;. / gx - 5 8a; - 7 

l..'ia;-1.35 .^.'ia;-2.4 '^*- 
20. 



1.5a;-1.35 _ 3.5g-2.4 ' 3a; - 3 4a; + 4 
1.2 .8 



/J. rJt K/y 2 

^^3.2.-3.4^,6^, ^5.3-3^-^ = 3. 



4.5 2.6 

x+1 5 



«-l 3 /-6 5 6 __7_ 



3 _^ ^ 8x + 3 

^ 3-a;''"3 + a; 9-a;* 

2a; +1 10 _ 2a;-l 

2x - 1 4ar' - 1 2a; + l' 

1.1 2 

■29. —rrr + 



28. 



I 



10 "•'■'■ 6 "^ ■ ' 6 I 

6a; + 5 , a; + 5 



a;+l a;-l a; + 2 



y 
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30. ^Zll = _l_+ 1-3* 



a:»-8 a;-2a:* + 2a; + 4 
81. »'-'^ + l -o^ a^ + a; + l 



32. 



a;-l x+1 

a;-3 Ja:* + l_x + 3 



2« + 6 «*-9 3x-9 

!>^33. 3 4 5 _ 11 4 

'«-lat + l 2a; -2 3x + 31-a*' 

/^34 g + 1 ae' + y _ 2 x-1 

'2a;-3 4a:*-9 2x + 3 6- 4a;' 

U 3S. 3»*-5 7 2 - a; = ^ 



36. 



3x-6 6a; + 12 23?" -8 

6x + 6 2x + 1 2x 



2a;2 + 5a; + 3 2a;*-x-l x2 + 2x 

Reduce each fraction in the following to its lowest terms 
and then solve: 

Knd the value of the letter in each of the following: 

41. 1 + — 1 = ?. 43. ^ ? 14 = 0. 

D + 2 3(i> + 2) 3 3-2» 6-4» 

3(p-7) 6 2p-14 t^ 2< + 2^3< + 3 6 
)/.. r + 6 2r--18 . 2r-j-3 _ ,1 , 3r-|-4 
•^ "11 3~+^ ^ + "T2~- 

46. If ^ = /w, ^ = 600 and w = 20, find the value of /. 

Do you know the meaning of this process in arithmetic in con- 
nection with the rectangle? 
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47. In like manner, find I when ^ = 80 and -m? = llf . 
W. JiV = Iwh, V = 720, / = 10, and w = Q, find h. 

Do you know the meaning of this process in arithmetic in con- 
nection with the study of volumes? 

49. In like manner if F = .36, w = .8, and h = .9, find L 

50. Itp = br,p = 9 and 6 = 45, find r. 

Do you know the meaning of this process in arithmetic in con- 
nection with the subject of percentage? 

51. Itp = br,p = 760 and r = .05, find b. 

/yt2. If i = prt, i = $66, p = $440 and t = 3, find r. 

Do you know the meaning of this process in arithmetic in con- 
nection with the subject of interest? 

53. If i = pHy i = $66, p = $360, and / = 3f , find r. 

54. If i = pH, i = $15.75, p = $75, r = .06, find /. 

/55. If C = i(F-32) find F when C = 50. When 
C= 100. 
Do you know the meaning of this process? 

56. If LIT = Zt(7 and L = 8, IT = 100, and w = 40, find I. 

Can you find out the meaning of this formula and process? 

57. IfiJ = -^,find*wheniJ = 10and^ = 32. 

g + s 

58. n K = (l + -^\, find V when F = 20 and / = 13. 

59. If Z = \h{h + 6'), K = 280, h = 12, and 6 = 10, 
find h . 

60. If F = 7riPi7,F= 1540,7r = ^Sandli = 7,find£r. 

61. If r = irRiR + L), r = 1144, TT = -^S R = 14, 
find L. 
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62. Make up and work an equation containing fractions 
with the denominators 4, 6, and 12. Can you form the equa- 
tion so that the root shall be 1? 2? 4? 

63. Make up and work an equation containing fractions 
with the denominators ar + 2, a; — 2, and a:^ — 4. 

64. Work again Exercise 24 (p. 99). 

127. Special Methods. The work of solving an equation 
may often be lessened by using some special method or device 
adapted to the peculiarities of the given equation. 

First Special Method. If in a given equation the denomi- 
nators of some fractions are morumiiah, and of others are poly- 
nomials, it is best to make two steps of the process of clearing 
the equation of fractions: (1) remove the monomial denom- 
inators and simplify as far as possible; (2) remove the re- 
maining polynomial denominators. 

T^ - c, 2a; + 8| 13a; - 2 , a; 7x x + 16 

Ex. 1. Solve — i- — - — r- — - + - = — — — 

9 17X-32 3 12 36 

Multii)lying by 36, the L. C. D. of the monomial denominators, 
Sx+M- ^^lyf'L'^f + 12x = 21x - a: - 16 

Transposing all terms except the fraction to right-hand side, 
36(13x - 2) 



17z - 32 



= -50 



. ,Dividmgby-2, 17^^32 -25 

i^- 234a;-36=425x-800 

^ 191x=764 

. ' x = 4 Root 

jiet the pupil check the work. 
^ S^ojki Special Method. Before clearing an equation of 
fracticjns, it is often best to combine some of the fractions 
iccfo a single fraction. 
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X — 1 x — 2 X — Z ar — 4 



Ex.2. Solve 



x — 2 x — 'S a: — 4 x — 5 



In this equation it is best to combine the fractions in the left- 
hand member into a single fraction, and those in the right-hand 
member also into a single fraction, before clearing of fractions. We 
obtain 

-1 -1 

(x - 2) (x - 3) ~ (x - 4) (a; - 5) 

7 
Clearing and solving, a: = k ^^ 

Let the pupil check the work. 

EXERCISE 61 

Solve the following and check each solution: 
- 3a; - 1 , 4a: x + 5 



2. 



6 3a; + 2 2 

3 - 2a; . a; 1 - 6a; 2 - 3a; 



3. 2i- 



4 6 15 - 7a; 9 

I 2a; - 1 X 



2a; + 4 4 2 



^ 5a; + 13 _ 2a; + 5 23 B-jx 

12 6 4a;-36 3 

5 5 2ia;-3 a; + 11 lla; + 5 _Q 



7-x 4 8 16 

g 3a; - 1 4a; - 7 ^ a; 2a; - 3 7a; - 15 
30 "^ 15 ^4 12a;-ll"*" 60 



7. 



6a; - 7 a; + 1 2a; - 1 _ 199 
11a; + 5 15 30 10 ' 



8 o. g + 4 _ 4-3a;4a; + 9 4~a ;5 

■^7a;+ll 8 "^ 12 24 ■*"4' 

9 3a; - 2^ 7 , a; - | _ 2a; - 1| _ 2a; + 3| 

9 12 ia; + ll * 3 6 * 
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10. 2r2?_ii 

3L9 2 



3-l+^^ + 4]+l?£+_3.o. 



u. 



12. 



6 7a: + 8 J J 54 

1.2a; - 1.5 .ix+1 __ .4a; + 1 
1.5 .2a; -.2 .5 

1 11 1 



13. 



14. 



15. 



a; — 2 a; — 3 a; — 4 a; — 5 

a; — 1 _^ X — 3 __ a; — 5 _ a; — 7 
a; — 2 a; — 4 a; — 6 a; — 8 

a; — 7 _ a;~8 _ a; -- 4 _ a; -- 5 
a;-8 a;-9~a;-5 a;- 6* 

3 2 2 3 



16.* 



3a;--2 2a; -3 2a; + 3 3x + 2 

2a; + 1 2a; + 9 __ 2a; + 3 2a; + 7 
a; + l a; + 5 a; + 2 a; + 4' 



17 4a; ~ 17 10a; - 13 8a; - 3 5a; - 4 _^ Q 
'a;-42a;-3 2a; -7 a;-l 

18. Work Ex. 2 by clearing all denominators at once. Then 
work the same example by the method of Art. 126. About 
what fraction of the work is saved by the second process? 

19. Treat Ex. 13 in the same way as you treated Ex. 2. 

20. On the average, the distance one must go below the 
surface of the earth to get an increase of 1° in temperature, 
is 62 ft. This is 1 ft. more than on6 third the distance one 
must go above the earth's surface to get a decrease of 1° in 
the temperature. Find the latter distance. 

21. Who, so far as we know, first invented transposition 
in solving equations, and when? Who first brought the use 
of transposition into prominence? 

* Transpose the second and third fractions. 
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22. From what language does the word algebra come? 
What does the word algebra mean? 

23. Work the odd-numbered examples on p. 101. How 
many examples on that page can you work at sight? 

128. Two Equivalent Equations are equations which have 

identical roots; that is, each equation has all the roots of the 

other equation and no other roots. 

Thus, a:* — 4r = 0, and x{x + 2) (x — 2) =0 are equivalent, 
since each is satisfied by the values a; « 0, 2, — 2, and by no other 
values of x. 

If we multiply the two members of an equation by the 

same expression, the resulting members are equal, but the 

resulting equation may not be equivalent to the original 

equation. 

Thus, if we take the equation a; = 3 and multiply each mem- 
ber by a; — 2, we obtain x{x — 2) = 3(a; — 2) or 

(a:-3)(a?-2) =0, 

which is not equivalent to the original equation, since it has the 
root a; s 2, which the original equation does not have (Art. 103). 

In general, if the two members of an integral equation are 
mvliiplied by x — a, the root a is introduced and the resulting 
equation is not equivalent to the original equation. 

129. An Extraneous Soot is a root introduced into an 
equation (usually unintentionally) in the process of solving 
the equation. 

The simplest way in which an extraneous root may be 
introduced is by multiplying both members of an integral 
equation by an expression containing the unknown number. 
See the example of Art. 128. 

A more common way in which extraneous roots are intro- 
duced during a solution — and one more difficult to detect — 



FRACTIONAL AND LITERAL EQUATIONS 205 

is by a failure to reduce to its lowest terms a fraction con- 
tamed in the original equation. 

2a;~4 
Thus, in solving z =y7 — o^ " ^> *^® ^^ ^P should be to 

2x— 4 
reduce the fraction 7 zr-p ^7: to its lowest terms. If this is done, 

2 
we obtain the equation _ ^ = 1, whence x = 3. 

If, however, we should fail to reduce the fraction to its lowest 
terms and should multiply both members by {x — 1) {x — 2), we 
obtain 2x— 4=x*— 3a;-f2, whence x* — 5aj + 6 = 0, 

or (x - 3) (x-2) = 0, andx = 2, 3. 

On testing both of these results, we find that the extraneous root 
2 has been introduced. 

Often the fraction which can be reduced to simpler terms 
occurs in a disguised and scattered form. In this case it is 
best to solve the equation without attempting to collect the 
parts of the fraction. An extraneous root may then be 
detected by checking the results obtained. 

Thus, the fraction in the above equation might be changed 

in the following way so as to make it diflScult to detect its 

presence in the equation: 

We have 2x -4: 

(x-l)(x-2) ^' 

k 2x - 2 2 

whence 7 rr-; ;^ — ^ tt—, ;^ = 1. 

(x -l){x- 2) (x - 1) (x - 2) ^' 

whence ^^ - (^^Tl^^^g) = 1- 

There is nothing in the appearance of this last equation to indi- 
cate that it implicitly contains a fraction which should be simplified 
before proceeding with the solution proper. 

Hence it is important constantly to remember that a root of an 
equation is not such because it is the resvU of a series of operations, 
as clearing an equation of fractions, transposition, etc., but because 
it satisfies the original equation. 
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130. Losing Soots in fhe Process of Solving an Equation. 

If both members of ^the equation (x - 2) (x — 3) =0 are divided 
by X — 2, we obtain x — 3 = 0. 

The resulting equation is not equivalent to the original equation 
since it does not contain the root x » 2, which the original equation 
contains. 

Hence, in general, 

If both members of an equation are divided by an expression 
corUaining the unknown quantity, write the divisor expression 
equal to zero, and obtain the roots of the equation thus formed 
as part of the answer for the original equation. 

EZEBCISE 62 

1. Multiply each member of the equation a: — 2 = 1 by 
ar — 2. Is the resulting equation equivalent to the original 
equation? Why? 

2. Make up and work an example similar to Ex. 1. 

3. Multiply each member of the equation x = 2 by a; — 5. 
Is the resulting equation equivalent to the original equation? 
Why? 

4. Divide each member of the equation of — 9 = x — 3 
by ar — 3. Is the resulting equation equivalent to the orig- 
inal equation? Why? 

5. Make up and work an example similar to Ex. 4. 

ar — 3 

6. Solve the equation — — - = 1 after first reducing the 

fraction to its lowest terms. Now solve the equation without 
reducing the fraction to its lowest terms. Do the two meth- 
ods of solution give the same result? Which result is correct? 
Why? 

7. Make up and work an example similar to Ex. 6. 
Solve each of the following, check each result, and point 
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out each extraneous root, ^ving the probable reason for the 
occurence of such a root: 



2 x+l x+l 
3=1 ^ 



x + l (a; + l)(a:-2) 

' +1= 5 



(ar + 2)(a: + 3) x + 2 

x^-l 6 

12. ^^ -I ? ^ = 3 

0^2 - 1 ^ a: - 1 x + l 

13. Form an equation in which 3 is the extraneous root. 

14. How many examples in Exercise 31 (p. 121) can you 
now work at sight? 

13L A numerical equation is an equation in which the 
known quantities are expressed by figures. Thus, all the 
equations on p. 199 are numerical equations. 

A literal equation is an equation in which some or all 
of the known quantities are denoted by letters; as by a, 6, 
c . . ., or 771, n, p . » » 

The methods used in solving literal equations are the same 
as those used in solving numerical equations. 

Ex. Solve a{x -a) = b{z - b). 

ax — a* « 6a; — 6* 
ax — bx — a^ — b^ 
(a - b)x ^a^-b^ 

X ^ a -\-b Root 

Check. a{x — a) = a{a + 6 — a) — ab 

b(x - 6) = 6(a + 6 - 6) - o6 
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EXERCISE 63 

Solve for x and check: 

l/i' 3a: + 2a = a? + 8a. ll. a^x = (a - by + Ka?. 

j/2. 9aa:-36 = 2aa: + 46. 12. (a- 6)« = a2-(a + 6)a:. 
\A. 5ax — c = ax — 5c. 
j/4. aa: + 6 = 6a: + 26. 
I 5. Sea: = a— (26— a + ca:). 
6. 5a:-2aa: = 3-6. 



7. 2aa: - 36 = ca: + 2d. 

8. (x + a) (a: — 6) = a?: 

9. a6(a: + 1) = a^ + 62a:. 
10. (a:-l)(x-2) = (a:-a)2. 

"•!(i-0=ia+0- 
"f(f-«)=f(^«> 

19 fl3:~"fe _|_ 6a: — c . ca:- a _^ 

06 be ac ' 

20 03: 6a: _ 3aV+^ 
3a + 6 3a - 6 "■ Qa^ - 6^ ' 

21 £ — ^ 1 X 



13. 


oa: , 6a: _ a 6 
6 a 6 a 


14. 


a + x _ a — X 
a-2x a+2x 


15. 


Ax — a 1 _ a: + a 
2a: — a x — a 


16. 


a 6 C. 



22. 



a a — 6 a + 6 6 
a + 6 a — 6 a. 



a: — a 6 — a: x — a x — b 



^^ px + qx _ p + q _x_ px-qx ^ ^ 
pq p^-pq p pq 
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a + x 



1-5 



x-1 



I 



24. 



X — a 1 



— X 



25. -i^i^p>r^ 

a+ l^" a 



a X a + x 

26. Make up and solve two literal equations. 

27. How many examples in Exercise 35 (p. 131) can you 
now work at sight? 

EXERCISE 64 

Oral 

Solve the following orally, without transposing any term contain- 
ing x: 

1. 4a: = - 12 4. ox = 6 7. 6a; + c = d 

2. 3x=a 5. 2a;-4=6 S. ax +bx =c 

3. ax=5 6. aa;— 5=7 9. aa;=c+5a; 





10. 


6=3x 




11. 


10 = 


- — 5x 


12. 


i- 




21. 


i- 


30. 


X 1 
3"4 


13. 


o = 5x 




22. 


1- 


31. 


*-i 


14. 


c = dx 




23. 


1- 


32. 


-3-1 


15. 


3-i 




24. 


t'-» 


33. 


-¥ 


16. 


2a;= - 


4 
5 


25. 


X 


34. 


• bx 
«=7 


17. 


^-1 




26. 


a 


35. 


X 3 

2~5 


18. 


1 




27. 


I-- 


36. 


1 4 


19. 


1-^ 




28. 


h* 


37. 


X 2 
4~ 3 


20. 


5-^ 




29. 


^ 


|x=6 


38. 


1 1 
x~ 2 



41. 


2 3 
3~ X 






42. 


2 1 




44 4 12 




47. 


b 
X —a 


-m 




48. 


a+b 


c+d 
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- i-i 
«■ -i-l 

45. p+5=__ 

46. — --=p+gr 

49. How many examples in Exercise 45 (p. 155) can you now 
work at sight? 

EXERCISE 66 

Review 
Solve for x and check: 

_2 5 2_ a; g«~l 

a;-2 a;+2'"x«-4' 2 x-l""^* 

6a;+l 2a;-l 2x-4 ^^ 

15 5 7x-16 

A a; — 6 a? + ^ 4a^ ~ 6' 

a:- 2a a;+2o a;2-4a*"""' 

3pg-3gx p-2g V-<l _f. 

D. i ; ; 1 U. 

a:'— 5* aj+g g-a: 

a?~2 a;~3 a;-5 a;--6 

' a;-3 a;-4 x-6 x-7' 

Knd the value of a: in the shortest way, when 

AA lA. AA 

a yX-yX 19+^X41. 

9. 3.1416a; -3.1416(723) -3.1416(476). 

10. 1-1=2. 11. 1-1=5. 

3 2 1 

12. If ==4, find the value of x when j/ = ^« Also when 

•I/ = -r Wheny^-- 
4 o 
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211 4Z-} 

13. Solve fori: ^ = ^i:r' 

lA Q 1 ^ -640 /-128\ 

14. Solve for a: -^ = «(, 2l8f j * 

15. In adding — j- + -g we retain the L. C. D. 24. In solving 

the equation —r— = -^ and clearing of fractions, the L. C. D. 
24 disappears. What is the reason for this difference? 

16. Make up an example similar to Ex. 15. 

17. Make up and solve an equation which contains fractions 
with the denominators 8, 2{x — 1), and 4. 

18. Make up and solve an equation which contains fractions 
with the denominators a + 6, a — 6, and 6* — a*. 

EXERCISE 66 

1. Find the number the sum of whose third, fourth, and 
fifth parts is 94. 

2. Make up and work a problem conceming one fourth and 
one sixth of some number. 

3. State - — 2 = 28 as a, problem conceming a number 

and find the number. 

4. A certain number exceeds the sum of its third, fourth, 
and tenth parts by 38. Find the number. 

l^. A piece of bronze weighs 418 pounds. It contains twice 
as much zinc as tin, and 8 times as much copper as tin. How 
many pounds of each material are in the bronze? 

jJB>. Find two consecutive numbers such that one seventh 
of the greater exceeds one ninth of the less by 1. 

1^7. Express in symbols 15% of x. 5% of x. 115% of 6. 
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Vs. Two men kept a store for a year and made $4800. 
The man who owned the store buildmg received 40% more 
of the profits than the other. How much did each receive? 

Vs. In building a macadam road the county pays twice 
as much as the state, and the township pays 50% more than 
the state. How much does each pay if the road cQsts $18,000? 

10. Separate $770 into two parts so that one shall exceed 
the other by 20%. By 33^%. 

11. The difference of two numbers is 9. 3 increased by 
Yl of the less of the two numbers equals f of the greater. 
Find the numbers. 

12. The iron ore in the United States is | of the iron ore 
in the rest of the world. If there are 75,000,000,000 tons of 
iron ore in the entire world, how many tons of iron ore are 
there in the United States? 

)/l3. The population of India is f that of China, and the 
population of the rest of the world is 3f times that of India. 
What is the population of India and China, if that of the 
entu-e world is 1,500,000,000? 

1/ 14. A man bequeathed $60,000 to his wife^md three chil- 
dren. In a first will he bequeathed his wife three times as 
large a share as one child received. Later he changed his 
will and bequeathed his wife $10,000 more than the share of 
a child. By which of the two wills would she have received 
the larger amoimt? 

15. In one kind of concrete, the parts of cement, sand, 
and gravel are 1, 2, and 4. In another kind of concrete these 
parts are 1, 3, 5. How many more cubic feet of cement are 
needed to make 5600 cu. ft. of concrete of the first kind than 
of the second? 
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Y 16. A girl's grades are, arithmetic 87, reading 92, and 
geography 85. What grade must she have in spelling to 
make her general average 90? 

17. The average wheat crop of the United States for 
four years was 660 millions of bushels. What would the 
crop for the fifth year need to be in order to make the 
average for the five years 700 million bushels? 

18. A pupil has worked 15 problems. If he should work 
9 more problems and get 8 of them right, his average would be 
.75. How many problems has he worked correctly thus far? 

19. A baseball nine has played 36 games of which it has 
won 25. How many games must it win in succession to 
bring its average of games won up to .75? 

20. Make up and work an example similar to Ex. 19. 

21. A baseball nine has won 19 games out of 36 games 
played. If after this it should win \ of the games played, 
how many games would it need to play to bring its average 
of games won up to .66|? ' . 

V 22. A baseball nine has won 25 games out of 36 played. 
It still has 12 games to play. How many of these will it need 
to win in order to bring its average of games won up to .75? 

23. How much water must be added to 50 gallons of 
milk containing 8% of butter fat to make a mixtiu'e contain- 
ing 5% of butter fat? 

SuG. The 50 gal. of milk contain 50 X .08 or 4 gal. butter fat. 

4 5 

If xden6tes the number of gallons of water, — = — , etc. 

oO "T X 100 

24. A certain kind of cream is \ butter fat, and a certain 
kind of milk is 3% butter fat. How many gallons of the 
cream must be added to 40 gallons of milk to make a mixture 
which is 5% butter fat? 
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25. Of what type is each of the above problems an example 
or variation? 

26. A mass of copper and silver alloy weighs 120 lb. and 
contains 8 lb. of copper. How much copper must be added 
to the mass in order that 100 lb. of the resulting alloy shall 
contain 10 lb. of the copper? 

27. Amass of copper and silver alloy weighs 120 lb. and con- 
tains 8 lb. of silver. How much silver must be added to the 
mass in order that 1 lb. of the resulting allo> shall contain 
2j oz. of silver? 

28. If 100 lb. of sea water contains 2| lb. of salt, how much 
fresh water must be added to it in order that 100 lb. of the 
mixture shall contain 1 lb. of salt? 

29. How much fresh water must be added to 100 lb. of sea 
water in order that 20 lb. of the mixture shall contain 4 oz. 
of salt? 

30. How much water must be evaporated from 100 lb. 
of salt water in order that 8 lb. of the water left shall con- 
tain 1 lb. of salt? 

31. How much water must be added to a gallon of alcohol 
which is 90% pure, in order to make a mixture which is 80% 
pure?^^ - '-"'" 

32. If it takes a man 9 days to do a piece of work, what 
part of it will he do in one day? If it takes him x days to 
do the work, what part of it will he do in one day? 

33. If a boy can do a piece of work in 15 days which a 
man can do in 9 days, how long would it take both working 
together to do the piece of work? 

Sua. What fractional part of the work will the boy do in 1 day? 
The man? If together the boy and man can do the piece of work 
in X days, what part of the work can they do together in 1 day? 



FRACTIONAL AND LITERAL EQUATIONS 215 

34. A can spade a garden in 3 days, B in 4 days, and C in 
6 days. How many days will they require working together? 

35. A and B together can mow a field in 4 days, but A 
alone could do it in 12 days. In how many days can B mow it? 

36. A and B in 5y days accomplish a piece of work which 
A and C can do in 6 days or B and C, in 7^ days. If they all 
work together, how many days will they require to do the 
same work? 

37. One pipe can fill a given tank in 48 min. and another 
can fill it in 1 h. and 12 min. How long will it take the pipes 
together to fill the tank? 

38. Two inflowing pipes can fill a cistern in 27 and 54 

min. respectively, and an outflowing pipe can empty it in 

36 min. All pipes are open and the cistern is empty; in how 

many minutes will it be full? 

Sua. Since emptying is the opposite of fiUing, we may consider 
that a pipe which empties iV of a cistern in a minute will fill — it 
of it each minute. 

39. A tank has foiu* pipes attached, two filling and two 
emptying. The first two can fill it in 40 and 64 min. respect- 
ively, and the other two can empty it in 48 and 72 min. 
respectively. If the tank is empty and the pipes all open, in 
how many minutes will it be full? 

40. At what time between 3 and 4 o'clock are the hands 
of a watch pointing in opposite directions? 

Solution. At 3 o'clock the minute-hand is 15 minute-spaces 
behind the hour-hand, and finally is 30 spaces in advance: therefore 
the minute-hand moves over 45 spaces more than the hour-hand. 
Let X - the number of spaces the minute-hand moves 

Then x - 45 = " " " " " hour-hand 

But the minute-hand moves 12 times as fast as the hour-hand; 

hence, x = \2{x — 45). Solving, x = 49x\. 
Thus the required time is 49y\ min. past 3. 
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41. When are the hands of a clock pointing in opposite 
directions between 4 and 5? Between 1 and 2? 

42. What is the time when the hands of a clock are to- 
gether between 6 and 7? Between 10 and 11? 

43. At what instants are the hands of a watch at right 
angles between 4 and 5 o'clock? Between 7 and 8? 

44. The planet Mars is in the most favorable position to 
be observed from the earth when it is in 
line with the earth and on the opposite 
side of the earth from the sun (Mars 
is then said to be in opposition). If 
the year is taken as 365 days, and it 
takes Mars G87 days to make one revo- 
lution about the sun, how long is the 
interval between two successive opposi- 
tions of Mars? 

SuG. If it takes the earth x days to overtake Mars and thus put 
Mars again in opposition, how many revolutions about the sun does 
the earth make in x days? How many revolutions does Mars make 
in X days? In the interval from one opposition to the next, how many 
more revolutions about the sun does the earth make than Mars? 

45. It takes the planet Jupiter 12 yr. to make one revolu- 
tion about the sun. How long is it from one opposition of 
Jupiter to the next? 

46. The interval between two successive oppositions of 
Mars is 780 days. Determine the time it takes Mars to make 
one revolution about the sun (i. e. the length of the year on 
Mars). 

47. A courier travels 5 mi. an hour for 6 hours, when an- 
other courier starts at the same place and follows him at the 
rate of 7 mi. an hour. In how many hours will the second 
overtake the first? 
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SuG. If a; = the number of hours the second courier travels, 
how many hours does the first courier travel? How many miles (in 
terms of x) does the first courier travel? The second? Do the two 
couriers travel equal distances? 

48. A courier who travels 5§ mi. an hour was followed 
after 8 hours by another, who went 7J mi. an hour. In how 
many hours will the second overtake the first? 

49. A woman can write 15 words per minute with a pen, 
and a girl can write 40 words per minute on the typewriter. 
The woman has a start of 3 hours in copying a certain manu- 
script. How long before the girl using the typewriter will 
overtake the woman? 

50. A train running 40 mi. an hour left a station 45 min. 
before a second train running 45 mi. an hour. In how many 
hours will the second train overtake the first? 

51. A gentleman has 10 hours at his disposal. He walks 
out into the country at the rate of 3| mi. an hour and rides 
back at the rate of 4§ mi. an hour. How far may he go? 

52. A and B start out at the same time from P and Q, re- 
spectively, 82 mi. apart. A walked 7 mi. in 2 hours, and B 
10 mi. in 3 hours. How far and how long did each walk 
before coming together, if they walked toward each other? 
If A walked toward Q, and B in the same direction from Q? 

5a. A certain room is 20 ft. long and 12 ft. wide. The 
walls and ceiling of the room together have an area of 752 
sq. ft. How high is the ceiling? 

54. A rifle ball is fired at a target 1100 yd. distant and 
4^ sec. after firing the shot the marksman heard the impact 
of the bullet on the target. If the bullet traveled 
at the rate of 2200 ft. per second, what was the rate 
at which the sound of the impact traveled back to the 
marksman? 
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55. A rifle ball is fired at a target 1000 yd. distant and 4 
sec. after firing the shot, the naarksman heard the impact of 
the bullet on the target. If sound traveled at the rate of 
1100 ft. per second, at what rate did the bullet travel? 

56. A 21 lb. mass of gold and silver alloy when inmiersed 

in water weighed only 19 lb. If the gold lost iV of its weight 

when weighed under water, and the silver iV of its weight, 

how many pounds of each metal were in the alloy? 

Sua. If X denotes the number of pounds of gold, how many 
pounds of silver were there in the mass? 

The law involved in the above example is that when any object 
is weighed in water, it loses in weight an amount equal to the weight 
of the water which it displaces. Hence, if the specific gravity of 
gold is approximately 19, the weight of the water displaced by the 
gold = yV of *he weight of the gold. 

Find out if you can who first used this method of determining 
the relative amounts of metal in an alloy and what use he first 
made of the method. 

57. An alloy of aluminum and iron weighs 80 lb., but 
when immersed in water it weighs only 60 lb. If the spe- 
cific gravity of aluminum is 2\ while that of iron is 7|, how 
many pounds of each metal are in the alloy? 

58. A mass of copper and tin weighing 100 lb. when im- 
mersed in water weighed 87.5 lb. If the specific gravity of 
copper is 8.8 and that of tin is 7.3, how much of each metal 
was in the mass? 

59. If a bushel of oats is worth 40j5 and a bushel of 
corn is worth 55j5, how many bushels of each grain must 
a miller use to produce a mixture of 100 *bu. worth 48ji a 
bushel? 

60. A man has $5050 invested, some at 4%, and some at 
5%. How much has he at each rate if the annual income is 
$220? 
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61. Divide the number 54 into 4 parts, such that the first 
increased by 2, the. second diminished by 2, the third multi- 
plied by 2, and the f oiuth divided by 2, will all produce equal 
results. 

62. Find three consecutive numbers such that if they be 
divided by 2, 3, and 4 respectively, the sum of the quotients 
will equal the next higher consecutive number. 

63. In the United States the gold dollar is 90% gold and 
10% copper. If a mass of gold and copper weighing 24 lb. is 
75% gold, how many pounds of gold must be added to it to 
make it ready for coinage into gold dollars? 

64. My annual income is $990. If J of my property is in- 
vested at 5%, f at 4%, and the rest at 6%, find the amoimt 
of my property. 

65. If one pipe can fill a swimming tank in 1 hour and an- 
other can fill it in 36 minutes, how long will it take the two 
pipes together to fill the tank? 

66. At what time are the hands of a watch at right angles 
between 10 and 11 o'clock? 

67. If one baseball nine has won 16 games out of 42 
played, and another has won 18 out of 40 played, how many 
straight games must the first team win in order kt least to 
equal the average of games won by the second team? 

68. If the interval between two successive oppositions of 
the planet Saturn is 378 days, how long is the year on 
Saturn? 

69. If A, B, and C together can do in 5^ days a certain 
amount of work, which B alone could do in 24 days, or C 
alone in 16 days, how long would A require? 

70. How much water must be added to 1 gal. of a 5% 
solution of a certain chemical to reduce it to a 2% solution? 
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71. A baseball player who has been at the bat 150 times 
has a batting average of .240. How many more times 
must he bat in order to bring his average up to .250, pro- 
vided that in the future his base hits equal half the number 
of times he bats? 

72. A girl has worked a certain number of problems and 
has I of them right. If she should work 9 more problems and 
get 8 of them right, her average would be .75. How many 
problems has she worked? 

73. If the sum of two consecutive integers is ip + 5, find 
the integers. 

74. A man has a hours at his disposal. He wishes to ride 
out into the country and walk back. How far may he ride 
in a coach which travels b miles an hour, and return home in 
time, walking c miles an hour? 

75. Generalize Ex. 33; that is, make up and work a similar 
example where letters are used instead of figures for the 
known numbers. 

76. If E denotes the number of days it takes the earth to 
revolve once around the sun, P denotes the number of days 
it takes a planet (as Mars) to complete a revolution about 
the sun, and S the number of days between two successive 

oppositions of the planet, show that t? — ^ = o* 

77. The fore wheel of a carriage is a feet in circumference 
and the hind wheel is b feet. What distance has been passed 
over when the fore wheel has made c revolutions more than 
the hind wheel? 

78. Make up and work three examples similar to such of 
thQ examples in this Exercise as the teacher may point out. 
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EXERCISE 67 

1. Given V = IwTi, find h in terms of the other letters. 
Also solve for L For w. 

2. Given i = prt, find each letter in terms of the others. 
Find each letter in terms of the others in the following 

formulas used in geometry: 

3. K = ^bh 6. S = ttRL 

4. K = ^h{b + b') 7, T = irRiR + L) 

5. (7 = 27rR 8. r = 27rR{R + H) 

Also find each letter in terms of the others in the following 
fonnulas used in mechanics and physics: 

9. S =vt 

10. LW = Iw 

15. By use of the formula in Ex. 2 determine in how many 
years $325 will produce $84.50 interest at 5 per cent. 

16. Also find the rate at which $176 will yield $43.56 in- 
terest in 5 yr. 6 mo. 

17. Change the following temperatures on the Centigrade 
scale to Fahrenheit readings: 

(1) 50° (2) 0° (3) 2700° 

18. Metals fuse at the following temperatures on the Cen- 
tigrade scale. What are the temperatures at which they fuse 
on the Fahrenheit scale? 

Tin 228° Lead 325° Copper 1091° Iron 1540° 

bc + d 

19. Solve the following equation for 5: d _2d 
Also solve for c. For d, be a 

T 



.. C = |(F-32) 


13. iJ= '' 

g + s 


:.C = | 


X4. 1 l+L 


R 


f P F^ 
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20. A boy who weighs 80 lb. is on a teeter board at A, 
6 ft. from the fulcrum F, He just balances a boy who 

^ F ^ is at' -B on the same board, 8 ft. 

from F, What does the second 
boy weigh? (Use the formula of 
Ex. 10.) 

21. Make up and work an example similar to Ex. 19. 

22. How many examples in Exercise 48 (p. 163) can you 
now work at sight? 




CHAPTER XII 

SIMULTANEOUS EQUATIONS 

132. ITeed and TTtility of Simultaneous Equations. 

Ex. A farmer one year made a profit of $2221 on 27 
acres of corn and 40 acres of potatoes. The next year with 
equally good crops, he made a profit of $2028 on 36 acres of 
corn and 30 acres of potatoes. How much did he make per 
acre on his corn and on his potatoes? 

Let X = no. of dollars made on 1 acre of com 

J/ = " " " " " 1 " " potatoes 

Then 27a; + 40y = 2221 
36x + 301/ = 2028 

From these equations the value of x may be found by combining 
the equations in some way which will get rid of, or eliminate, y. 
(See Arts. 136-138.) 

Try to solve the above problem by the use of only one unknown, 
as X, If you succeed at all, you will find the method awkward and 
inconvenient. 

Why do we now proceed to make definitions and rules? 

133. Simnltaneons Equations are a set or system of equa- 
tions in which more than one unknown quantity is used, and 
the same symbol stands for the same unknown number. 

Thus, in the group of three simultaneous equations, 

a; + y + 22 = 13 
X - 2i/ + 2 « 
2a; +2/ -2 =3 

' X stands for the same unknown number in all of the three equations, 
y for another imknown nmnber, and z for still another. 

223 
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134. Independent Equations are those which cannot be 

derived one from the other. 

Thus, a: + 2/ = 10, 

and 2a; = 20 - 2t/, 

are not independent equations, since by transposing 2y in the sec- 
ond equation and dividing it by 2, we may convert the second equa- 
tion into the first. 

But 3x —2y - 5] are independent equations, since neither one 
Sx + y = 6J of them can be converted into the other. 

135. Elimination is the process of combining two equa- 
tions containing two unknown quantities so as to form a 
single equation with only one unknown quantity. Or, in 
general, elimination is the process of combining several sim- 
ultaneous equations so as to form equations one less in 
number and containing one less unknown quantity. 

There are three principal methods of elimination: I, ad- 
dition and subtraction; II, substitution; and III, comparison. 

These methods are presented to best advantage in connec- 
tion with illustrative examples. 

136. I. Elimination by Addition and Subtraction. 



Ex. Solve 



12a: + 52/ = 75 (1) 

. 9a: - 4i/ = 33 (2) 

In order to make the coefficients of y in the two equations alike, 
we multiply equation (1) by 4, and (2) by 5, 

48a: + 20?/ = 300 (3) 

45a: - 20?/ - 165 (4) 

Add equations (3) and (4), 93a>«^5 

Divide by 93, ^^x = 5 Root 

Substitute for x its va^ae 5, in equation (1), 
,60 + 5?/ = 75 ~ 
^. . * . 2/ = 3 Root 
Check. 12a: +5y-^a2-yr^'+ 5 X 3 = 75 

9a: -4?/ =9X5-4X3= 33 
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Since y was eliminated by adding equations (3) and (4), 
the above process is called elimination by addition. 

The same example might have been solved by the method 
of subtraction. 

Thus, multiply equation (1) by 3, and (2) by 4, 

36x-f 1% =225 (5) 

36a; - 162/ = 132 (6) 

Subtract (6) from (5), ^31y-^ ^3 

ank a: = 5 / 

It is important to select, in^^e5CfiEyjD«s6, the smallest multipliers 
that will cause one of the unknown quantities to have the same 
coefficient in both equations. 

Thus, in the last solution given above, instead of multiplying 
equation (1) by 9, and (2) by 12, we divide these multipliers 
by their common factor, 3, and get the smaller multipUers, 3 
and 4. 

Hence, in general, 

Mvitiply the given equations by the smallest numbers thai 
tvill cause one of the unknown quantities to have the sams co- 
efficient in both equations; 

If the equal coeffijcienis have the sayne sign, subtract the corre- 
sponding members of the two equations; if the equal coefficients 
have unlike signs, add. 

EXERCISE 68 

Solve by addition and subtraction: 

1. 3a: - 2y = 1 4. 5a: - 3y = 1 

X + y = 2 3a: + 5y = 21 

2. 2a: - 7y = 9 5. a: + 5y = - 3 
5a: + 3y = 2 7a: + 8y = 6 

8. 4a: + 3y = 1 6. 3a: - 2y = 4 

2a: - 6y = 3 5a: - 4y = 7 
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7. 2y + a = 
4a: + 6y = - 3 

8. 9a: - 8y = 5 
15a; + 12y = 2 

^9. 4a:-6y + l=0 
5a: - 7y + 1 = 



13. 


3 5-^ 




M=« 


14. 


M- 




ar 53/_ 


15. 


4a! 3y_ _ 

5 "^2 




3a; ,22/ 7 


16. 


5a; 82/ » 
6 9 




3a; 5y » 
4 6 



10. 8a: + 5y = 6 
/ 6y + 2a: = 11 

(/ll. 5a:-3y = 36 
7a:-5y = 56 

4 9 

17. Find two numbers whose sum is 12 and whose differ- 
ence is 2. 

18. The half of one number plus the third of another 
niunber equals 13, while the siun of the numbers is 33. 
Find the numbers. 

19. State Ex. 1 as a problem concerning two numbers. 

20. State Ex. 2 as a problem concerning two numbers. 

21. 7 lb. of sugar and 3 lb. of rice together cost 57 jf; also 
5 lb. of sugar and 6 lb. of rice cost 60j4. Find the cost of a 
pound of each. 

22. Make up and work an example similar to Ex. 18. To 
Ex. 21. 

23. How many examples in Exercise 50 (p. 170) can you 
now work at sight? 
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137. n. Eliminatioii by Substitation. 

Ex. Solve 5x+2y = 3Q (1) 

2a: + 3y = 43 (2) 

From (1) 5x = 36 - 2y 

.-. -^^ (3) 

In equation (2) substitute for x its value given in (3), 

72 -4w 

72-4y+l%-215 

Up 
y= 13 Root 

Oft _ Ofl 

Substitute for y in (3), I «= — - — ^2 Root 

\ o 

Let the pupil check the wo: 

Hence, in general, 
In one of the given equationa obtain the value of one of the 
unknown quantitiea in terms of the other unknown quantity; 
Svbetitute this value in the other equation and solve. 

EXEBCISE 69 

1. Work the examples of Exercise 68 (p. 225) by the 
method of substitution. 

Find out which of the following sets of equations are worked 
more readily by the method of addition and subtraction, and 
which by the method of substitution, and work each example 
accordingly: 

12, x^Zy-b L 4. a: - 3 = 

r 2a; + 5y = 12 • 2y + 3a: = 5 

3. 3a: - 4y = 1 / .5. 2a: + 3y = 1 

4a: - 5y = 1 . ^' 3a: + 4y = 2 
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6. 7a: + 8y = 19 8. y = 3 

5x + Qy^ 13| 2a: = By - 17 

7. X = 2y - 3 9. y = 3a: 

y = 5a: - 21 4a: + Sy = 38 

10. Make up and solve an example in simultaneous equa- 
tions which is solved more readily by the method of addition 
and subtraction than by the method of substitution. 

11. Make up and solve an example of which the reverse 
of Ex. 10 is true. 

12. How many examples in Exercise 51 (p. 172) can you 
now work at sight? 

138. m. Elimination by Comparison. 

Ex. Solve 2a: - 3y = 23 (1) 

5a: + 2y = 29 (2) 

From(l) 2x^23-\-3y (3) 

From (2) 5x=29-2y (4) 

From (3) x=?^ (5) 

From (4) x=^ ^^~^^ • • • (6) 

Equate the two values of x in (5) and (6), 
23+ 3y 29- 2y 
2 " 5 
Hence, 115 + ISt/ = 58 - 4y 

19 

23—9 
Substitute for y in (5),V x = — ^ — = 7 Root \ 
^^-^^^^^ -- — ^ 

Let the pupil check the soluSonT^-- -'"" 

Hence, in general. 

Select one unknown quantity y and find its value in terms of 

the other unknown quantity in each of the given equations; 

Equute these two values, and solve the resulting equ>aiion. 
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EXEBCI8E 70 

1. Work the examples of Exercise 68 (p. 225) by the 
method of comparison. 

Ascertain by which of the three methods of elimination 
each of the following examples can be worked most readily, 
and solve accordingly: 



2. 


x = Zy + 9 


7. 


9a; + 12y = - 


6 




a; = 5y + 13 




6x- 5y = - 


17 


l^- 


x = 3y + Q 
3a: - % = 10 


8. 


x = 5 

3x - 2y = 13 




l/^- 


6a; + 5y - 8 = 
4x - 3y - 18 = 


9. 


5x + 3y = 8 
5x- Ay = 7 




^»- 


y = 2x 
3a; + 2y = 21 


10. 


y = Ux- 3) 
y = lx + l 




u«- 


y = 6x-3 
8-5x = y 


11. 


y = 2x + l 
3. + f.8 





12. Make up and solve an example in simultaneous 
equations which is solved more readily by the method of 
comparison than by either of the other two methods of elim- 
ination. 

13. Make up and solve an example in simultaneous equa- 
tions which is solved more readily by the method of substi- 
tution than by either of the other two methods. 

14. Make up and solve an example solved more readily 
by the method of addition and subtraction than by the other 
two methods. 
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EXERCISE 71 

Solve and check each result: 

3 4 3 ^ * ' 

4y-^ = 3 3y-;r = 2 

2x-y 3x±2y_„ 

2x 4x + y - 1 _ . 
3 "^ 4 

- 7 3 ^, 



y + 3 a; + 4 

y(a; - 2) - a;(y - 5) + 13 = 

'• !(a; + 32/)-i(x + 2y)=^ 
3j/-§(aj + 4j/ + f) = 

8. .4x - .3y = .7 10. .5x + 4.5y = 2.6 
.7x + 2y = .5 1.3a; + 3.1y = 1.6 

9. 2x + 1.5 y= 10 11. .&c - .7y = .005 
.3x - .05y = .4 2a; = 3y 

12. l-^y =» + 13 
, 2-3a; 

lOy + 1 ^ 2x + 3 

5 °' x + 3-i±2?. 



A 



SIMULTANEOUS EQUATIONS 231 

x — y 1 
13. = - 

« + y 5 

y _ 3^ 5y _ 2x 

3 2^_12 3^^o 

Hi If 

|/l4. (a:-5)(y + 3) = (a:-l)(y + 2) 
a:y + 2a: = a:(y + 10) + 72y 

a;-2 a; + 10 , 10 - ?/ _ . 3 

2y + 6 4a: + y + 6 ^_q 

3 8 

6y + 5 3a; + 5i _ 9y-4 

8 6a; -22/ 12 

2y + 3 a; + y _ 4y + 7 

4 3a: -2y 8 ' 

17 3a;-2 ^ 6a; - 5 _ a; + y + 6^ ^ 
'5 10 6a; + y 

3y-2 _ 2y-5 3 + 7a; 
12 8 IO2/ - 3a; 

18. Practice oral work with small fractions as in Exercise 
58 (p. 190). 

139. Literal Equations. 

Ex. Solve ax-\'hy ^ c (1) 

ax + })y = c (2) 

Multiply (1) by a', and (2) by a, 

aa'x + a!by --de (3) 

(uix + (jib'y = ac' (4) 

Subtract (4) from (3), (a'6 - ab')y ^a'c-ad 

a'c -(u! ^ . 
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Again, multiply (1) by V, (2) by 6, 

ab'x-{-Wy^Vc . . . (5) 

a'hx + hb'y ^M (6) 

Subtract (6) from (5), {ab' - a'h)x ^Vc-^hd 

Vc -M ^ , 

Let the pupil check the work. 

In solving simultaneous literal equations, observe that if the 
value obtained for the first unknown is a fraction containing a 
binomial term (or the value is complex in other ways), it is better 
not to find the value of the other unknown as in numerical equations, 
i. e. by substituting the value found in one of the original equations 
and reducing. A better method is to take both of the original equa^- 
tions and eliminate anew. See the solution of the preceding example. 

EXERCISE 72 

Solve and check each result: 

1. 3x + 4y = 2a 1. ax + hy — c 
5a: + 6y = 4a mx + ny = d 

2. 2aa; + 3by = 4a6 (/s. bx + ay = a + b 
5ax + 4hy = 3a6 ab(x -y) ^u^-V^ 

3. 0^ + hyrl ^^. ^^_^ = e-d 

4. a: — y == 2?i 

inx-ny^m^-Vn^ »^10. ^^"^ = ^ 

5. 26a; + ay = 46 + a ^ " ^ ^ 
abx-2aby = 46 + a x + y = 2n 

6. ax-by = a^ + b^ 11. {a + l)x-by ^ a + 2 
bx + ay = 2(a2 + 6^ (a - l)x + Sby = 9a 

12. (a-6)a:-(a + % = a' + 6' 
bx + ay — 

y_^2 15. (^~^)^ + (^ + ^)y -i 



13. 



a + b^ a-b a' + b' 

x-y = 2b ax-2by = a^-2V 

\i^ax — bx = ay-dy 16. (a + b)x + cy = l 
x-y = l ex + (a + 6)y == 1 
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17. (a + b)x - (o - b)y = Sab 
(a — b)x — (a + 6)y = oft 

a + b a — b 6 — 1 6— a 

o— 6 0+6 a^—b^ b 1 — a 6 

20. (a: - 1) (a + 6) = a(i/ + a + 1) 
(y + l)(a-6) = 6(x-6-l) 

21. Make up and work an example similar to Ex. 7. To 
Ex. 11. 

140. Three or Hore SimnltaneoiiB Equations. 

3a: + 4y - 5z = 32 (1) 

Ex. Solve 4a; - 5y + 32 = 18 (2) 

5a; - 3y - 4z = 2 (3) 

If we choose to eliminate z first, multiply (1) by 3, and (2) by 5, 

9x + 121/ - 152 = 96 (4) 

20a; - 25y 4- 15g ^ 90 (5) 

Add (4) and (5), 29a; - ISy = 186 (6) 

Also multiply (2) by 4, (3) by 3, 

16x - 20y + 122 = 72 (7) 

15a; - 9y - 122 =. 6 (8) 

Add (7) and (8), 31a; - 29y = 78 (9) 

We now have the pair of simultaneous equations, 

f29a; - 13y = 186 
• l31a; - 29y = 78 
Solving these, obtain a; = 101 p^^ 

Substitute for x and y in equation (1), 

30 + 32 - 52 = 32, 

2=6 Root 

Check. 3a;4-4t/-52=3x 10 +4x8-5x6= 32 

4a;-52/+32=4X 10 -5X8+3X6 = 18 
6a;-3y-42=5xl0-3x8-4x6=*2 
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In like manner, if we have n simultaneous equations con- 
taining n imknown quantities, by taking different pairs of 
the n equations, we may eliminate one of the unknown quan- 
tities, leaving n — 1 equations, with n — 1 unknown quanti- 
ties; and so on. 

EXERCISE 78 

Solve and check: 

1- x + y + z^Q 9. ix + ^y + ^z = 2 

3a: + 22/ + z = 10 ^a: + |y + ^z = 9 

3x + y + 3z = 14: ^x + ^y + iz^3 

2. 3a; - y - 22 = 11 10* 2x + 2y - z = 2a 

4a:-2y + 2=-2 3a;-y-z = 46 

6x-y + 3z= -3 5x + 3y-3z = 2(a + 6) 

5a;-6y + 2z = 5 ii25,3y_^^ 

8a: + 4y-52 = 5 ' 3 "^ 4 5 

4. 3a;-ii/ + 2 = 7| 6 8 "^ 4 ~ 

2a;-|(2/-32) = 5j ^^^T^ 3z^^_ - 

2x-^y + 4z^ll 2 5 "^10 

"s, 2a: + 3y = 7 12. a: + y + 2z = 2(a + b) 
->^ 3y + 4z = 9 a: + z + 2y = 2(a + c) 

5a: + 6z = 15 y + z + 2a: = 2(6 + c) 

6. 2a: + 42/ + 3z = 6 13. x + y-z = 3-a-b 
^ 6y-Sx + 2z = 7 x + z-y = Za-b-l 

3a: - 8i/ - 7z = 6 y + z-x = 36-a-l 

7. a: + 32/ + 3z = 1 14. 3a: + 2y = 



3a: - 5z = 1 6z - 2a: = f 6 

9y + lOz + 3a: =1 5y - 13z + a: = 

B. u + v — w = 4: 15. -- x + y + Z + V ^ a 
u + v — X = 1 X — y + Z + V = b 

v + w + x — 8 x + y — z + v = c 

u — w + x = 5 x + y + Z — V = d 
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16. Practice the oral solution of simple equations as in 
Exercise 64 (p. 209). 

141. The TTse of ^ and ^ as Unknown Quantities enables us 
to solve certain equations which would otherwise be diflB- 
cult of solution. 



Ex. 1. Solve 



5 + ^ = 49 

X y 

^ + ^ = 23 

X y 



Multiply (1) by 7, and (2) by 5, 

l^^» 

If+f — • • 

7fi 1 

.Subtract (4) from (3), — = 228, .'. - = 3, or t/ = J Root 

Substitute the value of y in (2), hence, a; = } Root 
Let the pupil check the work. 



(1) 
(2) 

.(3) 
.(4) 



Ex. 2. Solve 



2x^iy 



(1) 
(2) 



X 4y 4 • • • 

When X and y in the denominators have coefficients, as in this 
example, it is usually best first to remove these coefficients by mul- 
tiplying each equation by the L. C. M. of the coefficients of x and y 
in the denominators of that equation. Hence, 

Multiply (1) by 6, and (2) by 4, 



9 10 .n 
- + — =66 

x^ y 

8 1 ^ 
---=29 
X y 



(3) 



/ 



(4) 



Solving (3) and (4) by the method used in Ex. 1, 
Let the pupil check the work. 
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EXESCISE 74 


Solve and check: 






4 , 7 „ 




a . & a — 5 


1, - + i = 3 




7. - + - = = — ^ 


X y 




a: y a 


3,5 „ 




b , a b -- a 


- + - = 2 




- + - = 


X y 




X y ^a 


^l-?.7 




8. 5 + 1 = ^2 + ^ 


X y 




a: y 


^+*-i 




1 , n , « 
- + - = m + »* 


X y 




a: y 


3.f + l = 9 




9. ^ + 1 = 2. 


3x^2y. 




6a; ay 


1 + ±=13 




6 a__a« + 6? 


&x by 




X y ab 


4.1 + 1 = 1 




10. '» + ^ + «-^_2a 


2x Zy 




« y 


A+3 __5 

3x + %- ^ 




-+- =o+6 
X y 


^•M="^ 




11. 5y - 3x = 7a;y 




15x + 60y = 16xy 


M-^ 




12.1 + 1 + 1 = 2 


^1.1 1 




2 11^ 


6. _. -|- _ = ± 




---+-=7 


X y n 




a: 2/ z 


1 1 




3 2 5.. 


= n 




- + - + -=14 


a; y 




X y z 




3 


1 Ql 




13. -- 


-- = 3| 




X 


y 




5 


:k 




-+-=-7 




y 


z 




2_ 


1 n 






-- = 




a: 


Z 
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-- — + -i=3^ 15 1-1-1 = 1 

' 3x' 2y 5z ' X y z a 

5 + J-I..12 i-l-i-J 

X y 2z y z X b 

A_A-L = iJi 1-1-1 = 1 

2a; 4i/ 32 ^^ z x y c 

a , c h 

-H = w 

a; z 2/ 

6 , c a 

-H = w 

y z X 

17. 53^ + 6x2 — ^Qcy = 8xyz 
4yz — 9ocz + xy = 19xyz 
yz — 12xz — 2Qcy = 9xyz 

18. Make up and work an example similar to Ex. 1. 
To Ex. 4. Ex. 13. Ex. 15. 

19. Work again such examples on pp. 212 and 213 as the 
teacher may point out. 

142. In the Solution of Problems Involving Two or More 
Unknown ftnantities, it is necessary to obtain as many inde- 
pendent equations as there are unknown quantities involved 
in the equations and to eliminate. (See Art. 134, p. 224.) 

Ex. Find a fraction such that if 2 is added to both nu- 
merator and denominator, the fraction becomes \\ but if 7 is 
added to both niunerator and denominator, the fraction be- 
comes f . 

Two unknown numbers occur in this problem, viz,\ the numera- 
ator and denominator of the required fraction. Hence two 
equations must be formed in order to obtain a solution of the 
problem. 
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Let - represent the fraction. 

_, x+2 1 , x+7 2 

Then, ^Z^-^ ^^^ ^^^=3 

Clearing these equations, and collecting like terms, 

2x - 2/ =. - 2 
3a; - 22/ = - 7 

The solution gives x = 3 and 2/ = 8. 
Therefore f is the required fraction. 
Let the pupil check the woric. 

EXERCISE 76 

1. Find two numbers whose sum is 23 and whose diffa^nce 
is 5. 

2. Twice the diflference of two niunbers is 6, and | of their 
siun is 3^, What are the niunbers? 

3. Fii^ two numbers such that twice the greater number 
exceeds 5 times the less by 6; but the sum of the greater num- 
ber and twice the less is 12. 

4. 2 lb. of flour and 5 lb. of sugar cost 31 cents, and 5 
lb. of flour and 3 lb. of sugar cost 30 cents. Find the value 
of a pound of each. 

5. A man hired 4 men and 3 boys for a day for $18; and 
for another day, at the same rate, 3 men and 4 boys for $17. 
How much did he pay each man and each boy per day? 

6. In an orchard of 100 trees, the apple trees are 5 more 
than f of the nmnber of pear trees. How many trees are 
there of each kind? 

/ 7. One woman buys 4 yd. of silk and 7 yd. of satin, and 
another woman at the same rate buys 5 yd. of silk and 5|- 
yd. of satin." Each woman pays $17.70. What is the price 
of a yard of each material? 
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8. Solve Ex. 7 without using x and y to represent unknown 
numbers (see Art. 1). About how much of the labor of writ- 
ing out the solution is saved by the use of x and y? 

<^ 9. 1 cu. ft. of iron and 1 cu. ft. of lead together weigh 
1180 lb.; also the weight of 3 cu. ft. of iron exceeds the weight 
of 2 cu. ft. of lead by 40 lb. What is the weight of 1 cu. ft. 
of each of these materials? 

^10. In an athletic meet, the winning team had a score of 
26 points and the second team had a score of 21 points. If 
the winning team took first place in 7 events and second 
place in 5 events, while the second team took 6 firsts and 3 
seconds, how many points does a first place count? A second 
place? 

11. In an athletic meet, the three winning teams made 
scores as follows: 



Team 


Ists 


2ds 


3ds 


Total Score 


A 


5 


2 


2 


33 


B 


3 


3 


1 


25 


C 


1 


4 


6 


23 



What did each of the first three places in an event count in 
this meet? 

12. Make up and work an example similar to Ex. 10. 

t/l3. Two partners agree to divide their profits each year in 
such a way that one partner receives $1000 more than | of 
what the other receives. If the profits for a given year are 
$10,000, what does each partner receive? 

1/ 14. Separate 240 into two parts such that twice the larger 
part exceeds five times the smaller by 10. 
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15. If the cost of a telegram of 14 words between two 
cities is 62ff, and one of 17 words is 71ff, what is the charge 
for the first 10 words in a message and for each word after 
that? 

16. Make up and work an example similar to Ex. 15 
concerning telegraph rates between two cities near your 
home. 

17. A farmer one year made a profit of $1640 on 20 acres 
planted with wheat and 30 acres planted with potatoes. 
The next year, with equally good crops, he made a profit 
of $1210 on 30 acres planted with wheat and 20 acres 
planted with potatoes. How much per acre on the average 
did he make on each crop? 

• 18. In three successive years, the farmer raised crops with 
profits as follows: 

(1) 20 A. wheat, 30 A. com, 40 A. potatoes; profits $1720 

(2) 30 A. wheat, 40 A. corn, 20 A. potatoes; profits $1520 

(3) 40 A. wheat, 20 A. com, 30 A. potatoes; profits $1440 

What were his average profits per acre for each kind of 
crop? 

19. The freight charges between two cities on 400 lb. of 
first-class freight and 600 lb. of second-class freight were 
$14.24, while the charges on 500 lb. of first-class freight and 
800 lb. of second-class were $18.48. What was the rate per 
100 lb. on each class? 

20. The freight charges on shipments between two places 
were as follows: 800 lb. of 4th class + 500 lb. of 5th class + 
700 lb. of 6th class, $17.11; 1000 lb. of 4th class + 600 lb. of 
5th class + 800 lb. of 6th class, $20.6e; 600 lb. of 4th class + 
1000 lb. of 5th class + 900 lb. of 6th class, $20.52. Find the 
rate per 100 lb. for each of the classes named. 
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21. The com and wheat crops of the United States in the 
year 1909 were together 3,509,000,000 bu.; the com and oat 
crops 3,779,000,000 bu.; and the wheat and oat crops, 
1,744,000,000 bu. How many bushels were in each 
crop? 

22. One cubic foot of iron and one cubic foot of aluminum 
weigh 636 lb.; a cubic foot of iron and one of copper weigh 
1030 lb.; a cubic foot of copper and one of aluminum weigh 
706 lb. How much does one cubic foot of each of these ma- 
terials weigh? 

23. In boring holes in a metal plate, three circles touching 
each other are to be drawn, the distances 
between their centers being .865 in., 
.650 in., and .790 in., respectively. 
Find the radius of each of the three 
circles. 

24. The Eiflfel Tower is taller than 
the Metropolitan Life Building of New York, and the latter 
building is taller than the Washington Monument. If the 
difference between the heights of the first two is 284 ft.; 
between the first and last is 429 ft.; and the sum of the 
first and last is 1539 ft., find the height of each. 

25. A ton of fertilizer which contains 60 lb. of nitrogen, 
100 lb. of potash, and 150 lb. of phosphate is worth $21.50; 
a ton containing 70, 80, and 90 lb. of these constituents in 
order is worth $19; and one containing 80, 120, 150 lb. of 
each in order is worth $25.50; what is the value of one pound 
of each of the constituents named? 

26. If a bushel of oats is worth 40^ and a bushel of com is 
worth 55jZf, how many bushels of each must a miller use to 
produce a mixture of 100 bu. worth 48jZf a bushel? 
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27. How many pounds of 20ff coffee and how many pounds 
of 32ff coffee must be mixed together to make 60 lb. worth 
28jZf a pound? 

28. Make up and work an example similar to Ex. 27. 

29. If two grades of tea worth 50ff and 75ff a pound are to 
be mixed together to make 100 lb. which can be sold for 72^ 
at a profit of 20%, how many pounds of each must be used? 

30. A farmer wishes to combine milk containing 5% of 
butter fat with cream containing 40% of butter fat in order 
to produce 20 gal. of cream which shall contain 25% of 
butter fat. How many gallons of milk and how many of 
cream must he use? 

31. A man has $5050 invested, part at 4%, and the rest 
at 5%. How much has he invested at each rate if his annual 
income is $220? 

Can you work this example by use of one unknown quan- 
tity? 

32. A man wishes to invest part of $12,000 at 5% and the 
rest at 4% so that he may obtain an income of $500. How 
much must he invest at each of the rates named? 

33. Make up and work an example similar to Ex. 32. 

34. If a rectangle were 3 in. longer and 1 in. narrower it 
would contain 5 sq. in. more than it does now; but if it were 
2 in. shorter and 2 in. wider its area would remain unchanged. 
What are its dimensions? > 

Suo. Draw a diagram for each rectangle considered in the prob- 
lem. See Ex. 30, p. 104. 

35. If a rectangle were made 3 ft. shorter and 1 J ft. wider, 
or if it were 7 ft. shorter and 5j ft. wider, its area would. 
remain unchanged. What are its dimensions? 
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36. A party of boys purchased a boat and upon payment 

for the same discovered that if they had numbered 3 more, 

they would have paid a dollar apiece less; but if they had 

niunbered 2 less, they would have paid a dollar apiece more. 

How many boys were there, and what did the boat cost? 

Sua. Let x = the number of boys, and y - the number of dollars 
each paid. Then xy represents the niunber of dbUars the boat cost. 

37. After going a certain distance in an automobile, a 
driver found that if he had gone 3 mi. an hour faster, he would 
have traveled the distance in 1 hr. less time; and that if he 
had gone 5 mi. faster, he would have gone the distance in 
1^ hr. less. What was the distance? 

38. Make up and work an example similar to Ex. 37. 

39. If a baseball nine should play two games more and 
win both, it will have won f of the games played. If, however, 
it should play 7 more and win 4 of them, it will then have 
won I of the games played. How many games has it so far 
played and how many has it won? 

40. If a physician should have 12 more cases of diphtheria 
and treat 10 of them successfully, he will have treated f of his 
cases successfully. But if he should have 32 more cases and 
succeed with 30 of them, he will have succeeded with | of his 
cases. How many cases has he had so far and how many has 
he treated successfully? 

41. If 1 be added to the niunerator of a certain fraction, 
the value of the fraction becomes \\ but if 1 be subtracted 
from its denominator, the value of the fraction becomes J. 
Find the fraction. 

42. There is a fraction such that if 4 be added to its numer- 
ator the fraction will equal ^\ but if 3 be subtracted from its 
denominator the fraction will equal f . What is the fraction? 
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43. Make up and work an example similar to Ex. 42. 

44. A certain fraction becomes equal to 9 if if is added to 
both numerator and denominator. It becomes ^ if 2| is 
subtracted from both numerator and denominator. What is 
the fraction? 

45. Find two fractions, with niunerators 11 and 7, respec- 
tively, such that their sum is 3\l, but when their denomina- 
tors are interchanged, their sum becomes 3 xV« 

46. If f is added to the nmnerator of a certain fraction, its 
value is increased by 2^ ; but if 2^ is taken from its denomi- 
nator, the fraction becomes f . Find the fraction. 

47. The siun of two niunbers is 97, and if the greater is 
divided by the less, the quotient is 5 and the remainder 1. 
Find the numbers. 

SuG. The divisor multiplied by the quotient is equal to the divi- 
dend diminished by the remainder. 

48. Divide the number 100 into two such parts that the 
greater part will contain the less 3 times with a remainder 
of 16. 

49. The difference between two numbers is 40, and the 
less is contained in the greater 3 times with a remainder of 
12. Find the numbers. 

50. Separate 50 into two such parts that | of the larger 
shall exceed ^ of the smaller by 2. 

51. A tank can be filled by two pipes one of which runs 4 
hr. and the other 5; or by the same two pipes if the first runs 
3 hr. and the other 8. How long will it take each pipe running 
separately to fill the tank? 

52. Two persons, A and B, can perform a piece of work in 
16 days. They work together for 4 days, when B is left 
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alone, and completes the task in 36 days. In what time could 
each do the work separately? ' 

53. A and B can do a piece of work in 8 da.; A and C can 
do the same in 10 da.; and B and C can do it in 12 da. How 
long will it take each to do it alone? 

54. 37 means 10 X 3 + 7. Does xy mean IQx + y1 Why 
this difference? 

55. How would you write a number whose digits in order 
from left to right are Z, m, and w? Why may not such a 
number be expressed as Zmw? 

56. Express in symbols a niunber whose digits in order are 
a, 6, c, and d. Whose digits are x, y, and z. x and y. 

57. A number consists of two digits whose sum is 13, and 
if 4 is subtracted from double the number, the order of the 
digits is reversed. Find the number. 

58. The sum of the digits of a certain number of two 
figures is 5, and if 3 times the units' digit is added to the 
number, the order of the digits will be reversed. What is 
the niunber? \ 

59. Twice the imits' digit of a certain number is 2 greater 
than the tens' digit; and the number is 4 more than 6 times 
the siun of its digits. Find the number. 

60. In a niunber of 3 figures, the first and last of which are 
alike, the tens' digit is one more than twice the sum of the 
other two, and if the number is divided by the sum of its digits, 
the quotient is 21 and the remainder 4. Find the number. 

61. An oarsman can row 12 mi. down stream in 2 hr., but 
it takes him 6 hr. to return against the current. What is his 
rate in still water and what is the rate of the stream? 

Make up and work a similar example. 
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62. A boatman rows 20 mi. down a river and back in 8 
hr.; he can row 5 mi. down the river while he rows 3 mi. up 
the river. Find the rate of the man and of the stream. 

63. A man rows down a stream 20 mi. in 2f hr., and rows 
back only f as fast. Find the rate of the man and of the 
stream. 

64. 3 cu. ft. of cast iron and 5 cu. ft. of wrought iron to- 
gether weigh 3750 lb.; also 7 cu. ft. of the former and 4 cu, 
ft. of the latter weigh 5070 lb. What is the weight of 1 cu. ft 
of each? 

65. Regarding the orbits of the earth and of the planet 
Mars as circles whose center is the sun, the greatest distance 
between the earth and Mars at any time is 234,000,000 mi., 
and the least distance between them is 48,000,000 mi. How 
far is each of them from the sun? 

66. 2 lb. of tea and 5 lb. of coffee cost $2.50. If the price 
of tea should increase 10% and that of coffee should diminish 
10%, the cost of the above amounts of each would be $2.45. 
Find the cost of a pound of each. 

67. Two bins contain a inixtiu^ of com and oats, the one 
twice as much corn as oats, and the other three times as 
much oats as corn. How much must be taken from each 
bin to fill a third bin holding 40 bu., to be half oats and half 
com? 

68. If A gives B $10, A will have half as much as B; but if 
B gives A $30, B will have f as much as A. How much has 
each? 

69. Two grades of spices worth 25ff and 50jf a pound are 
to be mixed together to make 200 lb. which can be sold at 
62jZf per lb. at a profit of 30%. How many pounds of each 
grade must be used? 
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70. A train maintained a uniform rate for a certain dis- 
tance. If this rate had been 8 mi. more each hour, the time 
occupied would have been 2 hr. less; but if the rate had been 
10 mi. an hour less, the time would have been 4 hr. more. 
Find the distance. 

71. If the greater of two numbers is divided by the less, 
the quotient is 3 and the remainder 3, but if 3 times the 
greater be divided by 4 times the less, the quotient is 2 and 
the remainder 20. Find the numbers. 

72. Why are we able to solve problems like Exs. 70 and 
71 by algebra and not by arithmetic? 

73. Find two numbers whose sum is a and whose difference 
is b. 

74. If a pounds of sugar and b pounds of coffee together 
cost c cents, while d pounds of sugar and e pounds of coffee 
together cost/ cents, what is the price of one pound of each? 

75. If a bushel of oats is worth p cents, and a bushel of 
com is worth q cents, how many bushels of each must be 
mixed to make r bushels worth s cents per bushel? 

76. Find a fraction such that if a be added to both nu- 
merator and denominator the value of the fraction is p/q; 
but if b is added to both numerator and denominator, the 
value of the fraction is r/s. 

77. Generalize Ex. 34 (p. 242), by using a letter for each 
number in the example. 

78. Generalize Ex. 53 (p. 245), by using a letter for each 
number in the example. 

79. Make up and work three examples similar to such of 
the examples in this Exercise as you think are most interesting 
or instructive. 
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14a TTtilities in Algebra. 

1. Brevity of expressions which represent numbers. Brevity 

means a saving of time and energy. 

Thus, for instance, for " number of feet in the length of a rect- 
angle," we may use a single letter as x, 

2. The saving of space also opens the way for the use of 
auxiliary quantity of various kinds. 

See, for instance, the process of factoring a* + a^h^ + &*, p. 153. 

3. By using a letter to represent any number (of a given 
class), we are able to discover and prove general laws of numbers. 

Thus, (a + by = a* + 2ab -{-b^is true for any numbers whatever. 

As an example of the discovery of new and useful laws of number, 
we may take the case where we know half the sum and half the dif- 
ference of two numbers and desire to find the numbers themselves. 
In the above description of the known facts, there is nothing to 
suggest a method of obtaining the desired end. But if we express 

the given facts in the algebraic form, thus, ^ and ^ , it is 

at once suggested that half the difference added to half the sum will 
give a, the greater of the two niimbers, and subtracted will give 6, the 
smaller. 

It may be well to notice that one source of this discovery is that 
in the algebraic expression we used separate symbols, a and 6, of 
nearly equal size for the two numbers considered. 

4. Combination of several rules into one formula. 

Thus, the single formula p = br combines three cases (and rules) 
used in arithmetic in treating percentage. Similarly, the formula 
I = prt covers all cases used in treating interest in arithmetic. 

This advantage comes (1) from the fact that a letter may be 
used to represent any number. See 3 above. 

(2) From the fact that an equation can be solved for any letter 
in the equation.. 

(3) From the approximately uniform size of the letters employed, 
which suggests that we treat all the letters alike and give each the 
leadersMp in turn. 

5. The use of letters to represent unknown nimibers often 
enables us to begin in the middle of a complex problem and work 
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in several directions and thus solve problems which otherwise 
we could not analyze. See the examples on pp. 242-243. 

6. We should also remember constantly that the symbols 
used in algebra (and the advantages coming from their use) 
are but a part, or detail, of the more general subject of sym- 
bolism as a whole and of its utilities; and that a training in 
aJgebra should give abetter grasp of the whole subject of symbols 
and their uses. 

EXERCISE 76 

1. Abbreviate the following as much as you can by use of 
the letter x: 

i a certain nmnber + ^ the number = 25. How much 
shorter is your expression than the given expression? 

2. Make up and work an example similar to Ex. 1. 

3. Why does a knowledge of algebra suggest to us that a 
niunber like 27001 can be factored and also the method of 
doing this, while a knowledge of arithmetic does not do the 
same? (See Ex. 29, p. 127.) 

4. Is a railroad ticket a symbol or representative of the 
money paid for it? What are the advantages in the use of 
the ticket? The disadvantages? 

5. Discuss in the same way a check drawn on a bank and 
used in paying a bill. 

6. In canceling a railroad ticket, what are the advantages 
in punching the ticket as compared with crossing it with a 
pencil mark? With burning it? 

7. What is a newspaper (or a book) a symbol or represen- 
tative of? What are the advantages in its use? The disad- 
vantages? 
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8. A certain firm occupied a building running from 10 to 
20 Barclay St. in a certain city as their place of business. In 
advertising in one magazine they gave their address as 10 
Barclay St.; in another they gave their address as 12 Barclay 
St.; in another as 14 Barclay St. What was the advantage 
in doing this? By this means what double use was made of 
the symbols. 10, 12, 14, etc. 

9. If a teacher has a set of papers from each of several 
classes, what is the advantage in arranging them at different 
angles when piling one set upon another? 

10. Can you give another instance where difference of 
position is utilized as a symbol? 

11. What are the advantages in using a flag as a symbol 
or representative of a nation? 

12. What are the advantages and disadvantages of read- 
ing a book of travels as compared with traveling? 

13. Why does a policemian in a large city have a number 
as well as a name? Name other classes of men which have 
numbers as well as names. 

14. What are the advantages to a person in having a name? 

15. Let each pupil make up (or collect) and work as many 
examples as possible similar to the examples in this Exercise. 

Sua. This work is of such a nature that it may readily be ex- 
tended in various directions at the option of the teacher. 



CHAPTER Xm 

GRAPHS 

144. A Tariable is a quantity which has an indefinite 
number of different values. 

A fnnction is a variable which depends on another variable 
for its value. 

Thus, the area of a circle is a function of the radius of the circle; 
the v)age8 which a laborer receives is a function of the time that the 
man works. 

A graph is a diagram representing the relation between a 
function and the variable on which the function depends for 
its value. 

A function may depend for its value on more than one variable; 
thus, the area of a rectangle depends on two quantities — the length 
of the rectangle and the breadth. The present treatment of graphs, 
however, is limited to functions which depend on a single variable. 

In algebra we study only those functions which have a definite 
value for each definite value of the variable. 

145. TTses of Graphs. A graph is useful in showing at a 
glance the place where the function represented has the 
greatest or least value and where it is changing its value most 
rapidly, and in making clear similar properties of the function. 

Graphs of algebraic equations are useful in making clear 
certain properties of such equations which are otherwise 
difficult to understand. A graph also often furnishes a rapid 
method of determining the root (or roots) of an equation. 
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146. Framework of Reference. Axes are two straight 
lines perpendicular to each other which are used as an auxil- 
iary framework in constructing graphs; as XX' and YY\ 

The X-axis, or axis of abscissas, is the horizontal axis; as 
XX\ The y-axis, or axis of ordinates, is the vertical axis; 

as YT. 
^ - The origin is the point 

in which the axes inter- 
sect; as the point 0, 

The ordinate of a point 
is the line drawn from 
the point parallel to the 
y-axis and terminated by 
the a;-axis. The abscissa 
of a point is the part of 
the X-axis intercepted between the origin and the foot of the 
ordinate. Thus, the ordinate of the point P is AP, and the 
abscissa is OA, 

The ordinate is 
sometimes termed 
the "y" of a 
point, and the ab- 
scissa, the " X " of 
a point. 

Ordinates 
above the x-axis 
are taken as plus; 
those below, as 
minus. Abscissas 
to the right of 



(-8,2)r 



XV 



H 1 h- 



R\ 
(-2,-2) 



P 

(2.4) 



-<jr 



••--(1-4) 

r 



the origin are plus; those to the left are minus. 

The co-ordinates of a point are the abscissa and the ordi- 
nate taken together. They are usually written together 
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in parenthesis with the abscissa first and a comma 
between. 

Thus, the point (2, 4) is the point whose abscissa is 2 and ordi- 
nate 4, or the point P of the figure. Similarly, the point ( — 3, 2) is 
Q; (-2, -2) is R; and (1, -4) is S. 

The quadrants are the four parts into which the axes di- 
vide a plane. Thus, the points P, Q, R, and S lie in the first, 
second, third and fourth quadrants, respectively. 

EXERCISE 77 

Draw axes and locate each of the following points: 

1. (3,2), (-1,3), (-2, -4), (4,-1). 

2. (2,i), (-3, -li), (5, -f), (-2,i). 

3. (2, 0), (-3, 0), (0, 4), (0, -I), (0, 0). 

4. (1,V2), (1,-a/2),(V3,0),(V5,-3), {-^VE,2V2). 

5. Construct the triangle whose vertices are (1,1), (2, — 2) 
(3, 2). 

6. Construct the quadrilateral whose vertices are (2, — 1), 
(-4, -3), (-3, 5), (3, 4). 

7. Plot the points (0, 0), (1, 0), (2, 0), (5, 0), (-1, 0), 
(-3, 0). 

8. Also (0, 0), (0, 1), (0, 2), (0, 3), (0, 5), (0, -1), (0, -3). 

9. All points on the x-axis have what ordinate? 

10. All points on the y-axis have what abscissa? 

11. Plot the following pairs of points and find the distance 
between each pair of points: 

(1) (6, 5), (2, 8) (5) (3, -6), (-2, 6) 

(2) (3, 0), (0, 6) (4) (0, 0), (-3, 5) 

12. Construct the rectangle whose vertices are (1, 3), 
(6, 3), (1, -2), (6, -2), and find its area. 
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13. Construct the rectangle whose vertices are (—3, 4), 
(4, 4), (-3, -2), (4, -2), and find its area. 

14. Construct the triangle whose vertices are (-3, -4), 
(-1, 3), (2, -4), and find its area. 

15. In which quadrant are the abscissa and ordinate both 
plus? Both minus? In which quadrant is the abscissa minus 
and the ordinate plus? In which is the abscissa plus and the 
ordinate minus? 

16. Practice oral work with small fractions as in Exercise 
58 (p. 190). 



Graphs of Equations of the First Degree 

147. To Construct the Graph of an Equation of the First 
Degree Containing Two Unknown Quantities, as x and y^ 

Lei X have a series of convenient values, as 0, 1, 2, 3, etc., 
-1, -2, -3, etc.; 
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X 


y 





-1 


1 


1 


2 


3 


3 


5 


etc. 


etc. 


-1 


-3 


-2 


-5 


etc. 


etc. 



Find the corresponding values of y; 

Locale the poirUs thus determined, and draw a line through 

these points. 

Ex. Construct the graph of the equation y = 2x — 1. 

Construct the points (0, -1), (1, 1), (2, 3), (3, 5), 
( — 1, —3), (—2, —5), etc., and draw a line through 
them. The straight line AB is thus found to be the 
graph of 2/ = 2x — 1. 

148. Linear Equations. It will always be 
foimd that the graph of an equation of the 
first degree containing not more than two 
unknown quantities is a straight line. Hence, 

A linear equation is an equation of the first degree. 

149. Abbreviated Method of Constructing the Graph of 
a Linear Equation. Since a straight line is determined by 
two points, in order to construct the graph of an equation 
of the first degree it is sufficient to construct any two points of 
the graph and draw a straight line through them. 

Ex. 1. Graph 3y - 2a; = 6. 

Whena;=0, y = 2; 
when y=0,x=— 3. , 

Hence, the graph ' ^ 

passes through the 
points (0, 2) and 
(-3,0), or CD is the 
required graph. 

The greater the 
distance between 
the points chosen, the 
more acciu*ate the 
construction will be. 
It is usually advis- 
able to test the 
result obtained by 

locating a third point and observing whether it falls upon the 
graph as constructed. 
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If the given line does not pass through the origin, or near the 
origin on both axes, it is often convenient to construct the line 
by determining the points where the line crosses the axes. 

Ex. 2. Graph 4x + 7y = 1. 

When X = 0, y = I; when t/ = 0, x = J. Hence, the graph 
passes close to the origin on both axes. Hence, find two points on 
the required graph at some distance from each other, as by letting 
z = 0, 9, and finding y = |, —5. Let the pupil construct the figure. 



EXERCISE 78 

Graph the following. (It is an advantage, if possible, to 
draw the graph line in red, the rest of the figure in black ink.) 

1. y = x + 2 7. 4x - 5y = 1 

^•2^ = ^-2 8. ^ = 3y 

3. 3a: + 2y = 6 

4. 3x - 2y = 6 9. a: = 3(y - 1) 

5. 3ar - Sy + 15 = 10, y = -x 

6. y = 2x 11. 2/ = 4 

12. li X = 2f show that whatever value y has, x always 
= 2. Hence the graph of a: =2 is a line parallel to the ^-axis. 

13. Graph x = 0; also y = 0. 

14. Show how to determine from an inspection of a linear 
equation whether its graph passes through the origin; near 
the origin on one axis; near the origin on both axes. 

15. Graph 5x + 6y = 1 ; also 6a: — y = 12. 

16. Obtain and state a short method of graphing a linear 
equation in which the term which does not contain a; or y is 
missing, as 22^ - 3a: = 0. 
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Before graphing the following, determine the best method 
of constructing each graph, and then graph: 

17. x + 2y = 4: 20. jx + ^y = § 23. a: - y = 5 

IB. 2y = X 21. a; = - 3 24. y + 2 = 

19. 5x-6y = l 22. 5x + 4y=0 25. 3ar-2y + V==0 

26. Construct the triangle whose sides are the graphs of 
the equations, y-2a: + 1 = 0, 3y-a:-7 = 0,y + 3x + 11=0. 

27. An equation of the form y = 6 represents a line in 
what position? One of the form x = a? * 

28. Make up and work an example similar to Ex. 4. To 
Ex. 26. 



150. Oraphio Solntion of Simnltaneons Linear Equations. 
If we construct the graph of the equation x — y = 3 (the 
line AB) and the graph of 3x + 2y = 4 (the line CD), and 
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measure the co-ordinates of their points of intersection, we 
find this point to be (2, —1). 

ix — y^S 
If we solve the pair of simultaneous equations j « , « — 4 

by the ordinary algebraic method, we find that x = 2 and 
y= -1. 

In general, the roots of two dmvUaneous linear equations cor- 
respond to the co-ordinates of the point of intersection of their 
graphs; for these co-ordinates are the only ones which sat- 
isfy both graphs, and their values are also the only values of 
X and y which satisfy both equations. 

Hence, to obtain the graphic solution of two simultaneous 
equations. 

Draw the graphs of the gvoen eqiwtionSy and measure the co- 
ordinates of the point (or points) of intersection. 

Graphing two simultaneous equations forms a convenient 
method of testing or checking their algebraic solution. 

151. Simultaneous Linear Equations whose Graphs are 
Parallel Lines. Construct the graph of x + 2y = 2 and also 
of 3x + 6y = 12. 

You will find that the graphs obtained are parallel straight lines. 
Now try to solve the same equations algebraically. You will find 
that when either x or y is eliminated, the other unknown quantity 
is eliminated also, and that it is therefore impossible to obtain a 
solution. The reason why an algebraic solution is impossible is 
made clear by the fact that the graphs, being parallel lines, cannot 
intersect; that is to say, there are no values of x and y which 
will satisfy both of these lines, or both equations, at the same 
time. 

1!32. Graphic Solution of an Equation of the First Degree 
of 0:ie Unknown ftuantity. By substituting for y in the 

{1/ = ic — 3 
__ rj the two equations 
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reduce to a; — 3 = 0. Accordingly, the graphic solution of 
an equation like x — 3 = can be obtained by combining 
the graphs of y = a: *— 3 and y = 0. In other words, the root 
of X — 3 = is represented graphically by the abscissa of 
the point where the graph of y = x — 3 crosses the x-axis. 

EZEBCISS 79 

Solve each pair of the following equations both graphically 
and algebraically, and compare the results in each example: 



1. 



3. 



I2x + 3y = 7 fx + 7y + ll = 

\x-y=l • Ix - 3y + 1 = 

fy = 3x - 4 e l^^^ 

ly = - 2x + 1 • I9x - 5y = 3 



f2y = x 7 P "^ 



( 



y = 2x ®* ^^^® graphically 2x+3 = 

x + y = 9. Solve graphically 3x— 5=0 

10. Discover and state the relation between the coeflScients 
of two linear simultaneous equations whose graphs are par- 
allel lines. fr.^P^ 

{8x + 5y = 7. 

11. Solve graphically j ga; + 27/ = 11. 

. * . f 2x — 3y = 5. 

12. Solve both algebraically and graphically in _ g ^r- 

13. Construct the quadrilateral whose sides are the 
graphs of the equations, x — 2y — 4 = 0, x + y=l, 
3y — 5x— 15 = 0,. X + 2y — 4 = 0, and find the co- 
ordinates of the vertices of the quadrilateral. 

14. Make up and work an example similar to Ex. 1. To 
Ex.6. 

15. How many examples in Exercise 26 (p. 110) can you 
now work at sight? 
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163. Oraphio Solution of Written Problems. 

I. Bailway Problems. 

Ex. The distance between New York and Phfladelphia 
is 90 mi. At a given time, a train leaves each city, bound 
for the other city, the train from New York going at 40 mi. 
an hour and the one from Philadelphia at 30 mi. In how 
many hours will they meet, and at what distance from New 
York? 

The train dispatcher represents the distance between the stations 
by the line AB, each space denoting 10 mi. Each space on AI rep- 
resents 1 hour. He lo- 
cates E three units to the 
right of A and one unit 
above AB, and F four 
units to the left of B and 
one unit above AB, He 
produces AE and BF to 
t t t t t a -^ meet at C, and draws 

988388^8 • CD perpendicular to AB. 

He obtains the distance from A at which the trains meet, by 
measuring AD to scale (and hence determines the siding at which 
one train must wait for the other). He obtains the time that elapses 
before the trains meet, by measuring CD to scale. 

The problem may also be solved algebraically in the same way 
as Exs. 57-61, p. 87. 

The advantage of the graphical method is that in this solution 
it is easy to make allowance for any waits which trains may make 
at stations. Hence, railroad time-tables are often constructed 
entirely by graphical methods. 
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II. Problems in the Mixture of Materials. 

Ex. In order to obtain a mixture containing 20% of butter 
fat, in what proportion should cream containing 30% of fat 
be mixed with milk containing 4%? 




GRAPHS 261 

Graphical Solution 

We construct a rectangle, and write in two adjacent comers 
(here the left-hand corners) the per cents 
of fat (30 and 4) in the two given fluids; 
and in the middle of the rectangle we 
write the per cent (20) desired in the mix^ 
ture. The differences between the num- 
ber in the middle and the numbers in the 
comers (16 and 10) are then found and placed as in the diagram. 
The differences thus found show the relative amounts of the given 
fluids to be used, viz. : 10 parts of milk, and 16 of cream. 

Now solve this problem algebraically by the method used for 
Exs. 26-30, pp. 241-242; and by an examination of this solution, 
discover for yourself the reason for the above graphical solution. 

SZEBCISE 80 

Solve the following problems graphically: 

1. The distance between New York and Philadelphia is 
90 mi. If a train leaves New York at noon and goes 40 mi. 
an hour, and another train leaves Philadelphia at the same 
time and travels 20 mi. an hour, at what time and how far 
from New York will they meet? 

2. Make up and work an example similar to Ex. 1. 

3. The distance between New York and BufTalo is 440 
mi. If a train leaves New York at 11 a. m. and travels at 
the rate of 40 mi. an hour, and a train traveling 30 mi. an 
hour leaves Buffalo at the same time, at what time and how 
far from New York will the trains meet? 

4. Make up and work an example similar to Ex. 3. 

5. In order to obtain a mixture containing 22% butter 
fat, in what proportion must cream containing 32% of fat 
be mixed with milk containing 5%? 
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6. In order to obtain a mixture containing 28% of butter 
fat, in what proportion must cream containing 35% of fat 
be mixed with cream containing 25%? 

7. Make up and work an example similar to Ex. 6. 

8. In what proportion must oats worth 50j!5 a bushel be 
mixed with com worth 80ff a bushel in order to make a mix- 
ture worth 60^ a bushel? 

9. Make up and work a similar example concerning mixing 
different grades of coffee. 

10. The distance PQ is 48 mi. At 8 A. M. one boy starts 
from P and walks toward Q at the uniform rate of 4 mi. an 
hour. At the same time another boy starts from Q on a 
bicycle and rides toward P at the rate of 8 mi. an hour but 
at the end of each hour of riding rests ^ an hour. By means 
of a graph determine where and when the two boys will meet. 

11. Make up and work an example similar to Ex. 10. 

12. How many examples in Exercise 27 (p. 112) can you 
now work at sight? 

EXERCISE 81 

Review 

1. Tell the degree of each term of 

5x» - 4xV -llx -xy -^xy^ -a^ +3a^ -7y -{-11. 

2. Factor (1) x* + 4. 

(2) i»* — 2wn + n* + 5m — 5n. 

(3) a* - n* - w* - 2a6 + 2mn + 6». 

3. Factor 2(x» - 1) + 7(x« - 1). 

Simplify: 

4x-5 _ 4+a; 2 x -5 
45 30 3 18 ' 

. 1 -bx , 3a; +5 , 2x - 3 

~7i I" z ; — 7 ~r ; 



6x«--6 4a;+4^3 -3x 
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2 1 2 1 

1 ' ~i 



' i(ta;'-|a;-2) 



(x - 1)» (1 - z)' 1 - X X 



9. 1- 



a — 



1- 



a + x 



Solve: 



,^ ^* . x— 1 , 1 x-S 
10. 1J + X--2-+3 5- 



11. 



^^-W-lH{r(?"'-^)]- 



la 3x-2 5a;+14 3-2a;_ ,, 
"• ~6~ 7X+15 4 '• 

-3 _x x+l^x-8 x-9 

' x-2 x-1 x-6 x-7' 
3x y_4 16 z-2 10-g ^ y-lO 

■2~3~9' 5 3 4 ■ 





5a; 3?j 
4"^ 2 


= 3i. 


22/ + 4 2a;+2/ a:+13 




3 8 4 


15. 


2t/-a; = 
4_3_ 
2/ « 


4a^. 
9. 


17. (a-h)x + ia + b)y=a-\-h. 

18. .3x+.2y=i:3. 

.32/ +.22 =.8. 
.32+ .2a: -.9. 


19. 


a: 5 


2 

15' 


20. Solve ^+1=^. 

X ,y 1 
a'^b'~a'b'' 



21. Is it allowable to divide each term in 16a; = 96 by 16? 
Is it allowable to divide each term of 16a; — 96 by 16? Give 
reasons. 
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22. Obtain the value of 
ax-f 1 r / 1 i\ g(g' —i) — x'] a— 1 



L [„,.+ „ -2<^zJ)^'], 



when x = 



23. Solve -p.+ £±i=-i-+^:i^. 

a+0 X a—b x 

24. Why is it proper to change — x = — 3 into a: = 3, and not 
proper to change — x —3 into a: + 3? 

CL C 

25. What number added to the denominators of r and -i, respec- 
tively, will make the results equal? 

26. Does r equal -— t? Does equal — h -? Does 

a—b ^ a b c ^ c c 

c c c 

, equal — f- r? Verify your statements for the special case 

when a = 4, 6 = 8, and c ^ 2. 

27. The sums of three numbers taken two and two are 20, 29, 
and 27. What are the numbers? 

28. Factor 8(x + y)' - (2x- y)\ 

29. What is the advantage of being able to add the same number 
to both members of an equation? In being able to transpose a term? 
To divide both members of an equation by the same number? (See 
Art. 70.) 

30. Solve (a -f c)x — (a— c)y = '2a6. 

(a+ b)x - (o ~ b)y = 2ac. 

31. Does (a* + 6*) (a -f b) equal a'+ ^? Verify your state- 
ment by letting a and b have convenient numerical values. Can 
you prove your statement without the use of numbers? 

32. I{K^irI^&ndC=' 27r/2, find X when C- 10andw= V- 

33. If s = igt^ and v = gt, find 8 when g— 32 and v = 64. 

34. IfC--2nR and F= inR^ find V when C= 33 andfr= ^ 
(use cancellation wherever possible). 

Solve: 

35. 4(x+J,) + ^^=13. 3e 3.+ ^ = 6. 

SuQ. Let p = (x H- 2/), q 



X -1 
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37. Showthat ^^(^+^^'(^"-g;-,^(^-^>'^"+^> 

reduces to (i»+2)3 

38. Graph y = 2x + 6 when 6-1. On the same diagram 
graph y^ 2x+b when 6=2. When 6 = - 1. When 6=0. 

39. Graph y=ar+2 when a= 1. On the same diagram 
graph y= or +2 when a = 2, 3, -1, -3. 

40. Graph y = 3x+ 2, and y = — Jx+ 2 on the same diagram. 

41. Make up and work an example similar to Ex. 38. To Ex. 39. 

42. The Fahrenheit reading at the boiling point of alcohol is 
95^ higher than the Centigrade reading. Find each of the readings. 

43. Make up an example similar to Ex. 42, using the fact that 
ether boils at 96"* Fahrenheit. 

44. Give the value of - -s- a, a-s--, — -a?* -s- -x*. 

a a 5 6 

45. What is the reciprocal of - + r ? 

a 

46. Show that elimination by comparison is a special form of 
elimination by substitution. 

47. Show that elimination by addition and subtraction may also 
be regarded as a form of elimination by substitution. 

48. Eliminate a between the equations F = Ma and « = Jo^. 

fi 

49. Given I = o+ (n— l)d and «= 0^^+ 0> ^^ * ^ terms of 

d, n, and L 

SuG. What letter must be eliminated? 

^— tI "^cl 

50. Eliminate I between I = ar^'^ and s = • 

r-1 



CHAPTER XIV 

INVOLUTION AND EVOLUTION 

Involution 

, 154. Inyolntion is the operation of raising an expression 

to any required power. 

Since a power is the product of equal factors, involution is a 
species of multiphcatiom In this multiplication, the fact that the 
quantities multiphed are equal leads to important abbreviations of 
the work. 

Powers op Monomials 
155. Law of Exponents or Index Law. 
Since, a^ = aXaXa, 

{a^f = (a X a X o) (a X a X a) (a X a X a) (a X a X a) 

In general, in raising a" to the m^ power, we have the factor 
a taken m X w times, or 

(a**)*" = a"**» I. 

Also, {abY = ahXahXab to n factors 

= (a X a X a . . . to n factors) {bXbXb . . to w factors) 
/. (aby = a^ft" 11. 

This law enables us to reduce the process of finding the 
power of a product to the simpler process of finding the power 
of each factor of the given product. 

156. Law of Signs. It is evident from the law of signs 
in multiplication that 

266 
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(i) An even power of a quantity {whether plus or miniul) is 
always positive. 

Thus, ( - 3)» - 9, and (- a6)< = a^. 

(2) An odd power of a quantity has the same sign as the orig^ 
inal quantity. 

Thus, (- a)^ = - a\ and ( + a)» - a». 

157. Involntion of Uonomials in General. Hence, to raise 
a monomial to a required power, 

Raise the coefficient to the required power; 
Mvliiply the exponent of each literal factor by the index of the 
required power; 
Prefix the proper sign to the result 

Ex. 1. Find the cube of Sx^y. 

(3x^y = 27xV Am? 
Ex. 2. (-2a68)5 = -32aW^ Ans. 

158. Powers of Eractions. By a method similar to that 
used in Art. 155, it can be shown that 






Hence, to raise a fraction to a required power. 
Raise both numerator and denominator to the required power, 
and prefix the proper sign to the resulting fraction. 

^ ( 2aH\ IGa^V . 

^^- V"56V; =6256y^^^- 

EXE&CISE 82 

Write the square of 

1. 7a26 2. --5a:»» 3. \^ 

Zx „ 6a6 

52^ 11 
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6. - 13a"y 8. - 42/~+i 

7 ?!^ 9 -_L 

* lOa ' 8cd 

Write the cube of 

10. ^ 11. -2a? 12. ^a?y^ 13. — 5a:»y 

14. -3^ 15. -^ 

Write the value of 

16. {7aPc?f ^g paryy ^- (" 2a^' 

17. (llc^b*)* ' V a:"z y 22. (- ^m*)* 

18. (|a;2y)* 20. (- |a»«»)* 23. (3§r'")» 

24. (.03)« 

25. (.003)* 

26. (.03)» 

27. (.003)* """ 2\3j 30. (2^)« 

31. Commit to memoiy the values of the various powers of 

(1) 2 up to 2"' (3) 4 up to 4" 

(2) 3 up to 3« (4) 5 up to 5* 

(5) 6 up to 6* 

(6) the squares of the nimibers up to 29 

32. Give the value of 2 X 3«, (2 X 3)*. 

2 3* 3 



- m 



»'(!)' 



33. Give the value ^x i ^ i . , ^ 

34. Give the value of each of the following: [(— 2)'p, 
[(-2)T, [(-3)2]2. Does K-aYY equal [{-ayfl 

35. Does 2X3*^ equal 6^? Does 1(4*^) equal 2^? 

36. On squared paper show the meaning bf (.3)* = .09. 
Also of (1.5)2. Of (1.5)2, (2.5)2, (.5)2. 
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37. Given 2* = 32, find in the shortest way the value of 
2^\ Alsoof2i\ Of2« 

38. Make up and work an example similar to Ex. 37 con* 
ceming powers of 3. Of 4. 

39. Give the value of (-2 Y^. Of (-2)». 

40. In a:' . t?, how many x's are multiplied together? How 
many in (p?f^ Write out in full each of these sets of factors. 

41. Treat in the same way a* . a^ and {qf)^. 

42. Make up and work an example similar to Ex. 40. 

43. Treat [(r^)']* and {7?f . a^ in Uke manner. 

44. In obtaining the value of ^ ^ , is it allowable to 
cancel the 4's? 

45. In reducing , , to its simplest form, is it allowable 

to cancel the 5's? Why? 

46. Is it allowable to cancel the 4's in obtaining the value 

4X2^ 2* 

of^^^? Ofgi? 

47. Does 2* X 2* equal 4^^? Give a reason for your answer. 
The value of the second expression is how many times as 
great as that of the first? 

48. Express as a power of 2 the number of great-grand- 
parents a person has. Also the number of great-great- 
great-grandparents. 

49. If a decimal fraction contains four places, how many 
places will its square contain? Its cube? Its fourth power? 
Give a numerical illustration of your answer to the first of 
these questions. 

50. To -z—z add the square of « of —• 

- 2a' ^ 2 2a 
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1 2 

51. Find the value of ar^^ when a = -,r = -, and n == 6. 

In eacl^of the following let a: = 0; J; 1; 2; 3; --|; —1; —2; 
—3, in succession, and tabulate the results obtained as in 
Ex. 54, p. 24. 

52. x^ - 3x + 2 5^, a? + x 56. a:3 _ a^ ^ 1 

53. ar^ - 2x - 1 55. 3?-x ^i, of-l^-^ 

58. Show that 2^ X 5* = 10^. Is there any advantage in 
knowing that 2^ X 5^ = lO^? 

59. Work again such examples on p. 105 as the teacher 
may indicate. 

60. How many of the examples in this Exercise can you 
work at sight? 

Powers of Binomials 

159. General Method. In obtaining a required power of 
a binomial, it is possible to abbreviate the work even more 
than in the involution of a monomial. 

It is sufficient, in taking up the subject here for the first 
time, to obtain several powers of a binomial by actual mul- 
tiplication, and, by comparing them, to obtain a general 
method for writing out the power of any binomial. A formal 
proof of the method is given later. 

(a + 6)2 = a^ + 2ah + 61 

(a + Vf = a3 + ia^h + Zai? + }? 

(a + 6)^ = a^ + Wh + ^c?}!' + ^a}? + 5* 

(a + 6)5 = a^ + ha^h + lOaW + \W}? + 5a6^ + 6^ 

If 6 is negative, the terms containing odd powers of 6 will 
be negative; that is, the second, fourth, sixth, and all even 
terms, will be negative. 

Comparing the results obtained, it is perceived that 
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I. The number of terms equals the exponent of the power 
of the binomial, plus one. 

II. Exponents. The exponent of a in the first term equals 
the index of the required power, and diminishes by 1 in each 
succeeding term. The exponent of b in the second term is 1, 
and increases by 1 in each succeeding term. 

III. Coefficients. The coefficient of the first term is 
1; of the second term it is the index of the required 
power. 

In each succeeding term the coefficient is found by mtdti' 
plying the coefficient of the preceding term by the exponent of a 
in that term, and dividing by the number of the preceding 
term. 

IV. Signs of terms. If the binomial is a difference, the 
signs of the even terms are minus; otherwise the signs of all 
the terms are plus. 

Ex. (a + 6)^ = a^ + 7a% + 21a'b^ + SSa^t^ + SSa^i* 

+ 21a^b' + 7a¥ + b\ 

7X6 
The coefficient of the third term = — 3— = 21. 

The other coefficients are determined similarly. 
Observe that the coefficients of the hUer half of the expansion are 
the same as those of the first half in reverse order, 

160. Binomials with Complex Terms. If the terms of 
the given binomial have coefficients or exponents other than 
unity, it is usually best to separate the process of writing out 
the required power into two steps. 

Ex. {2^ - iy2)* = {27?f - 4(2x3)3 {\f) + 6(2^3)2 {\ff 
-^2x?){\ff+{\fy 

Let the pupil check the work by letting x = 2, y = 2. 
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30. 0^-X + 7?-2^f 

31. (a^ — ax + a?y 

32. How many examples in Exercise 35 (p. 131) can you 
now work at sight? 

Evolution 

162. A Boot of a quantity is a quantity which, taken as 
a factor a given number of times, will produce the pven 
quantity. 

163. Bvolutioii is the process of finding a required root 
of a quantity. 

What is the radical or root sign? What is the meaning of 

Vg? Of Va? \^? 

164. Vnmber of Boots. Taking a particular example, we 
find that Vi has two values, uiz. : + 2 and - 2, for (+2)* =4, 
and (- 2)2 = 4. 

A number containing an even root of a negative quantity 
is termed an imaginary number. Thus, the following are 
imaginary numbers: V^, V^^, ^^, 3 + V^. 

A real nnmber is a number which does not contain an 
imaginary niunber. 

If we include imaginary roots, it may be shown that when any 
root of a given number is extracted, Oie number of possible roots 
equals the index of the root to be extracted. 

Thus, in taki ng th e cube root of 8, w e find three possible roots, 
VIZ.: 2, - 1 + ^^^^, and - 1 - V^a. 

165. The Principal Boot of a niunber is that real root of 
the number which has the same sign as the number itself. 

Thus, the principal root for Vi is 2; for -"S^ is 3; for ^-2/ 
is -3. 

In this chapter only the principal roots of numbers are considered. 
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Evolution of Monomials 

166. Index Law. Since (a«)» = a»»» (Art. 155, p. 266), it 
follows that 

va^ = 0"* .1. 

where m and n are positive integers. 

Hence, the process of finding the root of a quantity affected 
by an exponent becomes simply a division of exponents. 

Also, ^/ab =^ ^/a^/b II. 

For let A^a = x, \/b = y; 

. • . a:** = a . . . (1) y" = 6 . . . (2) 
But .T"^** = {xyy (by Art. 162) 

Substitute for x"" and y from (1) and (2), 

cb = (^ya\^b)- ....... (3)- 

Extract the nth root of each member of (3), 

\^ab = \/a^ 
This reduces the process of finding the nth root of a product 
to the simpler process of finding the nth root of each factor. 

167. Method. Hence, to extract a required root of any 
monomial, 

' Extract the required root of the coefficient; 

Divide the exponent of each letter by the index of the required 
root; 

Prefix the proper sign to the result. 

How may the work be checked? 

EXERCISE 84 

Write the square root of 

1. 9a:y 4. l&:x?f 6. ^xhj^ 

2. 25a« 36a8 „ 121aV- 

5. 



3. 1447/2n 49a;io 312^2 



n + 2 



EVOLUTION 
Write the cube root of 
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8. 212^ 

9. 1252^2^ 
10. --la^fc* 

Write the value of 

15. y/-hVl2f 

16. ^16y^ 

17. \^-32a:iV 



u. 



12. — 



•216^ 
3432/^ 



13. 



14. — 



1000 



aiin-9 



21 



*/625^ 

V ^/4n + 8 



18. V'^4a30^ 

19. ^'i^x^y^ 

20. \/?^^ 22. V^-^L^y 

23. Express 32 as a power of 2. 81 as a power of 3. 

24. Express each of the following as a power of some num-r 

ber (a prime number, if possible) : 32, 243, 256, ^r, 240' oi^^ 
and 729. 

25. Find the value of ar in each of the following equations: 
a:^ = 64, a:^ = —, 0:3 =_ 8^3.7 = 128. 

26. If 2* = 16, what is the value of x1 
SuG. Write 2* = 2^ 

27. Solve each of the following for «: 2* = 32, 3* = 81, 

28. Find the value of r or n in each of the following: 
2'=16.^=32,^ = g,g = (|)",and2-^ = 32. 

29. Find the largest square factor in each of the following 
numbers: 45, 128, 192, 112, and 147. 

30. Find the largest cube that is a factor of 54. Of 81, 
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01 
128, ^' Also the largest 4tli power that is a factor of 32. 
125 

Of 162, 256. 

Extract the square root of each of the followmg by taking 

out factors which are perfect squares: 

31. 5625 33. 46,656 35. 48X16X18X24 

32. 1296 34. 63 X'28 36. 27 X 12 X 98 X 50 

37. 6 X 10 X 60 

38. 6X54X28X35X45 

39. 7 X 27 X 44 X 75 X 77 

40. 35 X 33 X 44 X 945 

41. Make up and work an example similar to Ex. 25. To 
Ex. 29. Ex. 33. 

42. How many of. the examples in this Exercise can you 
work at sight? 

Square Root 

168. Square Boot of Polynomials. In order to determine 
a general method for finding the square root of any poly- 
nomial which is a square, we consider the relation between the 
terms of a binomial and the terms of its square; as between 
a + b and its square, a^ + 2ab + 6^. This relation stated in 
inverse form gives us the required method. The essence of 
the method consists in writing a^ + 2ab + 6^ in the form 
a^ + b(2a + b). 

Ex. Extract the square root of 16ar^ — 24xy + 93/*. 

116x2 - 24x2/ + 9y' |4x - Sy Root 
16x» 



8x-3y 



-2te/+92/» 
-24xy+9y* 
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Taking the square root of the first term, 16x*, we obtain 4x, which 
is placed to the right of the given expression as the first term of the 
root. Subtract the square of 4a; from the given polynomial. 

Taking twice the first term of the root, 8x, as a trial divisor, and 
dividing it into the first term of the remainder, we obtain the sec- 
ond term of the root, — 3y, This is annexed to the first term of the 
root and also to the trial divisor to make the complete divisor, 
8x -Zy. 

109. Square Boot to Three or Kore Terms. In squaring 
a trinomial, a + b + c, we may regard a + & as a single 
quantity, and denote it by a symbol, as p, and obtain the 
square in the form p^ + 2pc + c^. 

Evidently we may reverse this process, and extract a square 
root to three terms by regarding two terms of the root, when 
foimd, as a single quantity. So a fourth term of a root, or 
any number of terms, may be obtained by regarding the root 
already found as a single quantity. 

Ex. Extract the square root of a^-Gs? + lOa^-SOr + 25. 

I X*- (xc* -M9x» - 3(te + 25 1^-3^+ 6 Boot 



2st^-3x 
-3x 



- 6a:» + 19x2 
-6x»+ 9x» 



2x»-6x+5 



+ 10x»-30x+25 
+ lOx* - 30x + 25 



The first two terms of the root, x* — 3x, are found as in the ex- 
ample in Art. 175. 

To continue the process, we consider the root already found, 
a:* - 3x, as a single quantity, and multiply it by 2 to make it a trial 
divisor. 

Dividing the first term of the remainder, lOx*, by the first term 
of the trial divisor, -f 2x*, we obtain the next term of the root, -f 5. 

The process is then continued as before. 

The work may be checked by squaring the result obtained, or by 
numerical substitution. 

Let the pupil state the above process as a rule. 
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EZEBCISE 86 
Find the square root and check: 

2. 1 - 2a - o" + 2o3 + a*. 

3. 9a;* - 12a:» + 10a? - 4ar + 1. 

4. 25 + 30a: + 193? + 6a:« + a:*. 

5. »• - 4n» + 4n* + 6n» - 12n* + 9. 

6. 4a:« + 12a:» + a:* - 24a:» - lix' + 12a: + 9. 

7. 1 + 16m« - 40m* + 10m - Sm? + 25m\ 

8. 46n* + 25n* + 4n* + 25 - 44n» - 40n - 12n«. 

9. 92^ + 9]/' + 24ar'y + 24xy^ - Sa^ - SaY - 50a?j^. 

10. m* + 9 + a:^ + 6m + 6a: + 2?na:. 

11. l + 5ar' + 2a:* + a:«-4a:> + 2a:»+2a:. 

12.. -28ar' - 47a:* + 49a:« - 42a:5 - 4a:» + 16a; + 4. 

13. ^a:«-5a; + 25. 16. a;* + 2a;» - a: + J. 

14. |a:*-5a:y + W. 17. ia*-la* + ^a^-4a+36. 

15. ^-25 + 4. X8. 1 + 6^+11+^ + ^. 
4y* y ar « o* a 

19. W - ia? + ^\h? -3x+^. 

20. 2V-|a;' + !la;'-f^ + il- 

ai. 1 + o - i\a« - ia^ - fa* + |o* + a«. 

22. T + «^ + :5 + 7:5 + ^ + ~ 

4 cr 4ar 2x c 

23. _-aa: + ^-2 + - + -. 

Find to three terms the square root of 

24. l + 4a:. 26. a^ + 4b. 28. ar» + 3. 

25. ar^-6. 27. 4a2-6a6. 29. a^ + 3al^-2b^. 



EVOLUTION" 



279, 



30. Solve r^ - 6a: + 9 = 25. 

Extracting the square root of each number we have a? — 3 = sfc 6 
whence x = 3 =*= 5, and x === 8, or — 2. 
Let the pupil check these results. 

Solve the following equations: 

31. a? -6x +9 ^ 36 35. 

32. a:2 _|_ 4^. _|_ 4 =^ 25 36. 

33. 0:2 + 8a: + 16 = 1 

34. ar^ + 8a: = - 15 



4a? + 12a: + 9 = 16 
16ar^ - 8a: + 1 = 4 

37. 2/2 _ 2y + 1 = 9 

38. r2 + lOf + 25 = 16 



39. Make up and work an example similar to Ex. 3. To 
Ex. 26. Ex. 34. 

40. How many examples in Exercise 45 (p. 155) can you 
now work at sight? 

170. Square Boot of Arithmetical Vnmbers. The same 

general method as that used in Art. 168 may be used to 

extract the square root of arithmetical numbers. 

The details of the method of extracting the square root of num- 
bers are explained in arithmetic (see DureW 8 Advanced Arithmetic). 
As illustrations of the process, we give the following examples: 

Ex. 1. Extract the square root of 1849. 





1849140+3. 




lM9\j^Root 


40« - 1600 


16 


X40 =80 


249 or more briefly, 


83 


249 


3 


249 




249 



83 
Let the pupil check the work. 

Ex. 2. Extract the square root of 18.550249. 



83 



18.550249 1 4.307 Root 
16 

255 

249 



8607 60249 
60249 
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Ex. 3. Extract the square root of J. 
I = .66666666 + 

Extracting the square root of .66666666 +, we obtain .8164 -h 
as the desired result. 

171. For extraction of Cube and Higher Boots, see Ap- 
pendix, p. 472, of DurelVa School Algebra. 

EXERCISE 86 

Find the square root and check where possible: 
1. 7225 5. 337561 9. 199.204996 

a. 2601 6. 567009 lO. 10.30731025 

3. 105625 7. 36144144 u. .0291419041 

4. 182329 a 8114.4064 12. 1513689.763041 
Find to four decimal places the square root of 

13. 7 16. 3i 19. 6f 22. .049- 

14. 11 17. 2^ 20. If 23. 1.0064 

15. 12.5 18. .9 21. ^ 24. 36i'x 
Compute to thre^ decimal places the value of 

25. V^+W . 29. |/ V^~ V^ 

27. VsVa + Vs ^ 

28. VsVe - 2V7 ■ 4 

32. Find the diagonal of a square whose side is 5 in. 

33. Find the side of a square whose diagonal is 5 in. 

34. If a city park is | mi. long and 300 yd. wide, how much 
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IS saved by walking from a comer to the opposite comer 
along the diagonal instead of along the sides? 

35. In X = Vsis-a) (s-b) (s-c), if a = 25, 6 = 63, 
c = 74, and s = ^(a + b + c), find K. 

Do you know what figure the above formula gives the area of? 

36. Show the meaning of Vi69 = .3 on squared paper. 
Also of V.009 as well as you can. 

37. If 47r2? = 10 and ^ ^ Y, find R. 

38. On squared paper constmct the triangle whose ver- 
tices are. the points (3, 0), (1, 5), and (—2, —3), and find 
the length of its sides. 

39. The area of Texas is 265,780 sq. mi. Find the side of 
a square having an equivalent area. Think of some distance 
familiar to you which is approximately equal to a side of this 
square, then picture to yourself the whole square and thus 
visualize the area of Texas. 

40. By the method of Ex. 39 visualize the area of the state 
in which you live. 

41. In like manner visualize the area of Germany, which 
is 208,830 sq. mi. 

42. The population of New York City in the year 1910 
was 4,766,883. What is the side of a square which would be 
covered by this number of people if each person occupied a 
space 30 X 15 ? Hence visualize the population of New 
York City as it was at this date. 

43. By the method of Ex. 42 visualize the population of 
a large city in your neighborhood. 

44. In like manner visualize 30,000 sheep herded 
together. 
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45. In a recent year the record yield of com for an acre 
was 255 bu. If a bushel is taken as Ij cu. ft., find the side 
of a square bin 3 ft. deep which would just hold this com. 

46. In a recent year the record yield of milk for one cow 
was 27,432 lb. If 7^ lb. make a gallon and a gallon is 231 
cu. in., find the side of a square tank 2 ft. deep which would 
just hold this milk. 

47. A baseball dropped from the top of the Washington 
Monument has been caught by a player standing on the 
ground at the foot of the monument. The velocity attained 
by a falling body is given by the foraiula v = V2ge, where v 
denotes the velocity attained, s the distance through which 
the body falls, and g = 32.16 ft. The height of the monu- 
ment is 555 ft. Find the velocity of the ball when caught. 

48. A stone is dropped from a balloon a mile above the 
earth. Find the velocity with which the stone strikes the 
earth (resistance of the air being neglected). 

At sight give the value of 

49. 2 + V9 52. V25 X Vl6 55. 9 -f- v^ 

50. Vi6-V9 53. \/64h- V4 56. 2V^125-3V^ 

51. 3^/16-2 V9 54. IO-VI6 57. 3 a/9-2 Vi 

^^ 2 + 4\/25 3V64_V9 

'«• —71: '' —3— 

60. Make up and work an example similar to Ex. 21. To 
Ex.39. Ex.53. 



CHAPTER XV 

RADICALS 

172. Positive Integral Exponents. Using c? as a brief 
symbol for o X o X a, and a"» as a brief symbol for a X a 

X a X a to m factors, we have already found the 

following laws to govern the use of positive integral ex- 
ponents: 

I. a'^Xa'' == a*"*"" III. (o'«)'» = a«*» 

„ o"* .- IV. v^a'"'* = a*» 

II. — =a"'-'", if m>n ,t , tx 

a" V. (aby = a^b'' 

173. Fractional and ITegative Exponents. We have seen 
that by using fractions as well as integers, and negative as 
well as positive quantity, the field of quantity and operation 
in algebra is greatly extended and some processes are made 
simpler, others more powerful. These same advantages are 
secured by the use of fractional and negative exponents. 

Let us suppose that the first and fundamental Index Law, 
o*?* X o** = 0*"+", holds for fractional and negative exponents, 
and then inquire what meaning must be assigned to these 
exponents. 

We limit the fractional and negative exponents here treated to 
those whose terms, are either positive or negative integers, and com- 
mensiu-able; that is, expressible in terms of the unit of quantity 
used in the given problem. 

Exponents like \/2, as in a ^, are not included in the discussion, 
though the student will find later that the same laws hold for these 
exponents. 

283 
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174 Meaning of a Eraotional Exponent 
Since by Index Law I, 

it foDows that a* is one of the three equal factors which may 
be considered as composing a^; that is, o* is the cube root of a\ 



a*= ^a" 



S05 in general, 



a^Xa^ Xa'Xa^ tog factors, 



pp.p 



*£+£+ toff terms 

Hence, in general, in a fractional exponent the numerator 
denotes the power of the base thai is to he taken, and the denominor' 
tor denotes the root that is to be eodraded. 

Ex. 1. ' 8* = ^ = \^64 = 4 Ans. 

Ex. 2. a^Xa^ Xa^ ^ a^'^ = a** Ans. 

Ex. 3. V2x^^ • 2^x^^ = 2^x^+^ • 2^x^^ = 2l^a^ = 4x^ Ans. 

Ex. 4. 32* = "^^ = 2« = 64 Ans. 

Note that m Ex. 4 it is best to extract the required root first. 
In the examples which involve letters, the work may often be 
checked by numerical substitutions. 







Express with radical signs: 




1. 0*. 3. 2aK 5. 5a:V- 


8 

7. OO*. 


2. cK 4. 2a^bt 6. 2c*d*. 


M III 

8. a?»^, 
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Express with fractional exponents: 
9. ^^. 11. aV^. 13. Vx^^. 2V8rV3* 

10. 2^. 12. 2a;v^. 14. <^</^^. ' SV^V^^ 

Find the value of 

16. 27». 18. <^\ 20. (-27)t. 22. (-243)*. 

17. 25*. 19. <^\ 21. (-32)». 23. (^S)*. 

Simplify the following by performing the indicated opera- 
tions: 

24. a^Xai. 26. 2ia:*X2»a;t. 28. <^V^. 

25. a^x^XaM. 27. 7v^Vc^. 29. a:*'^-2a:A. 

30. 2*-2»-2*. 32. a2«-i-a2»+i. 

31. y^f^^^'y^P^^, 33. a;P+«'a:^«~l'x^~P, 

34 ;p3m-n./p2n+l.^firf2 ^ /p2m+n-^^ 

175. A radical is a root of a quantity indicated by the 
use of the radical sign; as Vx, V27. 

The radicand is the quantity under the radical sign. 
In treating radicals, we deal only with principal roots (see 
Art. 165, p. 273), unless the contrary is stated. 

176. Sards. An indicated root which may be exactly ex- 
tracted is said to be rational; as V27, since the cube root of 
27 is 3. 

A surd is an indicated root which cannot be exactly ex- 
tracted; as V3, ^. 
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177. The Coefficient of a radical is the number prefixed to 
the radical proper, to show how many times the radical is 
taken. 

Thus, the coefficient of sVs is 5; of 6aV^ is 6a. 

178. Entire Snrds. If a surd has unity for its coefficient, 
it is said to be entire. 

179. The Degree of a radical is the number of the indicated 
root. 

Thus, a/x is a radical of the third degree. 

180. Similar Radicals are those which have the same 
quantity under the radical sign and the same index. (The 
coefficients and signs of the radicals may be unlike. Hence, 
similar radicals must be alike in two respects, and may be 
imUke in two other respects.) 

Thus, 5 Vs, — 4 Vs are similar radicals. 

18L Fimdamental Principle. Since a radical and a 

quantity affected by a fractional exponent differ only in 

form, in investigating the properties of radicals we may use 

the properties obtained for fractional exponents.^ 

Thus, since 

1 11 
(oft)" = a«6» 

Transformations OF Radicals 
182. Simplification of a Quantity under the Eadical Sign. 
Ex. 1. Simplify V^56. 

^ = v'8~xT = 2'^7 Ans. (Art. 181), 
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Ex, 2. Simplify 5\/l8^W. 

6Vl8aW^= 6V9a26Vx2ac- 15aW\/2ac 4n«. 

Hence, in general. 

Separate the quantity under the radical sign into two faxiorSy 
one of which is the greatest perfect power of the same degree as 
the radical; 

Extract the required root of this factor, and multiply the coeffi^ 
dent of the radical by the result; 

The other factor remains under the radical sign. 

183. A Fraction under the Eadical Sign. To simplify when 
the quantity under the radical sign is a fraction, 

Multiply both numerator and denominator of the fraction by 
such a quantity as will make the denominator a perfect power 
of the same degree as the radical; 

Proceed as in Art. 182 

Ex. 1. Simplify ^^. 

Ex. 2. Simplify i/^. 
18b 

'^ 186 ^ 186 ^ 26 " »^ 3662 



y -^ X lOab = ^VlOab Ans. 



3662 ^ ^^^ - 65 

In studying radicals in examples involving letters, the work may 
often be checked by the substitution of numerical values. 

184. Meaning of Simplification. By simplification radicals 
are reduced to their prime form, so that it is made easier to 
determine, for instance, whether a number of given radicals 
are similar or not. 
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Thus, it is difficult to determine whether 7^18 and — SV^ are 
similar, but when the given radicals are put in the form 21 V2 and 
— 30V'2, it is easy to see that they are similar. 

Again, the radicals (o - 1) 4/?L±i and (a + 1) j/" ~ ^, 

' a — I 'o + l 

although unlike in' their present form, may be reduce d not only to 

similar radicab, but to the same expression, Vo' — !• 

The pupil should show this reduction for himself. 

Hence, a radical in its simplest form is one whose radicand 
is integral and contains no factor which is a power of the 
same degree with the radical. 



Express in the 

1. Vu. 

2. V27. 

3. -V§0. 

4. -SV28. 

5. fV^. 

6. |V60. 

7. ^. 

8. ^. 

9. 'V^U. 

Simplify: J' 

26. V|. , 

27. 2V|. 

28. 3Vf. 

29. V33i. 
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simplest form: 

10. ^\^. 

11. -^Vm. 

12. V^. 

13. V'128a»r'. 

14. v^250^. 

15. V99a. 



16. 2V4^. 



IV. oVSaV. 



18. V200o^. 

30. A^ 
./63o 

V32^- 



31 



32. 4\ 



19. yii^y. 



20. -2V'63xV°- 

21. v'-81aV. 



22. Va^x-y)*. 



23. V49«'(o + 1)*. 



24. 10' 



^ 



12a»<J*» 



25 



25a:* 



9o* 



"■ J# •' 



3a 

6 ^ 27a* 
35. 3vl. 



34. 
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36. 5a\^. 39. f 1?^. 



'^ a;" ' 5ary 

fi.V 7a^ „ „t»/64? 43. aV ^ . 



44. 



46. Given Vs = 1.73205 +, find in the shortest way the 
value of \/i2. Ot V27. V75. V243. 

47. Using V5 = 2.23607 +, make up and work an exam- 
ple similar to Ex. 46. 

48. Make up and work an example similar to Ex. 6. To 
Ex.23. Ex.31. 

EXERCISE 89 



Qbal 



Reduce by inspection: 




1. V8. 5. Vi. 


9- VF. 


2. v^. «• Vi- 


10. 3V|, 


3. ^o-x*. 7. y^. 


11. 2V'f. 


4. Vf . a ^. 



13. VA^ 

14. 2^4*. 



15. „ 3 



16. 



v/^ 



17. How many examples in Exercise 88 (p. 288) can you work 
at sight? 

185. I. making Entire Snrds. It is sometimes desirable 
to introduce the coeflScient of a radical under the radical 
sign. This may be done by reversing the process of Art. 182. 

Ex. 1. Express S'^ as an entire surd. 

3^ - ^¥xl - V^135 Ana. 

Ex. 2. - 2v^ = - v^ = ^"^^ Ans. 
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EXERCISE 90 

Express as entire surds: 
1. 2V3. 7. 2v^3. Zm^r2n 

2- 3V5. .3. 2mV3i;t. "' ^ ^'" 

3. G\^2. ,; — 4 /3x — V 

4. - 2V5. ^- ^'^^'- ^^- 2a:V-^- 

5. -3W 10- i^6. y^qrg 

6. -2^^32. 11. IVIO. "• 3aV-g^- 

. a + b 

'^ ^^^^a + 2y 18. (i-^)V^iri' 

19. Make up and work an example similar to Ex. 5. 

20. To Ex. 7. Ex. 16. 

21. Work again Exercise 76 (p. 249), or similar examples 
suggested by the teacher or pupils. 

22. How many of the examples in this Exercise can you 
work at sight? 

186. n. Simplification of Indices. If the exponent of 
the quantity under the radical sign and the index of the 
radical sign have a common factor, this factor may be canceled 
and the radical thereby simplified. 

'Ex.1. v^2^a* = a*=^^7W. 

Ex. 2. vl25 ^^^^ = V5 Am. ' 

EXERCISE 91 

Simplify the indices of the following: 

1. \^K 3. ^^. 5. ^^^27?. 

2. ^. 4. v^. 6. <^lQOd^. 
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8. ^8laV. 10. Vd^y^. 12. 6^. 

13. \^a'-4ab + 4^. i*. ^8(a - 2i)». 

15. Make up and work an example similar to Ex. 4. 

16. To Ex. 7. Ex. 13. 

187. m. Beduoing Badicals to the Same Index. Radicals 
of different degrees may be reduced to equivalent radicals 
of the same degree. 

Ex. 1. Reduce V2 and \^ to equivalent radicals having 
the same index. 

.^ . 5* « 5* - ^^ « ^^1 ' 
Ex. 2. Arrange in ascending order of magnitude \^, VSf 

and a/2. 

We obtain \^125, '^^, 'v^ 

hence, the ascending order of magnitude is, V^, v3, v5 Ana. 

EXERCISE 92 

Reduce to equivalent radicals of the same (lowest) degree: 

1. V7 and V^lT. 7. v^, ^, \^5. 

2. v^andv^. 8. V^,^\<^a\ 

3. v^andv^.i 9. V ^, ^ , ^c. 

4. Vj and \^. 10. "i^x + y and v^x — y. 
' 5. \J4oO and ^25. u. <^ and V^x^. 

6. Veand^^^^. 12. <^,^?,<^. 

Show which is greater: 

13. V3orV^4. , 15. 2V5ot3\^. 

14. v^orVe. 16. v^or2V2. 
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17. \^ot2^. 19. ^V7or^. 

18. V2ioT^. 20. Vfor^. 
Show which is the greatest: 

21. V3, V^,ori^^. 22. 3^^,2V6,oT2\^. 

23. Make up and work an example similar to Ex. 1. 

24. To Ex. 7. Ex. 16. 

25. How many examples in Exercise 82 (p. 267) can you 
now work at sight? 

Operations with Radicals 
I. Addition and Subtraction op Radicaia 

188. The Addition of Similar Eadicals is performed like 
the addition of similar terms, by taking the aigebraic sum cf 
the coefficients of the terms. 

The addition of dissimilar radicals can only be indicated^ 

Ex. 1. Add Vm - 2V50 + V72 - Vl8. 

1/128- 2^50+ V72- Vl8= 8\/2- 10V2H-6\/2- 3\/2 

= V2 Sum 

Ex.2. 2VI + JV60+ Vl5 + V|. 

= l\/i5 H-iVi5 + Vis H-iVi5 

= V-a/IS Sum 

Ex.3. 1^128 + 2^1-3^/81. 

= 4^ + ^-9^3 
» S'^ - 9^ Sum 

EXERCISE 93 
Collect: 

1. Vl8+V8. 3. 2V27+V7E. 

2. V50-V32. 4. V5 + V20+V^. 
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6. 4v^-2v^5i. XO. 2a4+VS. 

6. 3-^625 -4v^. IZ r^ 

7. 2vi89 - ^5^. ' a ^ » a; 
a '^ + v^-^^376. 12. ^ + J-{^i60. 
9- V|+V|. _13. |v^f-i^. 

14. 2V556 + 3V4fe-2V366. 

15. 3-v'2a + 3^^54c- V^2000c. 
.16. Vi2aP + 6 Visa - 6 VSo^. 

17. 2V^? - 3aVl66c* + 5cV9^. 

18. 6-^20+^^^2500^-26^4320. 

19. V2 + Vis - V50 + Vi62. 

20. V75 - 4V243 + 2 VlOS. 

21. 6V| - 6 V24 + 12V|. 

22. 5vf-12A/| + 6V60-30v9&. 

23. 3 V5 - lOVi + 2 VS - 5 V^. 

24. V27 - Vis + V300 - Vi62 + 6 V2 - 7V3. 

25. 2V^ - 3Vi - V| + iV45 - f V7. 

26. V2i3 + VS- V768 + 9VI + V75-3V33|. 

27. 2iVf-5V| + 6Vii-ioV3i + ^Viii. 

28. 5oVi2oP - 36v''27^ + 2 V300^ - 40a6V|o. 

29. 3Vi6 - 3 Vi2 + 2v^ - 5 V27. 

30. 3v^-2Vi8 + 5Vi + 5A4. 



31. 3Vo''x + 2o6a; + 6*3; + 2V(o - hfx. 

32. 8 Vo(a; + 2y)« - 3 Voa:* + 4aa:y + 4oy*. 
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33. How many more symbols are used in Ex. 25 as it is 
given than in your answer? 

34. Compute the value of Vi28-2V60 + V72 by ex- 
tracting the square root for each radical and combining 
results. Now obtain the value of the whole expression by 
first reducing each radical to its simplest form and then 
collecting. Compare the labor in the two processes. 

35. Make up and work an example similar to Ex. 34. 

36. Name some of the advantages in being able to reduce 
radicals to their simplest form. 

37. Compute* to three decimal places the value of 

V20 - V| + 2 V45 - V| in the shortest way. 

38. Make up and work an example similar to Ex. 13. 

39. To Ex. 17. Ex. 29. 

40. How many of the examples in this Exercise can you 
work at sight? 

II. Multiplication of Radicals 
189. Unltiplication of MonomiaLi. 
Since aVb X c^^d = ocVhVd 

we have the general rule. 

Reduce the radicals if necessary to the same index; 
Multiply the coefficients together for a new coefficient; 
Multiyly the quantities under the radical sign together for a 
new quantity under the radical sign; 
Simplify the result. 

Ex. 1. Multiply 5 Ve by 2V3. 

5^/6 X 2^3 = 10\/l8 = 30^2 Product 
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Ex.2. 5V2 X 2V^ = Sv'S X 21!!^ 
= 10^^72 Product 

190. Multiplication of Polynomials. 

Ex. Multiply 3V2 + 5V3 by 3 V2 - VS. 

3v^-|-5\/3 
3\/2- V3 
18 + 15\/6 

- 3 V6 - 15 
3 + 12y^ Product 

BXERCISE 94 

Multiply: 

1. 3 V5 by Vi5. 7. V2 by V^. 

2. 2^4 by 3^. 8. \^2a^ by \/6z. 

3. 2\/l5 by 3a/35. 9. -^ by V6. 

4. f a/28 by f V35. 10. V^ by ^V^i. 

5. Kl by f Vi|. 11. V|, VI, and_V5|. 

13. Vs - V6 + 2VIO by 2a/2. 

14. 4-^6 - 3^/3 + 3^2 by 2V'6. 

15. loVf - 5V| + 14V|| by |V^. 

16. 3 + a/2 by 2 - 2V2, 

17. 2V3 - 3^2 by 4V3 + 5V2. 

18. W + V5 by V? - Vs. 

19. Vo + V* by V'o - Vx. 
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Multiply: 

20. 4V2-3V3by3V5 + 4V3. 

21. V2+ V3- V5by V2- V3 + V5. 

22. 2V3-3V6-4A/i5by2\/3 + 3V6 + 4Vl5. 

23. 3V30 + 2V'5~3V6by2\/5 + 3V6. 

24. §V8 + V32- V48by3A/8-iA/32 + 2Vl2. ' 

25. 12Vj-4Vl + iV216by6vl-2V| + 3V6. 

26. V2x + Vx-1 by VSx. 

27. VSx + Vx + 1 by Vx + 1. 

28. Vx-1 - 3 Va+T by 2Vx + 1. 

29 - ? 4- "^y^"^ bv - ? - 'V^P^-^g 

2"^ 2 •^ 2 2 ' 

30. a — Va — x+ Va by Vo^^^+ Va. ' 

31. 3V2x - 5Vx - 1 by 3 V2x + SVa; - 1. 



-32. Va + x — Va — X by Va + a; + Va — a:. 

33. (2V2 + V3)(3V2- V3)(3V3~ V2). 

34. (2 Vx + 2 + 3a/2) (6ar - 5 V2a; + 4) (3Vx+2-2 V2). 

35. In the year 1910 the greatest mountain height climbed 
by man was 24,853 ft., which was 3441 ft. less than twice 
the height of Pike's Peak. Find the height of Pike's Peak. 

36. If 5 mi. exceed 8 kilometers by 153 ft. 4 in., how many 
yards in a kilometer? 

37. Make up and work an example similar to Ex. 4. 

38. To Ex. 9. 

39. How many examples in Exercise 84 (p. 274) can you 
now work at sight? 
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III. Division of Radicals 

19L Division of Badicals. Reversing the process for 
multiplication, we have the rule, 

7/ necessary i reduce the radicals to the same index; 

Find the quotient of the coeffixnents for a new coefficient, and 
the quotient of the quantities under the radical signs for a new 
quantity under the radical; 

Simplify the resuU, 

Ex. 1. Divide 6^8 by 3^6. 

?^ = 2V^ = 2VV = Ja/3 Qmlumt 
3V6 

Ex. 2. Divide 6^ by 2^2. 

— 7= = —67=- ^ 31/ -, ^ -- = 3V TTT = -V72 Quo«ien« 
2V2 2 V 2» ▼ 2' X 2» V 2V 2 

EXERCISE 95 

Divide: 

1. V27by Vs. a 4vlby3V|7. 

2. 4Vi2by2V^. 9. 5V|f by2V^. 

3. 8Vl25byl0Vl0. 10. 2v^ by 3a/2. 

4. 3Vi05by9Vi5. 11. V54 by ^30. 

5. c?Vc^hy2aVcFb. 12. V^by VO. 

' 6. 4Vl8 by 5 V32. 13. V^ by \!^^. 

7. VilbyVf. 14. Veibyv^. 

15. 5V36-7V20by Vs. 

16. I2V7 - 6OV5 by 4\/3. 

17. 6Vl05 + 18V40-45Vl2by3Vl5. 
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18. Divide 12v^+30^J^+42v^ by 2^J^. 

19. Divide 101?^- 4v^60 + 5^Ji^ by 3v^. 

20. Divide Va:^ — y^ by Va: — y. 

21. Make up and work an example similar to Ex. 3. 

22. To Ex. 12. Ex. 19. 

23. Work again such examples on pp. 239-240 as the teacher 
may indicate. 

192. Eationalizing a Monomial Denominator. If the de- 
nominator of a fraction is a surd, in order to make the 
denominator rational, 

Multiply both numerator and denominator by such a number 
as will make the denominator rational. 

^- 4^2 ^2 n ^8 2^*^"*- 

One object in rationalizing the denominator of a fraction 

is to diminish the labor of finding the approximate value of 

the fraction. 

5 
Ttus, if we find the approximate numerical value of —7= 

directly, we must find the square root of 2, and divide 5 by 
the decimal which we obtain. On the other hand, if we find 
the value of the equivalent expression, f V2, we extract the 
square rqot of 2, multiply by 5, and divide by 2. In the latter 
process we therefore avoid the tedious long division, and di- 
minish the labor of the process by nearly one half. 

193. Rationalizing a Binomial or Trinomial Benominator. 
If the denominator of a fraction is a binomial containing 
radicals of the second degree only, since 

{Va + Vb) ( Va - Vfe) = a - 6 



r> 
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MvUiply both numerator and denominator by the denominof 
tor, with one of its signs changed; 
For a triruymial denominator repeat the process. 

^ J 2a/5 + 4V3 _ 2 V5 + 4^3 3 VS + V3 
WI-V3 3V5-V3 3V5+A/3 

^ 42 4- 14V15 _ 42 + uVT5 _ 3 + Vl5 ^^ 
45-3 42 3 

Ex2 4 _ - 4 x ^ + ^-yi 

1 + V3 + V2 1 + VS + V2 1 + V3 - V2 

= ?(^#^xi^ = 2 + V2-V6^n,. 
1 + V3 1-V3 



EXERCISE 9e 

Reduce to equivalent fractions having rational denomi- 
nators: 

1 i. 4 1-^ 7 ^-1 

' V2* . ■ V6 ' ■ 3V^2 * 

V5 , 2+V5 _ 2^-3^4' 

— • 5. — _• 8. --= 

2V3 2V7 Sv^e 

2 g 3A/2-V3 g 3- V2 

3V5' ' 2a/6 * ' 3 + V^' 



2. 



3. 



10. 5 + V^ . 13 2A/l5 + 3ViO . 

' 2- VS ' 4V3 4-3v^ * 

„ 3V3-2V'2 ■ , 3v^-4Vfe 



2V3 + 3V5 2V^ - 3-\/6 

3V6 - 2V3 ^ Vx + l+S 

4V6-3V3 ' Va; + 1+ 2 * 
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2a/6- 


-ZV2-V^ 


2V6 + 3V2 + V42 
V'ar' - 1 - Vr' + 1 



,- 2V2a - 1 + 3 Vo „ 

3V20 - 1 + 2 Vo 

17. 2 + ^-A ao 

2 - Ve + V2 V?^ + V?Ti 

^g VS- V6 + I ^ Vo+ Vfr- Va + 6 

Ve+VS + l ' Va-Vb + Va + b 

Find the approximate numerical value of 

22. 4. 25. -L=. 2a ^-A 

V2 V300 V2 + V3 

23. 2^^. 26. 3^^. 29. SVLli. 
3V2 5V5 V7 + 2 

V7 2 - V3 4V5 - 5 

31. Make up and work an example sinular to Ex. 2. 

32. To Ex. 14. Ex. 23. Ex. 29. 

IV. Involution and Evolution op Radicai^ 

194. The process of raising a radical to^a power, or of 
extracting a required root of a radical, is usually performed 
most readily by the use of fractional exponents. In this 
work it is to be remembered that (a*")** = a'"'* when m and 
n are fractions. 

Ex. 1. Find the square of SVx. 

(3 v^)2 = (3a;*)« = 9a;* = 9\^^ An8. 
Ex. 2. Extract the square root of 4a Va^6*. 
(4a Vo^^)* = (4a • a*6*)* = 4*aV6* 

= 2aV « 2 v'o^ « 2a6 v^ Ana. 
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Ex. 3. Extract the cube root of Vo^. 

This process is performed to the best advantage by extract- 
ing the cube root of a^6' as it stands under the radical sign; 
thus, 

VV^ = Va?&» = a6V6 Ana. 



EXERCISE 97 
Perform the operations indicated: 

2. (V^)«. 6. (^)16. 

3. (V^«. 7. (^J^)». 

4. (V^)3. 



9. (^^^)«. 



10. ('64aV8a?. 

i6 



u 



(<^^arV«)« 



12. \/W^^/Q^. 



8. (VW)«. 

13. Show how the computation of (\/2)^® may be short- 
ened by the use of {V2f = 2, and also of the fact that 
25 = 32, 

14. Compute the value of each of the following in the 
shortest way: (V2)», ^V3)«, (V3)S (V2)^ {V2y\ 
(-V3)^ (-a/3)S (^3)2«. 

Expand: 

15. (\/3+V2)4. 16. (V3-V5)«. 17. (2V3-|V2)«. 

18. Make up and work an example similar to Ex. 14. 

19. To Ex. 15. 

20. Practice oral work with small fractions as in Exercise 
68 (p. 190). 
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V. Solution of Equations Containing* Radicals 
195. Simple Equations containing Radicals. 



Ex. 1. Solve A/ar2 + 7 - 1 = x. 

Transpose terms so that the radical shall be alone on one side of 
the equation. 

Squaring, x^-\-7 -=^ x^ -\-2x +1 

,'.2x^6 

a; = 3 Root 

Check. ^x^ -\-1 = V9+7 « 4 

a; -hi =3-1-1 =4 

Observe that only the principal value of a radical is used in 
checking a result, as in the other processes in this chapter. 

Ex. 2. Solve Va:-f-3 -f Vi = 5. 

Transpose terms so that one radical shall be alone on one side 
of the equation. 

VxTs =5 - V^ 
Squaring, a; -h 3 = 25 - \^\/x + x 

. • . 10V^_ - 22 
Wx = 11 
Squaring, 25a; « 121 

X = Wfioo« 



Check. /^ + 3+>(/f = 5 



Here also only the principal value of each radical is used. 

In general. 

Transpose the terms of the given equation so that a single 
radical shall form one member of the equation; 

Raise both members of the equation to the power indicated by 
the index of this radical; 

Repeat the process if necessary. 
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196. Fractional Equations containing Badicab. 

Ex.1. V^ - Vg - 8 = ,^ - 

Va:-8 

Multiply by ^x -8, V^"^^85 --_xJ-8 = 2 

.' . Vx* — 8x «a; — 6 

X* - 8x = X* - 12a; + 36 
4x =36 
X = 9 /2oo< 

Ex.2. ^=^^-^ 
Vi - 2 3 Vx - 13 

Clearing of fractions, 3x - 4Vx^ - 39 =. 3x - 11 V^ + 10 

7\/J = 49 
Vx =7 
X = 49 /2oo« 

EXERCISE 98 

Solve the following equations: 

1. 3 - Va; + 1 = 0. 7. 2V3a:~5-3V'^=0. 

2. 5-V5i = 3. 8. 3A/i-l = A/i^+l. 

3. 1 - V3x-5 = 0. 9. Va;+16-8+Vx=0. 

4. l = v^-L 10. Va;-15-15+Vx=0. 

5. v^2a:-l + 1=4. ii. | + VS = V-^^^- + x. 

6. a;-l-V^T3'=0. 12. |—V5J-V2a:+f=0. 

13. V5+ Vx + 8 - 8 = 0. 

." 14. V4a: + 3 = 2Va; - 1 + 1. 

15. 2y/x - V4X-22 = V2. 



16. V9x + 35 = 7V5 - 3 Vx. 

17. y 13 + v/7 + ^3 + v^ = 4. 

18. VVi + 3-VVi-3- V2v^ = 0. 
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19. V25«--29-V4a;-ll-3Va=0. 

20. Vx + V4a + a: - 2 Vfe + « = 0. 

21. V3 + aj+ V« = 



V3 + X 

+ 2a: 
23. 3V2a:+l-3V2a;-3.= 



^- ^^+^= w+m+^- 



V2a;-3 
^ V^-S Vx + 1 

2v« '^ ^ • 

Vx + 3 Vx-2 

„ 6Vx-7 ^ 7 Vg-26 

25. — — 5 == — := • 

Vx - 1 7Vx - 21 

ae. ^^^+^+^ = a. 

^/z + a— Vx 

• ^„ "s/ax + 6 + Vai ^ . 1 
27. . 7= = 1 -h 7* 

"s/ax + b- ^ax ^ 

x-a Vx- Va . o./r 
WX+ va ^ 
29. VtoT2-3V^ _^ 
V9a: + 2 + 3 Vg 

31. y^ + V^^'-TVo^ + a:^ = Va, 

a + 3 a-3 ^ 2a 
^^' Vi + 2 "" Vi-2 a? - 4' 

33. |/^-|/^-l = l. 
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35. V?+4x+l2 + V^^^l27^^^ = 8. 

36. V9?+aT5 - V9x^ + 7x + 6 -1=0. 

37. The square root of a certain number plus the square 
root of the sum of the nimiber and 7 equals 7. Find the 
number. 

38. State Ex. 1. above as a problem concerning one un- 
known nmnber. Similarly state Ex. 4. Ex. 19. 

39. Practice oral work with fractions as in Exercise 58 
(p. 190). 

197. Extraneous Boots in Badioal Equations. It may 
readily be shown that squaring each of the two members of an 
equation does not necessarily prodiLce an equivalent equation. 

Ex. 5 + VS = 2 

Hence, ^ a/* = - 3 

X =9 

Checking, 5 -H Vd = 2, or 8 =2. But this is impossible; hence, 
9 is not a root of the given equation. __ 

Note that if the sign of the radical Vi is changed in the original 
equation, by solving the equation thus formed the result a: » 9 Is 
obtained; this answer can be proved. 

EXERCISE 99 

Solve the following equations and check each result. In 
each case where the root is impossible, change the original 
equation so as to make tke result obtained a root. 

1. i - V^ = 3. 3. 3 + V2x = 5. 

2. 4 - Vx + 1 = 5. 4. Vo: + 7 = 2 - Va: - 5. 

5. V7x + 18 = VTx+I + 1. 

6. V4a; + 9 + Vi = Vx + 5. 



V. Vx + 9 - Vx + 2 - V4x - 27 = 0. 
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8. Vi - Vx + 8 = 8. 

9. Va: + 8- 8 + ^ = 0. 

10. Practice the oral simplification of radicals as in Exer- 
cise 89 (p. 289). 

EXERCISE 100 

Review of Radicals 
Collect: 

1. |\/i5 - 3oVi + |\/2o - eV^ + V500. 

2. 4\/l47 - 3V75 - Wi + 18a/?^ - 24a/S. 

2a,/456^_m6 /^ 14x /5a^_55 /X 
• 36V 16a* a^ V 56» "*"a26 V 49x 2aV 20x* 
Multiply: 

4. 2 + V3 - v^ by 2 + V3 + a/5. 

5. ^/a + \/a H- x — \/x by Va — V^ +x — Vx. 

6. i Vl by 3^^^. Also 2^^|| by J V^. 
Divide: 

7. 6>v/r2+3V8-6A/30+4\/l5by2V6. 

8. x* - X + 1 by X + \/x — 1. 
Rationalize the denominator of 

^ 2\/3-3V^ ^^ 2^/15+8 . 8a/3-6\/5 

3 - 2VQ ' 5 +, \/T5 ' 5^3 - 3\/5* 

Find the numerical value of each of the following in the shortest 
way: 

11. J-. 12. 2\/5 - 3 V2 
\/3 * 3V5-4\/2* 

Which is the greater* 

13. 3\/3or2A/7? 15. 2^6ior3'^5? 

14. VSorv^? .16. ^orv^? ' 
Solve: 

17. 3+JV^=iVI 18. vV^=V7-.l. 
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Simplify: ' 



Vl -x+- 



Iv^.-v^l'. 



20. y ^ » 21 

Solve: 



23. 2 + V« + 3 = VaJ - 2 + 3. 

24. ^ - Vx - Vx - 4 = 0. 

Va;-4 

Vi+4 \/x+2 



25. 



2Vx - 1 2^/0; - 3 

Find the value of each of the following in the shortest way: 

27. ( Vo + x) ( Vfl + x) (Va - a;) ( Va - a;). 

28. (2V^ - Vy) {2Vx - a/^) (2V^ + Vy) (2V^ + Vy). 

29. Simplify (x + Vf^ ^) (x - Vi ^^) . ' 



x* 



30. Show that ; 1 reduces to y. 



31. Show that ^ V ax x ygj^^gg ^ c^ — , 

"^^ "" ^ (2ax--a:»)* 

—x — ja—x) 

32. Show that ^ reduces to ^ • 

t^jJ a—x 2xvax— X* 
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33. Find the value of each of the following: 6 - ^"^J^^ , 

5 

1^2 .^ _L _t_ J_ 5 5/ 7 - V3 \ 1 

34. Find the value of :; when a = 2 and r = ^/2 + 1. Also 

1 - r 

when a = I and r » \/2 - 2. 

35. Sunplify 2v^ + ^50 - 6VT + '^ - 2\^ - 2^^^ 

36. Sunplify __X?. ^Iso JSfl ^3. 

V3 - 1 V3 - 1 

37. Find the value of the following to three decimal places by 
extracting only one square root: 

V28 + 3vT - V? + 2^/63. 

3& Make up and work an example similar to Ex. 37. 

39. Does V9 X 16 equal 3x4? Does \/9 + 16 equal 3+4? 

40. Does Vo* + ^ equal Vo* + V^? Can you prove your 
statement by an algebraic method? Does Va*6* equal Va^V^? 

41. By use of radicals factor x* — 2. x^ — 5. a? — 2. a? — 5. 

x» + 2x - 2. 

42. Simplify ?^^:^. Also ^' " ^ - 



x^-2 X - V5 

43. Solve - + K^ 5, - - o-^ - 6. 

a; 2x - y x 2x —y 

44. In transposing a term in an equation, why do we change the 
agn of the term? 

45. Solve ZVx + 5Vy = 11. 

Wx - sVy = 9. 

46. Simplify ^-^. 

^ -" ab -¥ Va-b 

47. Having given \^ - 1.732 +, find the value of Vi03 to three 
decimal places in the shortest way. Also V27. 'v/i27. 

48. Factor x* + a' by the use of radicals (see Art. 101). 
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49. In like maimer factor x* + 1. x* + a*. 

50. How is the product of two monomial radicals obtained, if 
the radicals are of different orders? Give an example. 

51. Show which is greater, 2^3 or 3\^. 

52. Show that 3V3V2 equals 3^18. 

53. Simplify 3^^^ + 2\^ - 4^4^ + xyi/^rk* 

f x*2r 

54. Also 4 vis -h 2 Vi - V^ -h Vi2J. 

55. If X = L±-^, find the value of a:» -f 3a; + 2. 

56. Find the value of Va6 • "^W • "Vc^. 

57. Multiply ^ + 2-^2 by VJ. 

58. Collect as many instances as you can of men who have ex- 
celled in the study of mathematics and who have become distin- 
guished as statesmen. 

59. Distinguished as generals in war. As scientists. As writers. 

EXERCISE 101 

Oral 
Reduce to~simplest form: 

1. a/I, JL, ^, i/2, J_, J_, i/l i^/i^. 
^ 3' V3 3' y/l' ^a ^ a ^ b' ^ 16 

V2-1 V3 + V2'2V2H-3* 
a J + -^,2^/3 + '^, ^ + v^25,2 - -^4. 

4. a/18 + V6, (V3+\/2)(V3— v/2), V4 + VS X V4 - VS. 

5. (v^)«, (v^)», (V2)', (V^)" (V3)". 

6. Which is greater, v^ or 'Vll Vi or ^3? 



7. Solve Vx + 1 - 3. 

8. Give the product of Vx+y + 's/x-y and Vx+y-V^-y. 
Of S-v/S and 5v^. Of 3^2 and 4 v^. 
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9. Expand (V^- V2)*. Also (Vx + V^+x)*. 

10. Simplify: 2a4, SVJ, SVJ, sVi, VI, 2^1- 

11. Factor V-+^. 1 + -+",. ^+2+4 <^-hr 

X* a:!/ 2/* a; x* y* x* 27 

12. What is meant by the root of an equation? The solution of 
an equation? 

13. In adding fractions we retain the common denominator, but 
in clearing an equation of fractions we drop the conunon denomi- 
nator. Why this difference? 

14. In what respect is "^ a simpler expression than ^^? 

At sight give the value of x in 

15. 3+\/x=4. 18. a-k-^^c. 21. VSx-Oi 

17. VJT^=6. 20. i/?«6. 23. i/^ = 5- 



CHAPTER XVI 

QUADRATIC EQUATIONS OF ONE UNKNOWN 
QUANTITY 

198. Heed and Utility of Equations of the Second Degree. 

Ex. One basketball team has won 5 games out of 17 played, 
and another team has won 6 games out of 12 played. How 
many straight (i. e. consecutive) games must the first team 
win from the second in order that their averages of games 
won may be equal? 

Let X = the required number of games. 

Then ^+^- 6 



17 + a; 12 + X 

Simplifying this equation we obtain, 

a;* -h llx = 42 

Hence, in order to find the value of x, it will be necessary to solve 
an equation of the second degree. 

Why do we now proceed to make definitions and rules? 

199. A quadratic equation of one unknown quantity is 
an equation containing the second power of the unknown 
quantity, but no higher power. 

A pure quadratic equation is one in which the second 
power of the unknown quantity occurs, but not the first 
power. 

Ex. 57? -12 = 0. 

A pure quadratic equation is sometimes termed an incomplete 
quadratic equation. 
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An affected (or complete) quadratic eqttation is one in 
which both the first and second powers of the unknown 
quantity occur. 

Ex, 3a:2-7x + 12 =0. 

Pure Quadratic Equations 

200. Solution of Pure Quadratics. Since only the second 
power, Q?y of the unknown quantity occurs in a pure quadratic 
equation, in solving such an equation, we 

Rediice the given equaiion to the form o? = c; 

Extract the sqtmre root of both members. 

^ ' ^ , a? -12 a? -4: 

Ex. 1. Solve = 

3 4 

Clearing of fractions, 4x' — 48 = 3x' — 12 

Hence, x^ = 36 

Extracting the square root of each member, 

a; = + 6, or - 6. 

That is, since the square of + 6 is 36, and also the square of — 6 is 
36, X has two values, either of which satisfies the original equation. 
These two values of x are best written together. Thus, 

X » ^ 6 Roots 



Check. For x = 6 
a;«-12 ^ 36 - 12 ^ 24 ^^ 
3 3 3 

a;« - 4 36-4 32 « 

Ex. 2. Solve 



Check. For x = — 6 
x^ - 12 36 - 12 



3 3 

a:« - 4 36-4 



= 8 



3? — b a? — a 

ax^ - 6x2 ^ flj2 _ 52 
x« = a + 6 



x = ± Va +b Roots 
Let the pupil check the work. 
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EZBKCISK 102 

Solve: 

1. 5a:« = 80. S 1_ = 1, 

a. Sx'-5 = a* + 3. ' ^ So? 12 

3. la?-l = i-3a?. 5 _J ^ = 3|. 

4. l-^3? = x'-^. 2x-l 2a: + 1 

5a^ ff 10. cue* + a* = 5a* — 3aa:*. 

■T""^ 11. ax' + c = b. 

\ a?-5 l-x* , a; + 2a,a:-2a 26 

6. = •* • 12. = — • 

7 5 - x-2a x + 2a 5 

7. -— j 1 — = 3. 13. 1 1-1=0. 

11 6 x—c Sx 

14. {ax + by + (oo; - 6)^ = lOft^. 

15. {x + a) (« - 6) + (x - a) (a: + 6) = 2{a^ + V +ab). 

16. 3(2x - 5) (x + 1) - 2(3a: + 2) (2x - 3) = x - 9. 

28 2 

17. If a:* = , find the value of x when v — — • 

l+3t^' 7 

18. The square of a certain number increased by 9 equals 
twice the square of the same number diminished by 27. 
JFind the number. 

19. State Ex. 1 as a problem concerning a nimiber. 

20. Also Ex. 2. 21. Also Ex. 3. 

22. The product of a number by one third of itself equals 
12. Find the number. 

23. A certain field contains 256 sq. rd. and the field is four 
times as long as it is wide. Find the dimensions of the field. 

24. A certain field is four times as long as it is wide. If 
each of its sides is increased by one half, its area is increased 
180 sq. rd. Find the dimensions of the field. 
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25. A certain field is three times as long as it is wide. If 
each of its sides is increased by 20%, its area is increased by 
13,200 sq. yd. Find the dimensions of the field. 

26. Make up and work an example similar to Ex. 2. 
To Ex. 14. Ex. 18. Ex. 23. 

27. Practice oral work with fractions as in Exercise 58 
(p. 190). 

Affected Quadbatic Equations 

2QL Completing the Square. An affected quadratic 
equation may in every instance be reduced to the form 
3? + j>x = q 

An equation in this form may then be solved by a process 
called completing the square. This process consists .in adding 
to both members of the equation such a number as will make 
the left-hand member a perfect square. The use of familiar 
elementary processes then gives the values of x. 

Thus, to solve a;' + 6a; = 16 

take half the coefficient of x (that is, 3), square it, and add the 

result (that is, 9) to both members of the original equation. We 

obtain 

x* + 6a; + 9 = 25 

or, (a; + 3)2 = 5» 

Extract the square root of both members, 

a;+3 = ±5 
Hence, x ^ — 3 db 5 

That is, a;=-3+5=2 1^- 

Also, a;=-3-5=.-8) ^^^^ 

Hence we have the general rule: 

By clearing the given equation of fractions and parentheses, 
transposing terms, and dividing by the coefficient of ix?, reduce 
the given equation to the form as^ + px = q; 
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Add the square of half the coefficient of nc to each member of 
the equation; 

Extract the square root of each member; 

Solve the resvltiug simple equaiions. 

Before clearing an equation of fractions, it is important to 
reduce each fraction to its simplest form. 

Ex. 1. Solve 6ar^ - 14a: = 12. 

Dividing by 6, a:* - Ja; = 2 

Completing the square, x* - Ja; + (J)^ « 2 + f| = ^ 
Extracting the square root, % — i ^ ^ ^i- 

a; = 3, or — f Roots 
Check. For x =» — § 
6»« - 14a; - 6 X J + 14 X f 
= i+¥-12 



Check. For a: = 3 
6x« - 14a; = 6 X 9 - 14 X 3 
= 54 - 42 = 12 



Ex. 2. Solve 3a:2 = 2(1 + 2a;). 

Clearing, 3a;2=2+4a;^ 

Transposing, 3a;2 - 4a; = 2 

Hence, x^ - fa; = § 

x^-ix + i^y^^ 



l^/^^^-y^ Roots 



3 r 9"= 3" 

Let the pupil supply the check. 

2a: -2 

Ex. 3. Solve = 3. 

a:2-l 

2a; — 2 
If we fail to reduce the fraction ^ _ .. to its simplest form before 

clearing the equation of fractions, we obtain 

2x - 2 = 3a;2 - 3 
3a;2 - 2a; - 1 = 
Whence, a: = —i, 1 



316 
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Check. 
2g-2 _ 



For X = - 1 



Check. For a; = 1 
2a; -2 2 -2 ^0 
«« - 1 " 1 - 1 



t-1 

Hence, x » 1 is not a root. 

The root x = 1 was introduced (see Art. 129) by a failure to 
reduce the given fraction to its simplest fonn. 
Let the pupil give the correct solution of Ex. 3* 
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Solve: 

1. a:* + 10ir = 24. 

2. x2-&c-20 = 0. 

3. x^ — 5x = 6. 

4. x2 + 11a; + 24 = 0. 

5. S3? + ^X==7. 

6. 522 _ 6a; = 8. 

7. 2ar^-5x = 7. 

8. 322 + 7a. ==26. 

9. 2a: + 3fa:2 = 4^ 

10. i5=^23?-Sx. 

11. 3ar^ = ^a: + 2f. 



12. 



13. 



1 = ^ + a?. 

2 6 ^ 

x-1 . 2 



2-1 2 



14. 



15. 



16. 



17. 



18. 



19. 



20. 



21. 



32 + 5 ^g 22-5 

2 + 4 2-2 ' 

22-1 2+1 ^ _1 

2 + 3 22-3 2 

2 = 4 • 



5-x 



6-a; 

^^ 

x + 2 
2a; + l 
«-l 

2 
3x-l 
3x+l 
5x + 4' 

-12. 



f a: = 



15 

= — • 

4 

_ = 1 
2 3' 

a;-l 



3a; 



2x-5 
a; + 3 
4a; + 5" 



= 0. 



22. i(a; + l)-|(2x-l) = 
x-3,3x-l , l-x,3 + 2aj 

23. — ;; 1 =1 1 T • 



24. 



2x 
2a:-l 



3x-4 



x + 1 x-1 



= 1- 



4x 
4x-14 
1-x* ' 
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^*' 3a: -2 "^4-90:2 2 + 3a? ' 

2a? -1 l-3a?a?--7 ^. 
^' x+1 x + 2 a?-l 

27. a?2 + 2a? = 1. 29. 2a?2 + 5a? = - 4. 

28. 3a?2 - 5x = - 1. 30. 9a;2 _ 6a? + 5 = 0. 

31. 3a?(a?+l)-(a?-2)(a?+3)=2+(l-a?)2. 

32 g^ + a?~l ■ a?^~a?~l _^ 

'a?2 + a?+l'^a?2-a? + l / 

'33.^ = 3 + ^. 

1 — X 1 — X 

-. . 2a;-8 „ 3a: - 7 

X+2 x+2 
7x-m , 2 1 

36. =5 • 

4(a; + 5)(«-8)^(a: + 4)(a: + 5) x + 4 

. 3a? — 3 

37. Take the equation ^ ^ — 5 = and, by separat- 
ing the fraction into two parts, form an equation which 
contains an extraneous root, the appearance of the equation 
giving no indication of this fact. 

38. Make up and work an example similar to Ex. 37. 

39. The square of a certain number increased by 4 times 
the number equals 45. Find the number. 

40. State Ex. 1 as a problem concerning numbers. Ex. 7. 

41. Find two consecutive numbers such that the siun of 
their squares is 41. 

42. Practice the oral solution of equations as in Exercise 
64 (p. 209). 
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202. Literal dnadratic Equations are solved by the 
methods employed in solving quadratic equations with 
numerical coefficients. 

Ex.1. Solve |-^ = ^(x + a). 



Clearing, Zx^ - ax 


-ax 


+ a« 




Hence, 3x* - 2ax 


-o» 






--1- 


3 






^^ -().©■ 


4a* 
9 






X = 


•o. - 


-iRoaU 




Let the pupil check the work. 








Ex. 2. Solve (a - h)h? - 


(o*- 


~W)X '= 


-a6. 


^ « + &« _ ob 








a — 6 (a — 


by 




-o^mr- 




1-6/ 


4a6 


4(o - 6)» 


0+6 
*"2(a-6)" 


B Si= - 

4 


0-6 
J(a-6) 




X = 


a 
a - 


^' H" 


!.6««'fe 


Let the pupil check the work. 









EXEBCISS KM 

Solve: 

1. ar* + 4aa; = 120*. 7. 2aV + ax = 3. 

2. a:* + 46a; = 216*. 8. 7c2a:2-10aca:+3a«=0. 

3. a^ + 3ca;-10c* = 0.: ,_^5x_6 

4. a;2 = 6a«6« - 5a6a;. '^7"^' 

5. 6a:*=1262 + 6a;. ^4. ^ = 3^ 
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U. a? — (a + l)a: = — a. 16. aa? — a^x -{-x- a. 

12. 2aV + a6a; = 1562. 17. a; ^ + 6 ^ a ^ 

a — X X a—x 

13. x^ + 2x-3ax = ^. 

14. 3aV+a(36-5)a:=56. . "' ^ " i"- ^ = ^• 

15. a6ar^+(a2+62)a;+a6=0. 19. ^x" - 1) = 6(4a; - &)• 

20. (a + fe)a:2_(^_t)3.__^^0. 

a + o 

o: c a + 6 

23. a(3? - 62) + fe(ar^ -b^ + c) + car = 0. 

24. (a + c)3i^ - (2a + c)x + a = 0. 

g + l _ g+l 26. aa:2 + 6a: + c = 0. 

a:* ~ a^ ' 27. 2? + px + q = 0. 

28. Show that the sum of the roots obtained in Ex. 27 
equals —p. Also that the product of these root* equals q. 

29. How many examples in Exercise 45 (p. 155) can you 
now work at sight? 

203. The Factorial Method of solving equations was ex- 
plained in Art. 104. Sometimes this method must be supple- 
mented by the method of completing the square. 

Ex. 1. Solve a:^ + 1 = 0. 

Factoring, (x + 1) (z^ -x + 1) - 

x + 1 =0, gives x = — 1 Root 
Also, x* - a; + 1 = 

Whence,^ x* - x = - 1 

X ^i *Ja/^ Roots 
Let the pupil check the work. 



/ 
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The factorial method of solution is especially helpful m 
solving certain literal quadratic equations. 

Ex. 2. Solve {a-b)x^-(a^-'b^)x + ab = Ohythe factorial 
method. 

We obtain [(a - b)x - a] [(a - 6)x - 6] = 

Hence, x = — ^, =- Roots 

a —b a—b 

Let the pupil check the work. 

This example is the same as Ex. 2 solved on p. 318. On compar- 
ing the solutions, we observe that at least three fourths of the labor 
of solution is saved by use of the factorial method. 
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Solve: 

1. a:2_|_g3.^7^0. 10. aJ*-a?*-a; + l = 0. 

2. 2?-5x=-8i. 11. {2x-i){Qx^'-x-2) = 0. 

3. 6x^ + 7x = 90. 12. 3(ar^ - 1) - 2(x + 1) = 0. 

4. 3^2 _ lox + 3 = 0. 13. 5(a^ - 4) = Six - 2). 

5. 24a:2 = 2a; + 15. 14. 7{3i^~16)-5Sx(3?-i)=0. 

6. 3aV + lOax == 8. 15. 3x{x^-l) + 2(x - 1) =0. 

7. a:* = 16. 16. a:» - 27 = 13a; - 39. 

8. 0?-= 8. 17. 2af^ + 2x^ = x + l. 

9. i*-5a;2+4^0. la. 2j^ + 63:? ^ 3x^ + 8x'-i. 

19. Find the six roots of a;^— 1 = 0. 

20. Find all the values of '^. 

21. Find all the values of v^8. 

22. Obtain a complete solution of the equation a;' = 8. 

23. Solve Q? + (a + b)x + afe = by the method of 
Art. 201. 

Solve the same equation by the factorial method. 
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About how much shorter is the latter method than the 
former? 

Solve by the factorial method: 

24. 3!? + cx + dx + cd = 0. 

25. abcx^ - (a^h^ + (?)x+abc^O. 

26. -^_ + ?Lt^ = _^. 
a — x X a — X 

27. a?''2bx + b^ + x-b = 0.^^ 

28. a{b - c)3i^ + b{c - a)x + c{a - 6) =0. 

29. (4a2-962)(x2 + i) =2a;(4a2 + 962). 

30. ^-^ + ^ + g^ = 2. 

a + b + x x + b 



31. 



a + 46 _ o~46 ^ 46^ 
a; + 26 a: - 26 a " 



32. -?^-Cl+lV + l + l = o 
+ 6 \ abj a b 

Form the equations whose roots are 

33. 2,3. 35. -2,3. 37. 2,3,4. 

34. -2,-3. 36. 0,2. 38. \/2, -a/2, 0. 

39. Solve (a + bYa? - (a^ - 62)a: - a6 = by the method 
of completing the square (Art. 201). Now solve it by the 
factorial method. Compare the work in the two processes. 
Why do we not solve all quadratic equations by use of the 
factorial method? 

40. Find all the roots in the solution ot a? = 16a:. 

How might one of these roots be lost by careless use of 
Ax. 4 (p. 95)? 

41. Work again Exs. 62-68 of Exercise 75 (p. 246). 

42. How many of the examples in Exercise 105 can you 
work at sight 
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Equations in the Quadratic Form 

201 Simple Unknown Quantity. An equation contain- 
ing only two powers of the unknown quantity, the index 
of one power being twice the index of the other power, 
is an equation of the quadratic form. It may be 
solved by the methods ab^ady given for afiPected quadratic 
equations. 

Ex. 1. Solve a:* - 5ar^ = - 4. 

Adding (|)* to both members will make the left-hand member a 
perfect square. Thus, 

Hence, «• -^ | = =*= i 

a;* = 4, or 1 

X ^ =*= 2, =*: 1 Roots 

Let the pupil check the work. 

This equation might also have been solved by the fac- 
torial method. 

Ex. 2. Solve 3a:* - 8a:i = - 4. 



Dividing by 3, 


xi-fxK 


= -l 


Whence, x* - 


-()+(*)' = 


•¥-* 




x^ -i- 


= *.! 




:r* = 


'2,1 




X = 


' 8, ^r Roots 


Let the pupil check the work. 





205. Compound Unknown duantity. A polynomial may 
be used in place of a single quantity as an unknown quantity. 

Ex. 1. Solve 2Vx + 12 + 3 V^a: + 12 = 14. 
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This equation may be written, 2(x + 12)* + 3(x + 12)* = 14 



Let 

Hence^ substituting^ 

Whence, 



(x. + 12)* - y; then (x + 12)* « y« 
2y«+3y-14 

y«2, or -i ■ 



. • . V^x + 12 =2 
a; + 12 = 16 

x == 4 l^ooi 
Let the pupil check the work. 



V'x + 12 - - J 
» + 12 - 4f 1 



24. 



Ex.2. Solve a:^ - 7x + Va:^ - 7a: + 18 
Add 18 to both sides,, 

g« - 7a; + 18 + Vx* - 7a; + 18 « 42 
Let V«* - 7x + 18 = y then j/* + y = 42 

Whence, 2/ = 6 or - 7 



Hence, V^-Tx+lS = 6 
a;*-7a;+18 = 36 

X = 9, -2 Roots 
Let the pupil check the work. 



Vx»-7x+18 - -7 
a;«-7x+18 -49 
a?«i(7* Vl73) Aoofo 



Solve: 

1. a^-17a:2 + i6 = o. 

2. a^-13a:2_|_36 = o. 

3. 4aJ*-13a:2 + 9^0. 

4. a:«-17a^ + 16 = 0. 

5. a;« + 8 = 9a:^. 

6. 27a;« = 353:3 - 8. 

7. 9a:* - lOa:^ _^ 1 = 0. 

8. 8a:« = 93:^-1. 
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9. a:* + 2a:*- 3 = 0. 

10. 2a:* + a:* - 3 = 0. 

11. 3a:* - 5a:* = 2. 

12. 27a:» + 19xt = 8. 

13. 3a:* = 4a:* + 4. 

14. 2^ = ^ + 1. 

15. 3^ - 5v^ = - 2. 

16. 5^ = 8^ + 4, 



17. 3V2i- 2^1^ = 1 

18. (a:2 + 2)2-9(a:2 + 2) + 18 = 0. 
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19. (a»-2)*-5(a^-2)=6. ao. 2(«»-3)«-7(a^-3)=30. 

21. {a? + a;)' - 8(ar' + a;) + 12 = 0. 

22. 2V2x - 3 + 5</^x^ = 7. 

23. ix + 2)i-<^xT2 = 2. 

24. 3«* - X - SVSa? -1 + 2 = 0. 

25. 3ie* - a: - 3 - 3V3a^ - x - 3 = - 2. 

27. a^ - X + 2 = 5 Vr^ + a: - 2 - 6. 

28. «2 + a:-3Var^ + x-2 = 0. 

29. 3(3a:2 _ 2x + 1) - 4V3a:2_2a;+l = 15. 

30. 2(2a:2 + 3x - 4)2-_3(2^+ 3a; - 4) = - 1. 

31. a:* + 7a; - sVar^ + 7a; + 1 = 17. 

. 32. 3a;2 _ 7 ^ 3V3a;2 _ iq^ ^ 21 = 16a;. 

33. (a; - aY - 3a(a; - a)* = - 2a2. 

34. 2x^ - Va;2 - 2a; - 3 = 4a; + 9. 

35. Make up and work an example similar to Ex. 1. To 
Ex.12. Ex.19. 

36. Practice oral work with radicals as in Exercise 101 
(p. 309). 

Radical Equations 
206. Sadioal Equations BesTilting in Affected Qnadratio 
Equations. If an equation is cleared of radicals by the meth- 
ods given in Art. 195 (p. 302), the result is often a quadratic 
equation. 
Ex. Solve V3a; + 10 + v7+2 = VlOa; + 16. 
Squaring, 3a; + 10 +2V(3a; + 10) (x + 2) + x + 2 = lOx + 16 
Hence, V(3x 4- 10) {x + 2) = 3x + 2 

Squaring again, 3a;« + 16x 4- 20 « 9x« + 12x +4 

6x' - 4x = 16 

x=2, -t 
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SubstitutiDg these values in the original equation, the only value 
that verifies is x = 2, which is the root. The other value, x « — f , 
is not a root of the original equation, but is introduced by squaring 
in the process of clearing the equation of radical signs. It satisfies 
the equation, 

V3x + 10 - Va? + 2 - VlOa; + 16 

EXEBCISE 107 

Solve: 



1. x-l- VSx-S =0. 4. 3a: - 2V6x -6 = 0. 

2. 2a: + l-V7x + 2=0. 5. V3x+1 - 2V2^+3=0. 

3. a;-V3x = 6. 6. 2+V2x+7-- V5ar+4 = 0. 

7. VSx + 7 -Vx + l-2Vx''2 = 0. 

8. ^20? + 1 - 2Vx+ Va: - 3 = 0. 

9. Vx-a^ + Vx + 2a2 - VxT^ = 0. 

10. Vp — a: + Vg — a; — Vp + g — 2a; = 0. 

11. Vx + 4 + V3a: + 1 - VQa: + 4 = 0. 

12. 2\/5x - \/2x - 1 = .^+A^ 

V2a:- 1 

3V2X-5 9-2V2X 



13. 



,3 + V2« V2a:-3 



14. — 3_-:^^=o. 

2 + ^/12^ 5 

15 _:^^^ ^^ + 2 5_ 

Vx + 2 Vx 6 

16. Va + I + V4a ; - j = V5x + |. 

17. Vl2a:* - X - 6 + Vl2x* + a: - 6 = V24x* - 12. 



X 



+ Vr'-a* X - V? - o" 



19. Vix + 'i + a/2x + 3 = V5x + 1 + Vx + 5. 



326 DURELL'S ALGEBRA: BOOK ONE 

20. The square root of a certain number, plus the square 
root of 1 increased by twice the number, equals 5. Find the 
niunber. 

21. State Ex. 1 of this Exercise as a problem concerning a 
number. 

22. Similarly state Ex. 3. Ex. 6. 

23. Practice oral work in solving equations as in Exercise 
64 (p. 209). 

207. Other Methods of Solving Quadratic Equations, besides 
those given in the preceding part of this chapter, may be 
used. One of these methods may occasionally be used to 
advantage for some special purpose. 

208. Hindoo Method to Avoid Fractions in Completing the 
Square. After simplifying the equation. 

Multiply through by four times the coeffwiend of a?; 

Add to both sides the square of the coefficient of x in the sim- 
plified equation. 

The reason for this process is evident, since if oa? + 6a: = c 
is multiplied by 4a, we obtain 

4a V + ^abx = 4a(? 
The addition of W gives on the left-hand side 4aV + Aabx 
+ 6^, which is a perfect square. 

Ex. Solve 3ar^ - 2a; = 8 by the Hindoo method. 

Multiply by 4 X 3, or 12, 

36a;2 - 24r = 96 

To each member add the square of the coefficient of x in the 
original equation; that is, add (— 2)^, or 4. 
36a;«-24r+4 = 100 
Hence, 6x - 2 = * 10 

6x = 12, - 8 
x = 2, - J BooU 
Let the pupil check the work. 
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EXERCISE 108 

Solve: 

1. a? +5x^6. 9. (x' + Sy-7(x' + S)^Q0. 

2. &c2~x = 2. 10. 4x'*-101a;-2 + 25 = 0. 

3. 6a?+5x = 4. 11. e^^-llVx^ = 10. 

4. 8x2_2x = 3. 12. 3(x-2)2 + 5(a;_2) = 12, 

5. 4a:^ + 4x = 35. ,1 1 

13. X -] — = a H — • 

6. 16aJ*-40r^ +9=0. 2x 2a 

7. 6ar^~aa: = 2a\ 14. (a-l)r^ + (a + l)a;= -2. 

8. 4a^x' + 5aa; = 21. is. (p!'-b')a?+(aJ'+h^x=ab. 

209. TTse of Formula. Any quadratic equation can be 
reduced to the form 

aa? + bx +c ==0 

Solving this equation by use of Art. 201, 
_ -■ & db V&2 - 4ac 
"^ ~ 2a 

By substituting in this result, as a formula, the values of a, 
6, c in any given equation, the values of x may be obtained. 

Ex. Solve 5ar^ + 3a: - 2 = by use of the formula. 

Here o - 5, 6=3, c = - 2. 

Substituting for a, 6, c in the above formula, 

3^V9T40 :.Jl3-7^2 _jg^ 

^10 10 5' 

Let the pupil check the work. 

EXERCISE 109 

Work the examples m Exercise 108 by use of the formula. 
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EZEBCISE 110 

Review 
Solve: 

1. 6x« +« - 1. g x + 1 ^ o+i ; 



2. 9x« - 4 - 2a^. 



^-2i- 



x-1 



4. x» - 16x - 0. iQ ^/W^^\ + ViTl 

5. a:«+27-28x» 11, x* - 13x* + 36 = 0. 

12. x^ - 27a; = 0. 

13. (a;« -2)2 +3(x« -2) +2 =0. 

7. V^= V_ — V^^ 14. g-3 _ a;+3 _6 
V» -2 a;-4 a;+4 7 . 

15. VSx + 4 - V3x + 1 - VJ « 0. 

16. 5(x+2)* = 3(x+2)«+2. 

17. 3Va? + l - 5^x + l = 2. 

19.20-2(x+g'=3(x+?). 

2Q 3\/x-4\/2 _ 2V3X-V6 

4V^-2V2 3\/3i-5V6* 
21. 4x« - 7 V2x* + 3a; - 2 - 19 - Gx. 
^^ lf4a;-3 3a;-4l 2f a;-2 2x-11 ,35 ^ 

a5x« . (oMi^. 24. a; - 5a;* + 6 = 0. 

a; -\-a -\-h x a h 

26. oa;*" + 6a;" + c =0. 

27. (x« + 6a;)« - 2(a;» + 6a;) = 36. 
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28. 45 = ^ 2 + ^(n-l)l- 31. ax« +6x^+0-0. 

29. x^ + dRy^R'. 32. y«+a«+y=2ay-|-a+6. 

30. 3y» = 36 + 4 Vy* - 7. 33. x* - 1 = (1 -x) V2 -4x. 

34. From T = 2ir/2 (/2 + H), find /2 in terms of the other letters. 
Find the value of x in the shortest way when 

35. YaJ« = V(225) + Y(64). 

36. 3.14iar« = 3.1416(441) + 3.1416(400), 
Solve: 

37. 4x*-37x'+9 «0. 

38. (3x - 2x«)* - (3x - 2x«)* = 2. 

39. 6(x» + x) - 7V3x(x + 1) - 2 = 8. 

40. Work again Exercise 24 (p. 99). 

EXERCISE 111 

1. Find two consecutive numbers the sum of whose squares 
is 61. 

2. There are two consecutive numbers such that if the 
larger be added to the square of the less the sum will be 67. 
Find the nimibers. 

3. There are two numbers whose difference is 3, and if 
twice the square of the larger be added to 3 times the smaller, 
the simi is 66. Find the niunbers. 

4. Seven times a certain number is one less than the square 
of the number ne3rt larger than the original i^umber. Find 
the number. 

5. Find the number which increased by its reciprocal 
equals ^/-, 
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6. Find three consecutive numbers such that their sum is 
15 less than the square of the smallest. 

7. If the length of a rectangle exceeds the width by 5 yd. 
and the width be denoted by x, express the length and the 
area in terms of x. 

8. The area of a given rectangle is 36 sq. yd., and the 
length exceeds the width by 15 ft. Find the dimensions of 
the rectangle. 

9. The length of a certain rectangle is twice its width. 
The rectangle has the same area as another, 1| times as 
wide, and shorter by 4| ft. Find the length of the first 
rectangle. 

10. A rectangular garden contains one-half an acre and 
the length of the rectangle exceeds its width by 2 rd. Find 
its dimensions. 

11. A square garden contains 100 sq. rd. By how much 
must its sides be lengthened in order that its area be doubled? 

12. A rectangle is 30 X 40 ft. By what per cent must the 
length and width be increased in order that the area be in- 
creased by 528 sq. ft.? 

13. A rectangular park is 80 X 100 rd. By adding the 
same amount to its length and width the area of the park Ls 
to be increased by 50%. What is the amount added to each 
dimension? 

14. A rectangular lot is 8 rd. long and 6 rd. wide, and is 
surrounded by a drive of uniform width, which occupies | 
as much area as the lot. Required the width of the drive. 

15. A farmer has a wheat field 80 rd. long and 60 rd. wide. 
How wide a strip must be cut around the outside of the field 
in order to cut 15 A.? 
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8" 


8" 





86" 



Suo. Draw a diagram of the field with an inner rectangle showing 
the uncut part left. 

If the width of the strip cut is x, what are the dimensions of the 
inner rectangle? What is the difference between the area of the 
entire field and that of the inner 
rectangle? 

16. An open box 8 in. deep 
and to contain 3200 cu. in. is to 
be formed by cutting out small 
equal squares from the comers of 
a square sheet of tin and folding 
up the sides- Find the length of 
a side of the square sheet of tin. 

17. A number of men bought 
a yacht costing $2800 and each 
purchaser paid 7 times as many dollars as there were pur- 
chasers. How much did each man pay? 

18. One baseball nine has won 5 games out of 13 games 
played, and another baseball nine has won 9 games out of 15. 
How many straight games must the first nine win from the 
second, in order that the average of games won by the two 
nines shall be the same? 

19. One ball nine has won 6 games out of 18, and another 
has won 12 out of 13. How many straight games will the 
first team need to win from the second in order that the per- 
centage of games won by the first team shall equal half that 
of the games won by the second? 

20. The niunerator of a given fraction exceeds its denom- 
inator by 2. Also the given fraction exceeds its reciprocal 
l>y il- Find the fraction. 

21. A cistern is filled by two pipes in 18 min . ; by the greater 
alone it can be filled in 15 min. less than by the smaller. 
Find the time required to fill it by each. 
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22. A cistern can be filled by 2 pipes in 1 hr. 33f min., but 
larger alone can fill it in 1 hr. and 40 min. less than the 
smaller one. Find the time required by the less. 

23. A number of two figures has the units' digit double 
the tens' digit, but the product of this niunber and the one 
obtained by inverting the order of the figures is 1008. Find 
the number. 

24. The left-hand digit of a certain number of two figures 
is f of the right digit. If the product of this number and the 
number obtained by inverting the order of the digits be in- 
creased by twice the original number, the sum is 800. Find 
the number. 

25. A man can row down a stream 16 mi. and back in 10 
hr. If the stream runs 3 mi. an hour, find his rate of rowing 
in calm water. 

26. Two trains run at uniform rates over the same 120 
mi. of rail; one of them goes 5 mi. an hour faster than the 
other, and takes 20 min. less time to run this distance. Find 
the rate of the faster train. 

27. One niunber is | of another, and their product, plus 
their sum, is 69. Find the numbers. 

28. Find two numbers whose product is 90 and quotient 
2h 

29. Find two numbers whose difference is 4 and the sum 
of whose squares is 170. 

30. Find two consecutive numbers, the difference of whose 
cubes is 217. 

31. If the side of a square is 2 ft., how much must this 
be increased to increase the area of the square by 153 
sq. in.? 
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32. A farmer has a rectangular wheat field 160 rd. long 
and 80 rd. wide. How wide a strip must be cut around the 
outside of the field in order to leave 30 A. uncut? 

33. Two workmen can do a piece of work in 24 hours. In 
how many hours can each do it alone^ if it takes one of them 
20 hours longer than the other? 

34. An open box 6 in. deep and to contain 864 cu. in. is 
to be formed by cutting out small equal squares from the 
corners of a square sheet of tin. Find the length of a side 
of the square sheet of tin. 

35. It takes a man 5 hr. to row up a stream 8 mi. and back. 
If the stream flows at the rate of 3 mi. per hour, what is the 
rate of the man in still water? 

36. A bin is to be constructed to hold 9 T. of coal. If 
the bin is to be 5 ft. deep and twice as long as it is wide, and 
if 40 cu. ft. are allowed for 1 T., what will the dimensions of 
the base of the bin be? 

37. The walls and ceiling of a room together contain 104 
sq. yd. The room is twice as long as it is wide, and its ceiling 
is 9 ft. high. Find the length and breadth of the room. 

38. If a carriage wheel 11 ft. in circumference took jj of 
a second less to revolve, the rate of the carriage would be 1 
mi. more per hour. At what rate is the carriage traveUng? 

39. Find two consecutive niunbers the sum of whose 
squares is a. 

40. Find two numbers whose difference is b and the sum 
of whose squares is c. 

41. The area of a given rectangle is p, and the length of 
the rectangle exceeds the width by q. Find the dimensions 
of the rectangle. 
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42. Why are we able to solve many of the problems in 
the Exercise by algebra and not by arithmetic? 

43. If the side of a square is a and an error e is made in 
measuring the length of one of its sides, what is the error, 
E, in its area when the area is computed from the side as 
measured? 

44. Make up and work three examples similar to such of 
the examples in this Exercise as you think are most interest- 
ing or instructive. 

45. How many examples in Exercise 31 (p. 121) can you 
now work at sight? 

EXERCISE m 

1. In * = igP, if flf = 32 ft. and 8 = 1000 ft, find t 

Do you know the meaning of this example as applied to a falling 
body? 

2. In £ = — , if £ = 500, m = 20, find v. 

3. In * = J^ - tr<, find f, if * = 200 ft., flf = 32 ft, and 
D = 60 ft 

Do you know the meaning of this formula as applied to a body 
sent upwards from the earth with a velocity of 60 ft. per second? 

4. In A = a + i?< -I ^, if A = 500 ft., a = 100 ft., 
D = 200 ft., flr = 32 ft., find t. 

Can you discover the meaning of this example as applied to a 
body sent upward from the earth from a point 100 ft. above the 
surface of the earth with a velocity of 200 ft. per second? 

5. In ii: = 7ri?, if ii: = 43560 sq.ft., and 7r = -^, find fi. 

6. In r = irRifi + i), if r = 220, tt = y., and i = 20, 
find/Z. 
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7. In « = ifffi, find the value of t in terms of a and g. 

8. In * = «/ — 16<^, solve for t 

9. In A = a + «< — 16<*> solve for <. 

10. In r = irRiR + L), find R in tenns of f and L. 

11. How many seconds will it take a body to fall from 
rest a distance of 1000 ft. (resistance of air neglected)? 

12. If a bullet is fired upward with an average velocity 
of 2400 ft. per second, how long will it be before the bullet 
reaches a height of Ij mi.? 

13. If an arrow shot over the top of a steeple reaches the 
ground in 6 sec. from the time the arrow left the bow, how 
high is the steeple? 

SuG. Use the formula of Ex. 1, letting t = one half of 6. 

14. If the steeple of Ex. 13 were 200 ft. high, how many 
seconds would it be before the arrow returned to the earth? 

15. Using the formula 8 = \gf (where g = 32.2 ft.), find 
the distance a body will fall from the end of 5.2 sec. to the 
end of the 7 sec. • 

16. On the moon, g = 6.4 ft. Find the difference in the 
distance which a body falls on the earth in 5 sec. and the 
distance it falls on the moon in the same time. 

17. Make up and work an example similar to Ex. 12. 
To Ex. 14. 

18. How many examples in Exercise 35 (p. 131) can you 
now work at sight? 




CHAPTER XVn 

SIMULTANEOUS QUADRATIC EQUATIONS 

210. Heed and Utility of SimnltaneonB Equaitiojis Involving 
Quadratio Equations. 

Ex. A rectangular park is known to contain Ij acres. 
The path which leads across it diagonally is measured and 
found to be 26 rods long. Find the dimensions of the park. 

Let X » no. rd. in length of park. 
y ^ no. rd. in width of park. 
li acres = 240 sq. rd. 

Hence, x^+y* =2& (1) 

xy ^240 (2) 

By solving (1) and (2) x and y can be determined (see Art. 242). 

Try to solve the problem by use of only one imknown, as 
X. Even if you succeed in getting a solution, you will find 
the method awkward and inconvenient. 

21L ftnadratic Equations Containing Two Unknowns. The 
general quadratic equation containing two unknowns is 
aa? +bxy + q/^ + dx + ey+f=0 

By giving a, b, c, etc., different niunerical values including 

zero, this general equation may be made to take many 

special forms. 

What values must we give a, 6, c . . . . respectively in order to 
obtain the equation 5x^ + Zxy + 2y* = 5, from the general equation? 

* The absolute term of an equation is the term which does 
not contain an unknown factor, as / in the above general 
equation. 

336 
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Simnltaneons quadratic equations is a brief term for 

simultaneous equations whose solution involves quadratic 

equations. 

Thus, the equations stated in Art. 210 are simultaneous quad- 
ratic equations. 

In general, the combination of two simultaneous quad- 
ratic equations by elimination gives an equation of the 
fourth degree in one unknown, which cannot be solved by 
the methods of this book. Two simultaneous quadratic 
equations can be solved by elementary methods only in cer- 
tain special cases. 

212. A Homogeneous Equation is one in which all the 

terms containing an unknown quantity are of the same 

degree. 

Thus, 3x*y — 5xy^ -|- y' « 18 is a homogeneous equation of the 
third degree. What is the degree of the equation xy = 6? 

General Methods of Solution 
Case I 

213. When One Equation is of the First Degree, the Other 
cf the Second, two simultaneous equations may always he 
solved by the method of substitiUion. 

Ex. Solve j 2a; - 3y = 2 (I) 

x" -2xy= -7 . . (2) 

Eliminate y, since y occurs only once in equation (2). 

2t — 2 
From(l), y-^ (3) 

(2x— 2\ 
— « — /=="" -^ 

Hence, 3a;*-4a;«+4a:= - 21 

a;*-4x=21 

Substitute for a: in (3), J^-fl^J ^^^^ . 
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Check. 


Check. 


For a; - - 3 and y = - 1 


For X =7 and y - 4. 


2i-3y--6+8=2 


2a:-3y=14-12=2 


«'-2iy-9-16--7 


a:»-2ry-49-66--7 


EZEBCna 113 


Fmd the values of x and y\ 




1. 3a:» - 2j/* = - 5. 


10. a;-y = Ka; + y). 


a; + y - 3 = 0. 


«* + y* = 62. 


2. a; - 2y = 3. 


11. 9j/* - 6y - 5 = 3a;. 


a? + 43/* = 17. 


9y + a; + 5 = 0. 




3 2 9 


3. 2x^ + 3:^ = 2. 


12. --- = —. 


3a; + y = 3. 


y X xy 

2a; ^ 10 3y _ 


4. a? - 3y2 - 1 = 0. 


^ = 5. 

y xy X 


a; + 2y-4 = 0. 


13 ?£ « + y. 


5. a; - 3y = 1. 


y a; 


lxy-^ = 12. 


x — y + a = 0. 


6. 2a; + y + 3 = 0. 


14. a;2 ^ 2/ - 3a; = 30. 


3a:* -7/ = 5. 


^ = 2. 


7. 2a; + 5y = l. 


15. OT = 12. 


2a^ + 3a;y = 9. 




8. \x-\y = \. 


- = 3. 
2/ 


(x-yy = f-7. 


16. 11 = a; + 2(y - 1). 


9. 3^ - Sxy + 2f = 0. 


6 = ^ (a; + 1). 


2x + 3y = 7. 


2 


17. 3a; - 5y - 1 = 


= 0. 


2x' + 3xy-5f-6x + 7y =4. 


18. 4x^-^ = y^ + x + Zy-h 


4x-2-5y = 


= 0. 
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19. The sum of two numbers is 5 and the square of the 
first number increased by twice the square of the second 
number is 22. Find the numbers. 

20. State Ex. 1 as a problem concerning niunbers. Ex. 2. 

21. How many examples in Exercise 48 (p. 163) can you 
now work at sight? 

Case II 
214. When both Equations are Homogeneous and of the 
Second Degree, two simultaneous quadratic equations may 
always he solved by the substitution y = vx. 

Ex. Solve x^-zy+y^-^ 21 

y2 - 2ay = - 15 

Substitute y » w, x» - w* -|- f;»x« « 21 (1) 

f;«x« - 2«x« - - 15 (2) 

From (1), x« = ^ J/^^ (3) 

From(2), ^" " S^^ • (^> 

Equate the values of x^ in (3) and (4), 

21 -15 



l-t;-|-t;» i/^ -2v 
Hence, 21 1;» - 42t; = - 15 + 15t; - 15«« 

SGi^ - 57t; = - 15 
12t;»-19f;= -5 .".v-fii ' 



X, 5 . 21 


li 


1 21 


^^'■■4'-' "i-i+!* 


^'"3'^'-l-i+i 


a; = =^4 


X :^ ^ 3\/3 


y= «x= |(±4)= =fc5 


y « «x - i( =*= 3^3) = ^Va 


Hence, a? = =*= 4, «*= 
y = * 5, * 


3V3^ 
V3 


Roots 



Let the pupil check the work. 

Two simultaneous equations of the kind treated in Case II 
may also be solved by eliminating the absolute term between 
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them and factoring to find the value of one unknown m 
terms of the other and then proceeding as in Case I. 

EXERCISE Hi 

Find the values of x and y: 

1. a? + 3xy = 28. 6. 2f - 4^ty + Zqi? =- 17. 
xy +^f =8. ■ f -x^^lQ. 

2. 2x^ +xy = 15. . 7. a^ +xy + 2f = 74. 
ix?-f =8. 2x^ + 2xy+f = 73. 

3. x^ + 3xy =7. ' B. 2x^+Sxy+f = 14. 
y^ +xy = Q. 3x^ +2xy " Ay^ = 9. 

4. 2ar^ = 46 + f. 9. Axy - t? = b. 
xy+f = U. IZx" ''3\xy+lQf = 2\. 

5. 3ar^ + y^ = 12. 10. 7? + xy +2f = 44. 
bxy -Asf = n. 27?-xy+f^lQ. 

Also solve the following miscellaneous examples: 

11. 3y-l=a;. 14. 10x + y-(102^ + ic)=9. 
bf -7? = \. (10a; + 2/) (102^ + a:) =736. 

12. 2^ -3f = Q. 15. X -y = 0. 
Sxy-Af = 2. 5xy +y^ = 54. 

13. x+y + 3xy =83.- 16. a? = 5 + 2xy. 
3x -y -1 =0. x^ +f =2Q. 

17. Point out the examples in Exercise 116 (p. 345) which 
come under Case I. Under Case II. 

18. Point out the homogeneous equations in Exs. 10-15 
of Exercise 113. 

19. Express Ex. 1 above as a problem concerning two 
numbers. 
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20. Work the example of Art. 210 (p. 336) by the method 
of Art. 214. 

21. Find a number consisting of two digits such that if 
the number is multiplied by the left-hand digit, the result 
will be 260. But if the number is multiplied by the right- 
hand digit, the result will be 104. 

22. Make up (but do not solve) an example in each of the 
cases studied thus far in this chapter, 

23. How many examples in Exercise 51 (p. 172) can you 
now work at sight? 

Special Methods of Solving Simxjltansous Quadratics 

215. The methods of Cases I and II are the only general 
methods which can be used in solving all simultaneous quad- 
ratic equations of a given class. Besides these, however, 
there are certain special methods which enable us to solve 
important particular examples. 

Examples which come directly under Cases I and II are 
often solved more advantageously by one of these special 
methods. 

The special methods apply with particular advantage to 
symmetrical equations. 

216. A Symmetrioal Equation is one in which, U y is sub- 
stituted for X, and x for y, the resulting equation is identical 
with the original equation. 

Thus, each of the following is a symmetrical equation: 

«»+3x«y»+y» = 18 
x+y^l2 
xy -6 
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Case III 
217. Addition and Subtraction Method (often in connec- 
tion with multiplication and division). In this method the 
object is to find first, the tahies ofx + y and a? — y, and then 
the values of x and y themselves. 

(1) 

(2) 



Ex. 1. Solve 



\x + y=' 7 
1 xy = 12 



Here we have the value o( x +y given, and the first object is to 
find the value of x — y. 

Square (1), x" + 2xy + 1/« = 49 (3) 

Multiply (2) by 4, 4xy ^4S (4) 

Subtract (4) from (3), x« - 2xy + y» « 1 (5) 

Extract square root of (5), x —y — =^1 (6) 

Add (1) and (6), divide by 2, x = 4 or 31 

Subtract (6) from (1), divide by 2, y = 3 or 4j 
Let the pupil check the work. 



Roots 



Ex.2. Solve 

Divide (1) by (2), 

Square (2), 

Subtract (3) from (4), 

Hence, 

Subtract (5) from ^3), 

But 
Hence, 



Ex. 3. Solve 



Squaring 0), 



a:8 + y3 = 65 
x + y = 5 



X* -xy +y* -^13 . 
a:* + 2xy + 2/» = 25 . 
3xy = 12 
xy ^i . 
«« - 2xy + y* - 9 
. • . X -y = ±3 
X +2/ -5 
^=4,11 
y = 1, 4J 

1 + A=11 

X y 

l.L.„ . . . . 



(1) 
(2) 

.(3) 
.(4) 

.(5) 



Roots 



a^ xy y* 



121 



Subtracting (2) from (3), 



-=60. 
xy 



(1) 

(2) 
(3) 
(4) 
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Subtracting (4) from (2), ^ - 


-1- 


\'^ (^) 


Hence, 




1 _ 
X 


1 = =.! 


But, from (1), 




^ 


V 


Hence, adding, 




2 

X 


= 12, 10 






• 




Let the pupil check the work. 








EZEBCISE US 


Find the values of ; 


r and y: 






1. a; + y = 13. 




10. 


a:» + y» - 218 = 0. 


a:y = 36. 






a? - ajy + y* = 109. 


2. a^ + 3/* = 25. 




11. 


a^ + 3xy + y* = -2£. 


a; + y = 1. 






x*-xy + y* = 12i. 


3. X + y = - 10. 




12. 


xy - 60^ = 0. 


4. a:2 + a:y + 2/« = 
a: + y= -1. 

5. x« - a^y + y* = 


2L 
37. 


13. 


a:2 + y* = a:y + 7a^ 

x» + y« = 2o' + 6a. 
a^_a^+y2 = o2 + 3. 


ic* + a^ + y' = 


79. 


14. 


^ + ^ = 2i. 


6. a^ + j/2 = 2|. 
3a^ = 2i. 






y a: 

X + y = 5. 


7. X + y + 1 = 0. 




15. 


x» + y» = 224. 


xy + 3i = 0. 






a:*y + a:y* = 96. 


8. x' + y*=9. 
a; + y = 3. 




16. 


i + i.l3. 

x* y* 


9. x» + y» = 37. 






— -6 = 0. 


X + y = 1. 






«y 
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"■ ?+?-* 


20. a^ + 2^ = Y. 
a: - y = 4. ( 


1 + 1-2. . 
X y 


21. a^-j/3 = 98. 
x-y = 2. 


18. «3 + 1^ = - Ja^, 


22. a^ + y* = 5(o« + 6^. 
y — a: = o + 36. 


19. «« + aY + y* = 42V 
«* + a:y + y* = li 


23. 3a:* + 5a:y + 32^' = 13. 
Sar* + 3a;y + 5y2 = 27. 


Solve the following miscellaneous examples: 


24. a; = y + 5. 

1 + 1= -1.- 
a: y 6 


27. ^ + *-3. 
«*-2|/2 = 18.' 


25. a^ + a:y = 6. 
. 6»* = 8 - xy. 


28. «8-y» = 7. 
a;-y = 1. 


26. a^ + y« = 5. 
« + y = 3. 


29. ^(a; — y) = a; — 4 
a:y = 2a; + y + 2. 



30. x + y = 2a. 

a? + f = 2a\ 

31. Find two numbers such that theu- sum is 14 and their 
product is 48. 

32. State Ex. 1 as a problem concerning two unknown 
numbers. In like manner state Ex. 2. Ex. 8. Ex. 17. 

33. Make up and solve a problem concerning two unknown 
numbers such that the solution involves quadratic equations. 

34. Point out the symmetrical equations in the examples 
in this Exercise. 

35. Make up (but do not solve) an Example in Case I; 
one in Case II; and five different examples in Case III. 

36. Practice oral work with fractions as in Exercise 58 
(p. 190). 
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EXERCISE U6 

Review 

In solving a sjrstem of simultaneous quadratic equations, the first 
thing to notice is the degree of each equation. 

Find the values of x and y: 



1. 


2a; - % = 0. 


13. 


1 + 1 = 2. 




a;« - 32/2 = 13. 




x^y 


2. 


x+y^2. 
2.3 « 




~ + - = 2i 




- + - = 6. 
x^ y 


14. 


i+^ = i3. 


3. 


2x2 -xy ^ 28. 




x« 2/* 




x2 +22/2 = 18. 




6x2/ = 1. 


4. 


x' +2/^=91. 


15. 


x2 +2/2 = 13(62 + 1). 




x4-2/ = l. 




X +2/ =56-1. 


5. 


i + i = 13. 

x^ y 


16. 


3x2 _ 35 = 5x2/ - 72/2. 
2x2 - 35 = 2/* - a-y. 




— = 36. 

xy 


17. 


a + ar + ar2 = 65. 






a + ar2 = Va?*. 


6. 


x2+32/2=28. 








a;2+x2/+22/' = 16. 


18. 


11 = a +2(71-1). 


7. 


2a; x + i/ 
1/ ^ 




36 = |(a + ll). 




2/ •«' 

X -2/+« =0. 


19. 


X* - 2/* = 2. 


8. 


X2/ + 2x = 5. 




X - 2/ - 26. 




2x2/ - 2/ = 3. 


20. 


l-? = 3. 


9. 


x2 + 2x - 2/ = 5. 




X y 


10. 


2x2 - 3x + 22/ = 8. 
(x+2)(22/-l) =35. 




l+i = 17 




a;2/ - aJ - 2/ = 7. 


21. 


X + 2/ = 65. 


11. 


x3 _ 2/3 ^ _ 3a^. 




^+^^=5. 




X - 2/ = 2. 


22. 


X + V^ + 2/ - 14. 


12. 






X2+X2/+2/' =84. 




23. 


X - 2/ = V^ +-v/y. 






a;* -2/* =37. 
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x+y^2S. Sx+ay^5. 

25. x^ - 4(a2 + 6* - y^). 32. xy = a^. 
xy = 2a6. xz = ¥. 

26. a:-4=2/(x-2). 2/2 = c«. 

27. a:y +X+2/ = 5. xy+yz^h. 
x^y +«!/*=- 84. xz + 2/2 « c. 

28. ox + fey = 0. an/ 2 
(ax-2)(62/+3) = -2. 34. ^ = 3- 

29. a:« + y2 ^ 3x1/ - 4. xz _ 3 
x* +2/^=272. x+z^i 

30. a(x - a) = 6(2/ - b). yz ^ ^ 
xy ='ax +hy. y -i-z 5 

35. Make up (but do not solve) an example of each of the cases 
and principal sub-forms in each case, treated in tdiis chapter. 

EXERCISE 117 

1. The sum of the squares of two numbers is 58, and their 
product is 21. Find the numbers. 

2. Separate 32 into two parts such that their product shall 
be 112. 

3. Two numbers when added produce 5.7, and when 
multiplied produce 8. Find the numbers. 

4. What are the two parts of 18 whose product exceeds 
8 times their difference by 1? 

5. The sum of two numbers increased by three times their 
product is 83; also three times the less number exceeds the 
larger number by 1. Find the numbers. 

In working the following examples concerning rectangles, draw a 
diagram for each rectangle considered. 

6. The area of a rectangle is 84 sq. ft. and the distance 
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around it (perimeter) is 38 ft. Find the length and breadth 
(dimensions) of the rectangle. 

7. The diagonal of a rectangle is Vf . If each side of the 
rectangle were increased by 1, the area would be increased 
by 3. What are the sides? 

8. The area of a rectangular garden is 1200 sq. yd. If 
the width were increased by 5 yd. and the length by 10 yd., 
the area would be 1750 sq. yd. Find the dimensions of the 
rectangle. 

9. The area of a (double) tennis court is 312 sq. yd., and the 
perimeter is 76 yd. Find the dimensions of the court in feet. 

10. If the dimensions of a rectangular field were each in- 
creased by 3 rd., its area would be 140 sq. rd.; but if its width 
were increased by 8 rd. and its length diminished by 2, its 
area would be 135 sq. rd. Find its actual dimensions. 

11. A rectangular lot containing 270 sq. rd. is surrounded 
by a road 1 rd. wide; the area of the road is 70 sq. rd. Find 
the dimensions of the field 

12. A hall of 90 sq. yd. can be paved with 720 rectangular 
tiles of a certain size, but if each tile were 3 in. shorter and 

3 in. wider, it. would require 648 tiles. What is the size of 
each tile? 

13. The area of a given rectangle is 800 sq. ft. If the length 
of the rectangle were increased by 20% and the width by 

4 ft., the area will be increased by 44%. Find the dimen- 
sions of the rectangle. 

14. If a train had traveled 6 miles an hour faster, it would 
have required 1 hour less to run 180 miles. How fast did 
it travel? 

SuQ. Let X = the number of miles the train travels per hour at 
first, and y = the number of hours it travels. Then what will rep- 
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resent the number of miles per hour and the number of hours at 
the second rate? 

15. A gentleman distributed $9 equally among some boys.- 
If he had begun by giving each boy 5 cents more, 6 of them 
would have received nothing. How many boys were there? 

16. A number of men agreed to buy a boat for $7200, 
but 3 of their number died, and each survivor was obliged 
to contribute $400 more than he otherwise would have done. 
How many men were there? 

17. A certain club owes a debt of $400, but is informed by- 
the treasurer that if 5 new members are admitted, the assess- 
ment to meet the debt will be $4 less per member. How 
many members has the club? 

18. The price of photographs is raised $3 per dozen, and 
customers consequently receive 10 photogrsiphs less than 
before for $5. Find the old and new price for a single photo- 
graph. 

19. A certain number of eggs cost a dollar, but if there 
had been 10 more eggs at the same price, they would have 
cost 6ff a dozen less. What was the price of a dozen eggs? 

20. A given fraction when reduced to its lowest terms 
equals f . Also if 3 is subtracted from the numerator of the 
fraction, the fraction is the same as if 6 had been added to 
its denominator. Find the fraction. 

21. The numerator of a given improper fraction exceeds 
its denominator by 1. Also the given fraction exceeds its 
reciprocal by ■^. Find the fraction. 

22. The sum of the numerator and denominator of a cer- 
tain fraction is 8, and if 2^ be added to each term of the frac- 
tion, its value will be increased by ^. What is the fraction? 
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23. A baseball nine has won f of the games played. If 
it should play 16 more games and win half of them, its aver- 
age of games won would be f of what it would be if it should 
play 8 more games and win all of them. How many games 
has it played, and how many has it won? 

24. A certain number of two figures, when multiphed by 
the left digit, becomes 56; but when multiplied by the right 
digit, it becomes 224. Find the number. 

25. Make up and work an example similar to Ex. 24. 

26. A man finds that he can row 12 miles down stream in 
2 hours, but that it takes him 4 hours to row 6 miles down 
stream and back. Find his rate in still water and the rate 
of the stream. 

27. A crew rowing at | their usual rate took 32 hours to 
row down stream 48 miles and back to starting-place. Had 
they rowed at their usual rate it would have taken 18 hours 
for the same circuit. Find their rate and that of the stream. 

28. Two trains traveling toward each other left, at the 
same time, two stations 240 miles apart. Each reached the 
station from which the other started, the one 3| hours, and 
the other l| hours, after they met. Find their rates of run- 
ning. 

29. The difference of two numbers is 5, and the difference 
of their cubes is 215. Find the numbers. 

30. Divide the number 12 into two parts such that the 
sum of the fractions obtained by dividing 12 by the parts 
shall be f f 

31. Find two numbers whose product is 42, such that if 
the larger be divided by the less, the quotient is 4 and the 
remainder 2. 

32. In placing telephone poles between two places^ it was 
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found that if the poles were placed 10 ft. further apart than 
was originally planned, 4 poles less per mile were needed. 
How far apart were the poles placed at first? 

33. A girl has 12,000 words to write. If she uses a type- 
writer she can write 25 words more per minute than she can 
with the pen, and it will take 8^ hours less to write the 12,000 
words. What is her rate per minute with the pen? 

34. Two square plots contain together 610 sq. ft., but a 
third plot, which is 1 ft. shorter than a side of the larger 
square, and 1 ft. wider than the less, contains 280 sq. ft. 
What are the sides of the two squares? 

35. Find two fractions whose sum is equal to their product, 
and the difference of whose squares is f of their product. • 

36. A man finds that he can row 8 miles up stream in 4 
hours, but that he can row 8 miles down stream and back in 
5 hours. Find his rate in still water and also the rate of the 
stream. 

37. The area of a given rectangle is 2400. If its length 
were increased by 50% and its width by 20 linear units, 
the area of the rectangle would be increased by 125%. 
Find the dimensions of the rectangle. 

38. The hypotenuse of a right triangle is 20 and the sum 
of the other two sides is 28. Find the length of the sides. 

39. The fore wheel of a carriage makes 28 revolutions 
more than the hind wheel in going 560 yd., but if the circum- 
ference of each wheel were increased by 2 ft., the difference 
would be only 20 revolutions. What is the circumference 
of each wheel? 

40. Find two numbers such that their sum is a and their 
product b. 



CHAPTER XVin 



GRAPHS OF QUADRATIC EQUATIONS 

218. Graph of a Quadratic Equation of Two Unknown 
Quantities. 

Ex. 1, Construct the graph of y = x^ — 3a: + 2. 



The graph obtained is the curve ABC, 
A curve of this kind is called a parabola. 
The path of a projectile, for instance that 
of a baseball when thrown or batted (re- 
sistance of the air being neglected), is an 
arc of a parabola. 



X 


y 


X 


y 





2 


-1 


-6 


1 





-2 


12 


2 









3 


2 






1 


-i 


etc. 




etc. 
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It will be noted that the above method of graphing is the 
same as that given in Art. 148 (p. 255), but that here it is 
sometimes advantageous to let x have fractional values as 
h h tV* f * ®te. The observant pupil will also find methods 
of abbreviating the work in certain cases. 

In general, it will be found that the graph of a quadratic 
equation of two unknown quantities is a curved line, and, in 
particular, either a circle, parabola, ellipse, or hyperbola. 

Ex. 2. Construct the graph ot4a? - V = 36. 



X 


V 





fV_9 


1 


iV_8 


2 


}V -6 


3 





4 


*1.7 


5 


*2.6 


6 


*3.4 



etc. 



There is no point on the graph corresponding to 
those values of y which are imaginary. (See Art. 
164, p. 273.) 

For negative values of x, the values of y are the 
same as for the corresponding positive values of x. 
Hence, the graph is a curve of two branches, ABC 
and A'B'C, of the species known as the hyperbola. 





Y' 
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EXERCISE U8 

Graph the following: 

1. y = x^ — 1. 13. ^ = 4rc. 

2. y = x2-2a;-3. i^. f-x^^-Q. 

3. y = a:^ — 4a: + 4. 15 x^ — y^ = 9. 

4. y = a:^ + 3aj — 4. I6. a:y = 4. 

5. y = i^' 17. a:y = 1. 

6. y = x^ + 1. 18. xy = - 2. 

7. a:^ + y^ = 16. 19. x + ary = 1. 

8. x' + f = 9. 20. x'+iy'-Ay^B. 

9. y^ = 4x — 3?. 21. 9y^ — x^ = — 9. 

10. 9y2 + 4a:2 = 36. 22. y2 = 4a: + 4. 

11. a:^ ^ 16y2 = 16. 23. x^-xy + y^ = 25. 

12. 16x2 + y2=: 16, 24. y2 = 4. 

25. x2-4x + 3 = 0. 

Bug. Show that whatever the value of y, x alwajrs « 1 or 3; 
hence the graph is two straight hnes parallel with the y-axis. 

26. Make up and work an example similar to Ex. 1. To 
Ex. 7. Ex. 8. 

219. Graphic Solution of Simultaneous Quadratic Equations. 

Ex. Solve graphically . ~, * 

[x + y = 1. 

Constructing the graph of x' + y' = 25, we obtain the circle 
ABC (p. 354). Constructing the graph of x + y = 1, we obtain the 
straight line FH, 

• Measuring the co-ordinates of the points of intersection of the 
two graphs, we find the points to be (4, —3) and (—3, 4). 

These results may be verified by solving the two given simul- 
4;«neous equations algebraically. 
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220. Special Cases; Imaginary Boots. Construct the 
graphs of a:^ + ^ = 4 and x + y = 3. You will find that 
these two graphs do not intersect. Then solve the given 
equations in the ordinary algebraic way. You will find 
that the roots are imaginary. If you treat the equations 
«^ + 2^ = 1 and ia^ + 9y^ = 36 in the same way, you will 
obtain a similar result. 

In general, imaginary roots of simultaneous equations cor- 
respond to points of rumArvtersection of the graphs of the given 
equations. 

Remember that in solving a pair of amultaneous equations, the 
number of values of x (and also of y) is equal to the sum of the de- 
grees of the two equations. Hence, if two simultaneous equations 
are both of the second degree, their graphs should intersect in four 
points; and if their graphs are found to intersect in only two points 
for instance, the other two points must correspond to imaginary 
roots. 



i 



GRAPHS OF QUADRATIC EQUATIONS 355 

The pupil may illustrate this by graphing and also solving alge- 
braically y' = 4x and x* +j/* =» 25. 





EXERCISE 119 


Solve both graphically and algebraically: 


1. y* = 4a;. 


13. xy= - 2. 


y — X — 0. 


a; + y = 1. 


2. y* = 4ar. 


14. a:* + y* = 25. 


y = 2x. 


a:y=12. 


3. y* = 4x. 


15. 3? + f = 25. 


x + y = 0. 


x-y = l. 


4. y* = «. 


16. x + y= -2. 


a; + y = 2. 


xy = —3. 


5. f=-2x. 


17. y* - 4a; = 0. 


y = a; — 4. 


3/ + 2a;«=14. 


6. x« + »* = 25. 


18. a;* + »* - 10a; = 


2y - a; = 5. 


y = 2a;. 


7. x« + y* = 25. 


19. 3^ + f=16. 


y + 2a: - 5 = 0. 


a;* + 42/» = 43. 


8. ^ + »* = 25. 


20. 3y*-2a;* = 12 


y = x. 


a;* + »* = 16. 


9. :c* + 2^ = 25. 


21. 3a;* + y* = 3. 


3y - 4x = 0. 


y = a; + 2. 


10. xy = 3. 


22. y - a; - 6 = 0. 


x + y = ^. 


x' = 6y-f. 


11. a:y = - 3. 


23. 4a;* - 9j/» = 36. 


a; + y = 2. 


a;* + y* = 1. 


' 12. xy= -2. 


24. a;2 + y* + a; + 3y = 18. 


x + y= - 1. 


xy — y= 12. 



CHAPTER XIX 

RATIO AND PROPORTION 
Ratio 

221. The Batio of two algebraic quantities is their exact 
relation of magnitude. It is the indicated quotient of the 
one quantity divided by the other, expressed either in the 
form of a fraction or by the symbol : placed between the two 
quantities. 

Thus, the ratio of a to & is expressed as ^, or as a : 6. 

222. Utility of Ratios. Ratios have the same uses as 
fractions (see Art. 110, p. 166). These uses are extended by 
selecting important kinds of ratios, naming them (see Art. 
224), and working out their properties once for all. Also 
properties of equal ratios are worked out once for all and 
stated in such a form as facilitates their application to prob- 
lems. 

223. The Terms of a Ratio are the two quantities com- 
pared. The antecedent is the first term. The consequent is 
the second term. 

The terms of a ratio must be expressed in terms of a common 
unit. Thus, to express the ratio of 3 qt. to 2 bu. either the quarts 
must be expressed as bushels or the bushels as quarts. 

If two quantities, as 5 in. and 2 bu., cannot be expressed in terms 
of the same unit, no ratio between them is possible. 

356 
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224. Kinds of Satio. An invene ratio is a ratio obtained 
by interchanging antecedent and consequent. 

Thus, the direct ratio of a to 6 is a : 6; the inverse ratio of the 
same quantities is 6 : a. 

A commensurable ratio is a ratio that can be expressed in 
terms of two integers. 

Thus, -| equals s "*■ -r> ^ :t7- Or -f is a commensurable ratio. 

An incommensurable ratio is a ratio which cannot be 
expressed in terms of two integers. 

Thus, ^^ equals — — • The fraction in the nimierator can- 

5 5 

not be completed so that the numerator and denominator can be 
expressed as a ratio of integers in terms of the same imit; hence 

^^ is an incommensurable ratio. 
6 

The properties of incommensurable ratios are obtained 

from those of conmiensurable ratios by an indirect method 

not discussed in this book. 

225. Fundamental Property of Batios. // both antecedent 

and consequent of a ratio are multiplied or divided by the same 

quantity, the value of the ratio is not changed. 

T^ . a ma 

For, smce h"^ ~~h 

a : b has the same value as ma : mb. 

EXERCISE lao 

Simplify each of the following ratios: 

1. lft.8in.:4in. «• ^-l:{x^l)\ 

2. 7§:i 6. ^'"^ S^-^)\ 

3. 1 gal. : 1 qt. Ipt. ^^ .0W:.5^. 

4. 37^%:12|%. a (a^yo : a^ . a^o. 
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9. Find the ratio of 4a? to (4ar)^ when a; = 6. When a; = J . 

10. In the year 1910 an automobile went 1 mi. in 27| sec. 
How many feet per second was this? 

11. Find the ratio of the area of a rectangle 3 yd. long and 
2 ft. wide to the area of a rectangle 2| ft. long and 18 in. wide. 

Find the ratio of x to y from 

12. 7x-Sy = 4x + y. ^^ 3a; - 2y ^ a 

13. 4ar — 5y : 5a; — 42/ = f . ' 4a; — 3y 6 

15. ar^ + 6/ = 5a:y. 

16. A horse can pull 2 tons on a level macadam road, 15 
tons on a level iron track, and 70 tons on a canal. Find the 
ratio of each pair of these numbers. 

17. What is meant by the specific gravity of iron (or of 
any material)? If a cubic foot of water weighs 62.5 lb., find 
the weight of bricks whose specific gravity is 2.3 and which 
fill a wagon 6' X 3' X 2\ 

18. If a ratio is less than unity, does adding the same 
quantity to both the terms of the ratio increase or diminish 

the value of the ratio? By how much if the ratio is t and c 
be added to both terms? 

19. Answer the same questions if the given ratio is greater 
than unity. 

20. Find out, if you can, what is meant by a nutritive 
ratio and make up and work three examples concerning such 
ratios. 

Propoktion 

226. A Proportion is an expression of the equality of two 
or more equal ratios; sls t= -^y or a :b = c :d. 
The above proportion is read "a is to 6 as c is to d.? 
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227. Terms of a Proportion. The four quantities used in 
a proportion are called its terms, or proportionals. 
The first and third terms are the antecedents. 
The second and fourth terms are the consequents. 
The first and last terms are the extremes. 
The second and third terms are the means. 
In a :b = c :d, dis a. fourth proportional to a, b, and c. 



A Continned Proportion is one in which each con- 
sequent and the next antecedent are the same; as 

a:b = b :c = c :d = d :e. 

In the continued proportion a :b = b:c, bis called a mean 
proportional between p, and c; c is called a third proportional 
to a and b. 

Two proportions of the form x :y = a :b, and y :z = b :c 
may be combined in the form x :y :z ^ a :b :c. 

229. E:inal Products made into a Proportion. // the 
proditct of two quantities is equal to the product of two other 
quantities, either two may be made the means, and the other two 
the extremes of a proportion. 

For, if ad — be 

Dividing by bd, h^ 1 {P^* 15, 6) 

.'. a ;6 = c :d 

230. Fundamental Property of Proportion. For algebraic 
purposes, the fundamental property of a proportion is that 

The produjct of the means is equal to the produjct of the extremes. 

For, if a:b = c:d 

then ^ = ^ 
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Multiplying by M, dd^bc (Art. 15, 5) 

In like manner, if a :b ^b:c 

b^ = ac / ,b = Vaic 

This property enables us to convert a proportion into an 
equation, and to solve a given proportion by solving the 
equation thus obtained. 

EXERCISE 121 

Find a mean proportional between 

I. 3a62 and 12a\ 2. 3^ and 2f . 3. (a - xY and (a + x^. 

4. 3ar^ - 5a; - 12 , Sa^ + isi 

3^2 + 5a; *^ 3x^-4x-15 

. 2V6 + 5a/3 ,3\/6-4\/3 

5. -= and ;= • 

3\/2-4 8\/2 + 20 

Find a fourth proportional to 

6. 2a, 36, 4ac. 8. |, i A- 

7. a?, xy, ia?. 9. a — 1, a, 1. 
Find a third proportional to 

10. X and 5. 12. (a + 1)2 and a^ - 1, 

II. .4 and .08. 13. a and 1. 

a a 

14. How many answers to each of Exs. 1-5? To each of 
Exs. 6-9? Exs. 10-13? 

Solve and check: 

15. 2a; + 3 :3a; - 1 = 3a; + 1 :2a; + 1. 

16. a; + 5:3-a; = 10 + 3a;:a;- 10. 

17. 3a; + 5 :5a; + 11 = 7 - a; : - 3ar. 

18. ar^-4:ar^-a; + 3 = a; + 2:2a; + 3. 
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19. What number must be added to each of the terms of 
I to make the value of the fraction f ? 

20. A baseball nine has won 17 games out of 25. How 
many straight games will it have to win to make the games 
won equal | of the games played? 

21. What number added to each of the numbers 3, 7, 15, 
and 25 will give results which are in proportion? 

22. The horse-power generated by a stream falling over 
a dam is proportional to the height of the dam. If on a 
certain stream a dam 5 ft. high generates 200 H. P., how much 
higher must the dam be made in order to get 280 H. P. ? 
350 H. P.? 

23. Convert each of the following into a proportion: 

(1) 3 X 4 = 6 X 2. (3) 0:2 = ^2 _ yt^ 

(2) pq = ab. (4) 15 = x". 

24. Separate a : 6 : c = 4 : 5 : 6 into two proportions. 

25. Combine a : i = 2 : 3 and 6 : o = 3 : 5 as a single state- 
ment. 

26. Separate 1200 into two parts which shall be in the 
ratio of 2 to 3. 

27. Separate 1200 into three parts which shall be in the 
ratio of 3, 4, and 5. 

28. That a door may look well, its height should be to 
its width approximately as 7 : 5. If a door is to be 6 ft. 
9 in. high, how Wide should it be? 

29. In a certain year the profits of a given business 
were $39,260. Divide these profits into two parts which 
shall be as 9 to 4. Also into three parts, as 8, 3, 2. 

30. In the steepest part of the Mt. Washington railway 
(Jacob's Ladder), there is a rise of 13 in. in one yard of track. 
"What would be the rise in a mile of track at the same rate? 
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31. If the area of Rhode Island is 1250 sq. mi., of New 
Jersey 7800 sq. mi., and of New York 49,000 sq. mi., by how 
much does the area of New Jersey differ from a mean pro- 
portional between the other two areas? 

32. If the diameter of the moon, the distance of the moon, 
the diameter of the sun, and the distance of the sun are taken 
as 2160, 240,000, 860,000, and 93,000,000 mi. respectively, 
how much does the last number differ from a fourth propor- 
tional to the other three numbers in the order given? By 
what per cent does it differ? 

33. In sterling silver, the amount of the silver is .925 of 
the entire weight of the metal. 500 ounces of pure silver 
will make how many ounces of sterling silver? (What other 
metal is added to pure silver to make sterling silver, and 
why is it added?) 

34. If a given piece of ground can be divided up into 60 
building lots each 30 ft. wide, how many lots 40 ft. wide 
would it make? 

Sua. If X denote the number of lots 40 ft. wide, 

30x60?= 40xa? 
or, a;:60=30:40 

This problem can be solved either from the equation or from the 
proportion. 

A proportion of this kind is termed an inverse proportion. 

35. If 2400 shingles 4 in. wide are needed in building a 
house, how many 3 in. shingles would be needed? 

36. If 15 yd. of cloth 36 in. wide are used in making a 
dress, how many yards 48 in. wide would be needed? 

37. .If a trolley company reduces the hours of its conductors 
from 12 to 10 hours per day, by what per cent must it in- 
crease the number of its conductors? 

38. Make up and work an example similar to Ex. 12. To 
Ex.22. Ex.35. 
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39. Practice oral work with radicals as in Exercise 101. 

231. Transformations of a Proportion. Before converting 
a proportion into an equation, the proportion may often be 
simplified by the use of one or more of the following principles : 

li a:b = c :d, then 

1. a:c = b :d (called alternation). 

2. b :a = d :c '(inversion). 

3. a + b :b = c + d:d (addition). 

4. a — b:b = c — d:d (svbtractidn). 

5. a + b :a — b = c + d : c—d (addition and subtraction). 

For, from a:b^c:df we have ad^bc (Art. 230); 
whence we obtain 1 and 2 (Art.*229). 

Also ? = 3, whence ?+ 1=^+1 (Art. 15, 3). 
a a 

Whence, ^=£±^ 
c 

Let the pupil prove 4 in like manner, and obtain 5 frata 3 
and 4. 

Ex.1. Solve a:2_2a; + 3:a? + 2x-3 = 2x2_2._3.2a:2 

+ X + 3. 

2X2 4a;2 



By addition and subtraction. 



-4x + 6 -2x - 6 



Divide by ^, ^ ^ 



-2' 2x-3 x+3 

/. x4-3=4x-6 
x-S Ans. 
The factor 2x^ also gives the roots x = 0, 0.' 
Check. For x = 3. 

a;2-2a;+3 _ 9-6 + 3 ^ 6 1 
x^+2x-3 9+6-3 12 2 
2a;2-a;-3 _ 18-3-3 ^ 12 1 
2ay^+x+3 18+3+3 24 2 

Let the pupil check the work for a; = 0. 
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17 o c 1 Vx.+ l + Vx-1 4x - 1 
Ex. 2. Solve - 



By addition and subtraction, 
Simplifying and squaring, 



Vx + l-Vx-1 2 



2Vx^ 4a;-3 

x+l 16x2+8x4-1 



x-1 16x2-24x+9 



By addition and subtraction, etc., j ^ . i^g^A — 

Hence, 16x*-4x= 16x*-&r+5 

a: = I Ani. 

Let the pupil check the work. 

232. Given some proportion (or equality of several equal 
ratios), as a : 6 = c : d, a required proportion is often readily 

CL C 

proved by taking T = j = ** (hence, a = br, c ^ dr), and 
substituting for a and c in the required proportion. 

Ex. Given, a:b = c:d, 
prove 2a« + 3a62 :2a« - 3a62 = 2c3 + 3c(P :2c» - 3aP. ' 

Let T^^^^ ' .'.a ^hr^ c ^dr. 

a 

Substitute in each ratio the values a = 6r, c = dr, 

J 2a»4-3ay ^ 2&»r»+36»r ^ hh'(2r^ + 3) ^ 2rf_+3_. 

• 2a' - 3a6« 26^ - 36V 6V(2r» - 3) 2r» - 3 ' 
J J 2c* +3cd« ^ 2dV+3dV ^ dV(2r' + 3) ^ 2r«+3 

• 2c» - 3cd» 2dV3 - Sdh- cPr(2r2 - 3) 2r2 - 3 

203 +3a6»^2c» +30^2 ^^ ,j^ 
2a« - 3a6« 2c» - 3cd»' ^ ^ 

each equal to the same expression. 

Hence, a given expression may be proved to be identical 
with another expression either (1) by reducing the first ex- 
pression directly to the form of the second or (2) by redudng 
both expressions to a conmion third form. 
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233. Composition of Several Equal Eatios. In a series of 
equal ratios, the sum of all the antecedents is to the sum of all 
the consequents as any one antecedent is to its consequent. 

^. a c . e g 

Given, l = d=rh 

Let each of the equal ratios equal r. 

mi a c e g 

Then - = r,^ = r,^=r,| = f 

.\ a = hr, c = dr, e =fr, g = hr 
Adding the last series of equalities, 

a + c + e + g= (b + d+f+h)r 
. a+c+e+g _ « 
^'b+d+f+h b 

.\ a + c + e + g :b + d+f+h = a:b 

EXERCISE 122 

Solve: 

1. ar^ + 2x - 1 :a:^ + 2x + 5 = 2x + 1 :2x - 5. 

2. a?-3x^ + 5:a^ + 3a?-5-=x' + 2:a?-2. 

3. 2:x?-8a?-3x + l :2s?-10x' + 3x-l =0^+11 ix^'-U. 

4. V3x + 1 :2A/2a: - 1 =^ Vx - 1 :Vx + 4t. 
. X + Vl2a - X Va + 1 

5. : = — 7= • 

X - Vl2a -X Va-1 
g 23?'-3x^ + x + l _ Sa?-x^ + 5x-13 
' 2a?-da^-x-l Sa^-x^-dx + lS 



7. 



3 + V2x + 3 4 + Vx + l 



5 - V2x + 3 4 - Vx + 1 

VE+V5 + x _ V2+Vx-2 
VS - V5 + X V2 - Vx-2 
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^ 3a + V4ar ~"3a^ ^ a + V^g + a^ . 
5a - V4a; - Sa* 3a - Var + a* 
10. Sy-Gxrx + y- 1 = 5-3x:4- y = 7:4. 

^^ jx + y :y-ic = a:l. 

la:y-3:a:- 1 = a + 2:l. 

Uaib = c :d, prove 

12. a2:c2 = a6:(fc. 13. a^ :h^ = a^ + c^ :b^ + cP. 

14. oc : M = (a + c)^ : (b + d)\ 

15. (a-c)2:(6-.d)^ = a2 + c2:62 + d2. 

16. a :6 = VoM^ : Vt^ + 3^. 

17. 2a2 + 3a6 :3a6 - 46^ = 20^ + 3cd :3ci - 4^. 

18. a2-a6 + 62:?Lzi! = c2-cd + (i2:^Zl:^. 

a c 

If a, 6, c, d are in continued proportion, prove 

19. a :c — d = IP :bd — cd. 

20. a:c = a2 + 6^ + c2:62 + c2 + (P. 

21. a:d = a» + 26« + 3c3:6^ + 2c3 + 3(P. 

22. I{(a + b) {c — d) + (J) + c) (d — a) = cd" ab, prove 
that a : 6 = c : d. 

23. If (a + 6 - 3c - 3d) (2a - 26 - c + d) = (2a + 26 - 
c — d)(^~&'"3c + 3d), prove that a : 6 = c : d. 

24. Find two numbers in the ratio of 2 to 5, such that when 
each is increased by 5 they shall be as 3 to 5. 

25. Find two numbers, such that if 7 be added to each 
they will be in the ratio of 2 to 3; and if 2 be subtracted from 
each, they will be in the ratio of 1 to 3. 

26. Separate 32 into two parts, such that the greater 
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diminished by 11 shall be to the less, increased by 5, as 4 
to 9. 

27. Separate 12 into two parts, such that their product 
shall be to the siun of their squares as 2 to 5. 

28. Is a proportion true after the same number has been 
added to all of its terms? Give a niunerical illustration. 

29. If a : 6 = c : d, prove that ab + cdis a. mean propor- 
tional between a^ +c^ and b^ + tP. 

30. If a : 6 = c : d, prove that b : a =- : -^« 

31. A and B are in business and their respective shares of 
the profits are as 2 to 3. If the profits for a certain year are 
$16,000, and during the year A takes out $1200 and B $1000, 
at the end of the year how much of the profits does each 
receive? 

32. During the American Civil War, in the Northern 
armies 224,000 men died of disease and 110,000 of wounds 
received in battle. Owing to improved sanitary methods in 
the Russo-Japanese war, in the Japanese armies 27,000 men 
died of disease while 59,000 died of wounds. Approximately 
how many lives were saved in the Japanese armies by the use 
of improved sanitary methods? 

33. An active walker goes 4 mi. an hour. Sensation travels 
along a nerve at the average rate of 120 ft. per sec. Find 
the velocity of a rifle bullet which is a third proportional to 
the velocities just named. 

34. The velocity of the earth in its orbit is 18 mi. per sec.; 
of a message on a submarine cable 2480 mi. per sec; and of 
light 186,300 mi. per sec. How much is the middle one of 
these velocites from a mean proportional between the other 
two? 
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35. The sun's distance from the earth is 93,000,000 mi. 
and light from a star travels 5,900,000,000,000 mi. in a year 
(called a " light year ")* show that the following proportion 
is approximately correct: 

1 inch : 1 mile = sun's distance : 1 light year. 

36. If the rear and fore wheels of a wagon are respectively 
a and b feet in circumference, how many rotations does the 
rear wheel make while the fore wheel rotates p times? 

37. If — - — = = , and X, y, and z are unequal, 

{ 171 71 

show that Z + m + n = 0. 

38. If(a + 6 + c + d)(a-6-c + d) = (a-6 +c-d) 
(a + 6 — c — d), prove that a:b = c :d. 

39. If a : 6 = c : d = e :/, prove that 

c :d = Va2 + 4ac + 5(^ : Vb^ + 4bd + 5cP. 

40. If a, b, c, and d are in continued proportion, prove that 

a^ ^ a^ + b' + e' _ a'-c' 



APPENDIX 

Factor Theorem 

234. lUustratioiui. The method by which an expression 
IS prepared for division at sight and hence for factoring, as 
explained in Ex. 3, of Art. 99 (p. 150), may be carried fur- 
ther and then abbreviated. 

Ex. 1. Factor a^ - 4x5 - a? + 16x - 12. 

We may test this expression as to its divisibility by a: — 1 by 
splitting terms in succession thus, 

««-4x»-a;2+16a;- 12 

= X*- x«- 3a:»- a;«+ 16a;- 12 

= a:*- a:«- 3x3+ 3a;2- 4a;2-f 16x- 12 

= x^-2^- 3x3+ 3a.2_ 4a;2+ 4p+ i2a;- 12 

= 3^{x- 1) - 3a;2(x- 1) - 4a;(x- 1)+ 12(x- 1) 

Hence, a? — 1 is a factor of the original expression. 

This result might have been obtained in a shorter way by ob- 
serving that, as this last expression reduces to zero when x » 1, the 
first expression, might be tested as to its divisibility by x — 1 by 
substituting 1 for x and noting whether the expression reduces to 
zero. This last test may be fmther abbreviated to a matter of 
noting whether the algebraic sum of the coefficients of the terms is 
zero. 

Ex. Determine by inspection whether a:* + x* — 6a:^ — 4a; 
+ 8 is divisible by x — 1. 
Summing the coefficients, we have 

1+1-6-4+8-0; 

hence, x — 1 is a factor of the given expression. 

In like manner, if an expression is divisible by x + 1, the sum of 
the coefficients of the even terms must equal the sum of the coeffi- 
cients of the odd terms. 

369 
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235. Factor Theorem. If any rational integral expression 
containing sc becomes equal to zero, when a is substituted for x, 
then x—a is a factor of the given expression. 

For, let E stand for any rational integral algebraic expression. 
If J^ is divided by a; — a till a remainder is obtained in which x 
does not occur, denote the quotient by Q and the remainder by R. 
Then 

E = Q{x-a) +R 
Let X ^ Gy then 

= Q(0) 4-^ (since E ^0 when x = a). 
.\ R^O 
Hence, E = Q{x — a), or a: — a is a factor of E 

Ex. Factor q!?-12x + 16. 

By trial we find that x« - 12a; + 16 « 
When a: = 2 

.•. a; — 2 is a factor of x' — 12a; -f- 16. 

By division a;» - 12a; + 16 « (a; - 2) (a;^ + 2a; - 8) 

= (x -2) (a; - 2) (x +4) Factors 

Note that the only numbers which need be tried as values of x 
are the factors of the last term of the given expression. This follows 
from the fact that the last term of the dividend must be divisible 
by the last term of the divisor. 

EXERCISE 123 

Factor by use of the factor theorem: 

1. ar^-4. 8. 43^-4x^-14x-Q. 

2. 0^2 _ 3a. _ 28. 9. 3a:» + 8ar^ + 3a; - 2. 

3. a3-68 + 3(a-6). 10. 23i^ + :x? - 14s? + 5x + 6. 

4. (o-6)2 + 3(a-6). 11. 6a;*-13a;3_453jj_2a; + 24. 
6. a3 + 5a-6. 12. 0^-2x^ + 1. 

6. 2a;2^73._i5^ 13. a?-e;xi^ + 25. 

7. 2a?-a?-7x + 6. 14. a^ ''28a? + Zix-90. 
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Exponents (continued) 

236. Meaning of the Exponent Zero, or of a\ 

By direct division, — = 1 

, a"* 

By subtraction of exponents, — — aP /. aP = 1 

a"* 

Thus, cfi may be regarded as the result of dividing some power 
of a by itself. 

An expression like ps^+qx-hr is sometimes written px'^+qx+raP, 
the advantage being that in the latter form every term contains an x, 

237. Meaning of a Hegative Exponent. 

a* 
By subtraction of exponents, — — = a"» 



3y cancellation, 




a* o» 


^2 


o*+» a* X o» 


o« 










2x. 1. 


4-^ = 


1 1 A 

42 - 16 ^««- 





Ex.2. 8-J=|j=-j ^7W. 



EXERCISE 134 

Transfer to the numerator all factors of the denominator: 



c* an 2c2 2-ia:i2/-* 
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Express with positive exponents: 

5. 7«-« 7. 6<r»fi» 9. ^'^ 

a* 



Ebd the numerical value of 

12. 2ri_ "• 3^ ^- (-27; 

13. \/j_ "• 3-^X4* 23. (-125)-* 
'4-* 19. 2-»-f-8"* (-8)-* 

„. > „. Ci^^ "(=1^ 

5 ' \36'' M. (51)^ 

Give the value of 

"■ »• -• (1) ■ (f) - (-«". (-1)" ^ f 

2a 3X2«, 3a«, 3G)o, 4i-5», 4* -s- 5«, ^. 

29. 1», 1-*, SI", H, H X 4-i, 2« X 1 - n. 

Simplify the following by performing the indicated opera- 
tions, and reducing the results: . 

30. 5a-^X2o«a:». a^^«=5 

31. 4a:-» -J- 2x-». ^- ^5^" 

32. o-*.2o*. ,„ «««««-» 

I^a — * 

33. 7a»a:"*-f-5A. ^, 

34. a:-i>J9^^xV. ^- i^^^J^* 



X 



*<^^ :r-ViFW 



-U/-::i ' 39. ^^—^ 
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40. j^ /— ' 41. ijT= 

Give the valjie of 

42. 4-* + 8*+8«. 43. 3*-5X4» + Si+l*. 

238. Keaningf of (a**)" for Fractional and Negative Expo- 
nents. We now extend the law (o")" = o"" to fractional 
and negative exponents. 

Ex. 1. Find the value of (4"*)-*. 

(4-i)-4 = 4* = 32 Am. 

Ex. 2. v/(8o-*T = (8o-«)* = SM = 4 ^«*- 

o* 

T? q /'l6a^\-*_ ^6^ 8lW 

^•^- V816»; 81-*6-^ 16* 

27o«6* .. ' ■ ' 

Hence, in general, to simplify a complex expression in 
exponents, 

C(mvert each radical sign into a fractional exponent; 

Convert each power of a power into a power vnth a single 
eocponent; 

Convert each negative exponent into a positive exponent; 

Simplify by cancellations and collections. 



EZEBCISE 126 




Reduce to the isimplest form: 




1. W-». 3. (a-iyi. 


5. (x-+»)"-» 


2. (x-^rK 4. a;-+^-a:--'. 


6. (64-»)-». 
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7. (9«-»ir*)-*. 9. (3o-*)». li: (4a;-')-*. 

8. (9«)-*. 10. {x^-x'^\ 12. (9a-2a;iy-»)-». 
13. (-5a;V)-*- -g^W^ 

15. (a*<^)-». 22. 



16. v(aj^^_ , 

18. (C-0-. ,, f^V(:^y 



25. 

a;""*" 



20. 



( 27a;^ l-t * *_ ,_, 

28. 8"* + 9* -2-2 + 1-* -7". 
29 I^ ;^ . ^"^^ 



30 f^^-»xf5^^^^* 



_ )■ 



31. I'/^xV^^ • 

32. //^ST^ZTT^. 
'^ z"^ a;"^y~* ' a;"* 

(x")"+^ 
*'• (x'+i) (a;--!)* 
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239. Polynomials whose Terms contain Fractional or 
Hegative Exponents. 

Ex.1. Multiply a: + 3ic* - 2a:* by 3 - 2x"* + 4a:"*. 

a:+3x* -2x* 

3 - 2x^ 4- 4a;'^ 
3a: 4- 9a:* -6a;* 

-2x* -6x*+4 
4- 4a;* 4- 12 -» 8a;"* 

3a: 4- 7a;* - 8a;* 4- 16 - 8a;"* Produd 
Ex. 2. Extract the square root of 

9a-^ - -^ 4- ^ + 20 V^ + 4o-^ 



Writing the expression by use of exponents only 

9o-» -30o"* 4-13o-'4-20o"'* 4-4(r^ )3a"* -Sq-^ -2a"* Root 



9a-» 



6a"*-5a-i 



-30a"* 4- 13a-* 
-30a"^4-25a-« 



6a-*-10a-i - 2a"* 



-12a-»4-20a"*4-4a-i . 
-12a-'4-20a"^4flrV \ 



EXERCISE 126 

1. Arrange a:^ 4- 5x~^ + x~^ + x in ascending order of 
powers of x. 

Arrange a:"* 4- 1 + a: ^ in descending order. 
Multiply: 

2. a* - a* + 1 by a* 4- 1. 

3. 3a:* - 2a:*2^* + Sy* by 3a:* + 2yK 

4. 2a:*-3a:* + 4by2 4-3a:~*. 

5. a-^-a"*6* + 6bya-i + a"*6* + &. 
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6. Multiply 2ai* - 3y-* + x-^jf* by 2a;-*y + Sa;-*. 

First tiy to multiply the following expresaons as they 
stand; afterward rearrange the terms and multiply: 

7. 2a:* - 4 - 3x* + «"* by 3a;* - 2a;* + x. 

a 2 + o*a;-* + o-*a;* by 2o-*a;* - 4o-^a;* + 2o-*A 

Divide: 

10. 5a; + 2a:* - 2a;* + 1 by X* + 1. 

11. 8a;-* + — + 3y-* - ISxjr' - 8a?y-* by 2ar» + SjT^ 
+ 4xy-^. *^ 

12. a;-* - «-* + 5 - 2a:* by 1 + 2-^. 

13. ^-^by^-^. 

14. VZ + <Qb + Vbhy -y^ + 'i^ + Vb. 

15. a;"* + a:"*y-* + y~* by a;"^ + a;-*y-i + a;~*y-*. 

16. ?-x*y-*-4^--^by<^ + 2»*. 

10 3 3 

17. 4^-8^-5 + -s7= + -v=by2cA-^--i7=- 

Extract the square root of 

18. 0-' - 4a-^6* + 106 - 12o*fe» + 9a6*. 

19. a;-* + 8a;-» - 2x -* + 16a;-^ - Sa;"* + 1. 

20. 9a;-» - 30x-*y + 13a;-V + 20x-*y^ + 4a;-y. 

21. 25o*6-« - 10o*6-* - 49 + lOa-^6* + 25o-*6». 
24V? . 4a? . ,„^^£ . 4 



4« 3a;* 9Va; y<^x f 
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XXEBCISE 127 

General Review 

1. If X - 2, y = — 3, 2 = — J, find the value of 

3xy - y(x +4z) - xz{4y + 6x) + 3yz(x -\-y){y+ 2z). 

2. Find the valuelof ( / + 7= J Vl - x, 

\I+ V 1 + X 1 - VI + x/ 

when X = I. 

3. Simplify: 
(a+6)(a-6)-{(a+6-c)-(6-a-c) + (6+c-o)}(a-6-c). 

4. Factor: 

(1) 9x* - 9ac» + 189x«. aN ^ _ ^ 
a« 27' 

^^^ ^ "" ?' (5) ox 4- 4a - 4f - 16. 

(3) 4a* + 3a«x« + 9x*. (6) 106* + 136 - 3. 

5. Simplify: 

(1) V3 X Vis. (3) (5V5 - 4)(5V5 + 8). 

(2) 3V8 -J- 15 V2. (4) eVl- 5V24 + 12Vl. 

6. Simplify (^ + ^)-.(^-^). 

7. A man invests { of his capital at 4% and the rest at 3J%. 
His annual income is $76. Find his capital. 

8. Expand (2x - Zy)\ 

9. SimpUfy VsO + -^ - 4V^ + ^27 + ^27 - V64. 

Solve: 

,^ .1 ,^1 12. x« + 1.8x- 11.5 = 0. 

10. x* + -- = a* + ^- 

«* a* 13. .3x« + .5x = .2. 

11. X* + 4x - 2 V3 = 0. 14. Vx + y =3, xy = 8. 

15. What number must be subtracted from each of the numbers, 
9, 12, 15, and 21, so that the remainder shall form a proportion? 
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16. Solve ac-2=:4y-8, y+|-3. 

. 17. Solve — 2 y Y~J " 

18. Arrange Vs, '>J^, 'Vll in descending order of magnitude. 

19. Factor «• - 64y'. Also x*" + 2x"y** + y**. 

20. Express algebraically: 5 times the cube of a is divided by 
the fraction whose numerator is 6 times the square of h, and whose 
denominator is the square of the difference between x and twice the 

cube of y. Also express in words . . r. A - 

(x + 2y^y 

21. Find that number which, when divided by 3, is equal to one 
quarter of the sum of itself and 24. 

22. Solve the following equations for x and yi 

ax + 6y = 1, hx —ay ^\. 

23. Define a literal equation. Quadratic equation. Root of an 
equation. Absolute term. Degree of an equation. 

24. A baseball player has been to the bat 150 times in a given 
season and made an average of .280 hits. How many more times 
v/ill he need to bat to bring his average up to .375, provided that the 
number of base hits he makes in the future equals half the nimiber 
of times he bats? 

25. Solve </x^ + 12 + Vrr* + 12 = 6. 

26. Solve Vx + Vy = 5, a; +2/ = 13. 

27. The product of the square roots of two consecutive niraibers 
is 2Vli. Find the numbers. 

28. Find the values of x, y, and z which satisfy the simultaneous 
equations x + 2y = 3, 3?/ -f « = 2, and 22 + 3x = 1. 

29. The difference between the reciprocals of two consecutive 
numbers is ^. Find the numbers. 

30. Factor x* - 2ax - 6* + 2ab. 

31. If a = 8, 6 = 20, c = 5, find in the shortest way the numer- 
ical value of Vo -f V6 

Vc 
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32. Given V = |ir/2» - lirH, ir = V, i? - 21, and r = 14, fiad 
V in the shortest way. 

This example illustrates the utility of what algebraic principle? 

33. If « = 7 T, find the value of t in terms of the other letters. 

^ — off 

34. If ether boils at a temperature of 35f ° C, at what temperature 
on the Fahrenheit scale will it boil? 

35. Solve 2+Vx'- y/2x-\-7 = 0. 

36. Solve x^ - 2&c» + 27 = 0. 

37. Given K = irB^ and C « 2iri2, eliminate It and find K in 
terms of C, 

38. A smn of $1050 is divided into two parts and invested. The 
simple interest on the one part at 4% for 6 years is the same as 
the simple interest on the other part at 5% for \2 jyears. Find 
how the money is divided. 

39. Sunplify sVj + Vio + V| - j-^- 

40. Factor^ -3^+ 2. 

41. Solve {x - a) (6 - c) -\-{x - 6) (c - a) = for x. 

1 



42. Simplify 



a — - 



6-1 
c 



43. Find the values of x and y which satisfy simultaneoiisly the 

2 1 3 2 

following equations: --\---2. - = 5H 

X y ' X y 

44. Solve for x, y, and «: ax + 6y = c, ca; + 02 = 6, 62 -f- cy = a. 

45. Two boys start on bicycles at the vertex of a right angle and 
ride along its sides at the rate of 6 and 8 miles per hour respectively. 
How many hours will it be before they are 100 miles apart? 

46. Find the greatest common divisor of a^x^ — 2acxz — 6V + c'^' 
and aH^ + 2abxy + &V - cV. 

47. Solve for rr, y, and z:x + y = xyy2x + 2z = xz,Sz + 3y = yz. 
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48. Determine by inspection the roots of the equation: 

axibx - 2) (x* - 9) = 0. 

49. Solve ^ - ZT = 7, s — jjr- = 3. 

50. If 19 pounds of gold and 10 pounds of silver each lode one 
pound when weighed in water, find the amount of each in a mass of 
gold and silver that weighs 106 pounds in air and 99 pounds in 
water. 

^/^l. Find the square root of the product of x* — 1, x* — 3a: + 2, 
and X* — a; — 2. 

I, 52. Find the highest common factor of x* + xV + y* ai^d x* + y*. 

yS3. Extract the square root of 1.672 to four decimal places. 

>'54. Factor: 

(1) 3x»4-3y». (3) a* + aV4-J/*. 

f^. 16 (4) X* - ex - 2dx + 2cd. 

^^^ X* • (5) a:2 - (^ - d« + 2cd. 

(6) 7(p - 1)^ - 27(p - 1) 4- 18. 

(7) a^ + 2a + 1 - y» - 6* - 2hy. 

/ 55. Find the L. C. M. of x« + ax + a«, x» - a», and x« - a*. 
56. Simplify: 



wi-f n wi — n 


m 
n 


n 


W14-W m-n 


m 



m — n m +n 

^ /57. A man having 10 hours at his disposal made an jexcuredon, 
riding out at the rate of 10 miles an hour and returning on foot at 
the rate of 3 miles an hoiu*. Find the distance he rode. 

59. The equation ax* + bxy + ct/* = 5 is to be satisfied when 
X = 1, 2/ = 1; when x = 2, 2/ = — 1: and when x = — 1, y = 2, 
Find the values of a, 6, and c. 

60. Solve - - 5y = 13, - + §y = 4, 

X X 
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61. Simplify y/{m - nYa + V(w + nYa - Voir? +Vo(l - mY 

62. From (c - «) Vc» - x^ subtract i/^-lL?- 

63. A certain shelf will hold 20 geometries and 24 algebras, or 
15 geometries and 36 algebras. How many geometries alone, or 
how many algebras alone will the shelf hold? 

64. What must be added to each of the terms of a^ : b^ to make 
the resulting ratio equal to a : 6? 

65. A certain solution is 45% alcohol. Water equal to what frac- 
tional part of the solution must be added to change it to a 25% 
solution? 

66. For what value of x will the ratio x^ — x +1 :x^ + x + 1 
be equal to 3 : 7? 

67. Simplify ^^^ ^5^ (3a; _ 2)« ^ (3x - 6). 

2x H — 

"^^ ^ 3a; - 5 

68. Separate 200 into three such parts that the first divided by 
the second gives 2 for a quotient and 2 for a remainder; and the 
second divided by the third gives 4 for a quotient and 1 for a re- 
mainder. 

1 12 2 

69. Extract the square root ofa;' + -;+2+-i — r 

X* Xr XT X 

70. Solve X* +xy +y* = 1, 2x^+Sxy+4y^ = 3. 

n^ a ^ 3,2x + 5 1 ^ 

71. Solve -= — o + o « . J — r? n = 0- 

x«— 8 2x*+4a;+8 x —2 

72. Find the numerical value of the following expression when 

a = 5, 6=3, c = - 1, d = - 2, and x =0 
2V3+2d+a (3c-d)x 



SVa +h —ex -c 7 ad — Vabc 

y/2 — V34- Vs 

73. Reduce —7= j-. 7= to an equivalent fraction havine 

V 2 + V 3 - V 5 
a rational denominator, and find its value to two decimal places. 
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74. The natural water-power of the United States is 75,000,000 
H. P. This is 5,000,000 H. P. more than 10 tipaes the water-power 
of Niagara Falls. Find the latter. Make up and work a similar 
example concerning the fully developed water-power of the United 
States, if the latter is 230,000,000 H. P. 

75. If a number of two digits is divided by the sum of the two 
digits, the quotient is 4. If the digits are interchanged, the resulting 
number will be greater than the original number by 36. Find the 
number. 

76. A sinking fund is a fund accumulated to meet a debt by 
setting aside a certain sum, and letting this sum accumulate by 
compound interest. If 

C = number of dollars in the debt, « = sum set aside annually, 
n = number of years, r « rate of interest, 

then it may be shown that 

^_ 8[(l-hr)»-ll 

r 

i If a city wishes to take up $2,500,000 worth of bonds at the end 
of 4 years, how much must it set aside each year, the rate of interest 
bemg 5%? 

77. Solve n'Cx* + 1) = a« + 2n*r. 

78. Solve ^:p^ + ^^=2- 

79. At what time between 7 and 8 p. m. are the hands of a clock 
opposite each other? 

80. The indicated horse-power of a steam engine is found by 
use of the formula 

p _ plan 
^' • 33,000 

where p = average steam pressure in pounds per square inch, 
I = length of the piston stroke in feet, 
a = piston area in square inches, 
n = number of revolutions per minute. 

In an engine whose piston area is 402.12 sq. in., and the length 
of whose stroke is 2§ ft., find the indicated horse-power (to the. 
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nearest unit), when the steam pressure is 40 pounds per square 
inch, and the number of revolutions is 30 per minute. 
Also solve the above formula for n. For p. 

81. Find the value of x which satisfies the equation 

Sx-A x^ + l 2x^ + 3 

a;^-3a; + 2"a;-l " x-2 "^*'*"'^^- 

«2. SunpUfy ^^^^ + ^Zr^^Tj' 



83. Simplify 



/p •! JJ fi 

84. Solve for x and y: — t-t -{ r =2a, . , = 1. 

1 _ 2x 4- a;* /-' 

85. Find the value of . , o — ; — i when x = v 2 — 1. 

1 + 2x + a:* 

86. An automobile ran 100 miles in 4 hr. and 30 min. In the 
second half of the journey the speed was 5 miles per hour greater 
than in the first half. Find the speed in each half. 

3 1 

87. From /- subtract y- and express the result as 

a fraction having a rational denominator. 

88. Simplify x -3 j — • 

x^ + x — 



1 - a; 1 

X 

89. Solve for x\ —1= — - = -^^ 

vi-6 2 + Vx 

90. Factor (a - 6)x« + 2ax + (a + 6). 

91. A man and two boys do a piece of work in 24 da. which could 
have been done in 12 da. by three men and one boy. How long 
would it take two men and two boys to do the work? 

92. Collect in the shortest way 



a;» - 1 a;*» + 1 «*• - 1 ^ a;« + 1 
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93. Rnd the value of 

94. Solve 
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4Vl2:5-2\/3 



6Vl8 



+ - 



Va 



Va - X + Va y/~a^x -Va 



95. Solve 2x-4 + 

96. Rationalize the denominator of 



X - 2 2a; - 2 "' ' 



MATERIAL FOR EXAMPLES 

Formulas 

Formulas used in the following subjects may be made the 
basis for numerous examples. 





I. Arithmetic 


p = hr 
i = prt 
■a-p + prt 


^_«[(H-r)»-l] 

r 




II. Geometry 


K = ihh 
K = VV^ 
K = ih{b + b') 
C = 2irR 

K = irRL 


T = irR(R + L) 
T = 2irR{R +H) 

V = \-rrmH 

V = -^-rrR^ 

.R?E 

180 


K = 
V = 


= V»(a -a) (a- b) (s - c) 

- \H{,B + b + vm 




ITT. Physics 


t = gt 

9 = vt-\-\ge 


r 
^=2 
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2o g + » 

. ./I H=.24Citt 

^ g „ AnWw 

c = ^ ~^ 

R C = UP - 32) 

rv. Enginkeking 
H. P. = QonnA (horse-power in an engine) 

* = -3- and i' = i + :^ (sag in a suspended wire) 

CH Of 

£ = "To" (elevation of outec rail on a curve) 
W = =: — k (weight a beam will support) 

Ij 

L = ' ^^ — ^-^ ^ (length of hot-water pipe to heat 

a house) 

D^PL 
T = (tractive f otqe of a locomotive) 



= — — (no. gal. water delivered by a pipe) 

Ij 

D = \ -^Tj-j^ (diameter of a pump to raise a given 
amount of water) 



D = \ TowJ.^^W^ (diameter of balloon to raise a given 
weight) 
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Important Numerical Facts 

Areas 

Sq. Mi. 

Rhode Island 1250 

New Jersey 7815 

New York 49,170 

Texas 265,780 

United States 3,025,600 

Great Britain and Ireland 121,371 

Europe 3,555,000 

Distances 



From New York to Miles 

Bostqti 234 

Buffalo 440 

Chicago 912 

Denver 1930 

San Francisco .... 3250 



From New York to Miles 
Philadelphia ..... 90 

Washington 228 

New Orleans 1372 

Havana ....... 1410 

London 3375 



San Francisco to Manila 4850 

New York to San Francisco via Paoama ..... . . . . 5240 

London to Bombay via Suez 6332 

Heights of Mountains 





Fed 


Mt. Washington . 


. 6290 


Pike's Peak . . . 


. 14,147 


Mt.McKinley. . 


. 20,464 


Mt. Everest . . . 


. 29.002 



Ted • 
Mt. Mitchdl .... .6711 
Mt. Whitney. . . . 14,501 

Mt. Blanc 15,744 

Acongua 23,802 
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Heights (ob lengths) of Stbuctubes 



Feel 
Bunker Hm Monument. 221 
Washington Monument 555 
Singer Building (N.Y.). 612 
Metropolitan Life 

Bmlding 700 

Eiffel Tower 984 



Olympic .... 


. 882 ft. 


Deepest shaft . ,. 


5000 ft. 


Deepest boring . 


6573 ft. 


Simplon Tunnel . 


12jmi. 


Panama Canal . 


49 mi.. 


Suez Canal . . . . 


100 mi. 



Lengths of Rivers 

Miles MUes 

Hudson 280 Mississippi ..... f3160 

Ohio 950 Rhine 850 

Colorado 1360 Amazon 3300 

Missouri ...... 3100 Nile 3400 



Rainfall (mean annual) 



Inches 
Phoenix (Ariz.) ... 7.9 

Denver 14 

Chicago ' 34 



Inches 

New York \44.8 

New Orleans .... 57.4 
Cherrapongee (Asia) . 61^0 



Records (year 1910) 

100-yard dash 91 sec. 

Quarter-mile run 47 sec. 

Mile run 4 m. 15f sec. 

Mile walk 6 m. 29^ sec. 

Running high jump 6 ft. 5f in. 

Running broad jump 24 ft. 7J in. 

Pole vault 12 ft. 10|in. 
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100-yard swim . 5&| sec. 

l-mile swim 23 m. 16| sec, 

100-yard skate 9^ sec. 

1-mile skate 2 m. 36 sec, 

1 mile on bicycle 1 m. 5 sec. 

1 mile in automobile 27^ sec. 

1 mile by nmning horse 1 m. 35f sec 

1 mile by trotting horse in race . 2:03jm. 

Throw of baseball 426 ft. 6 in. 

Drop kick of football 189 ft. 11 in. 

Transatlantic voyage (from N. Y.) 4 da. 14 h. 38 m. 
Typewriting from printed copy. . 123 words in one minute 
Typewriting from new material . 6,136 words in one hour 

Shorthand 187 words in one minute 

Cost 1 lb. radium ....... $2,500,000 

Cora crop per acre 255| bu. 

Milk from 1 cow (1 year) .... 27,432 lb. 
Butter from cow (1 year) .... 1164.6 lb. 

Resources (crops, etc., year 1910) 

(All these figures are approximate estimates.) 

Coal lands in U. S 400,000 sq. mi. 

Coal in U. S 2,500,000,000,000 tons 

Iron ore in U. S 15,000,000,000 tons 

Water-power of Niagara 7,000,000 H. P. 

Natural water-power in U. S. . . 75,000,000 H. P. 

Possible water-power in U. S. (de- 
veloped by storage dams, etc.) . 200,000,000 H. P. 

Reclaimable swamp lands in U. S. . 80,000,000 acres 

Lands in U. S. reclaimable by irri- 
gation 100,000,000 acres 
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National forest reserves of U. S. . 168,000,000 acres 

Corn crop of U. S 3,000,000,000 bu. 

Wheat crop of U. S 700,000,000 bu. 

Cotton crop of U. S 13,000,000 bales 

Temperatures (Fahrenheit) 

Normal temperature of the human body 98.7^ 

Ether boils at 96° Temperature of arc light 5400'' 

Alcohol boils at 173^ (approx.) 

Water boils at 212° Average change of temperature 

Sulphur fuses at 238° below earth's siuf ace 1° per 

Tin fuses at 442° 62 ft. (increase) 

Lead fuses at 617° above earth's siuf ace 1° per 

Iron fuses at 2800° (approx.) 183 ft. (decrease) 

Velocities 

Wind. 18 mi. per hr. (av.) 

Sensation along a nerve .... 120 ft per sec. (av.) 

Sound in the air 1090 ft. per sec. (av.) 

Rifle bullet 2500 ft. per sec. (av.) 

Message in submarine cable . . 2480 mi. per sec. 
Light. . • . • 186,000 mi. per sec. (approx.) 



INDEX 



Abbreviated division . . . 

multiplication 

Abscissa of a point . . . . 
Absolute term 

value 

Addition 

in a proportion .... 
Affected quadratic equation 
Aggregation, signs of . . . 

Algebra defined 

Algebraic expression . . . 

numbers 

simi 

Alternation 

Antecedents 

Arithmetic formulas. . . . 

Axes 

Axioms 

Binomial expression ... 

Coefficient 

literal . ' 

nimierical 

of a radical 

Commensurable ratio . . . 
Common factor 

multiple 

Comparison, elimination by 
Completing the square . . 

Complex fraction 

Conditional equation . . . 
Consequents 



PAGE PAGE 

123 Continuation, sign of . . . 13 

109 Continued fraction .... 187 

252 proportion 359 

336 Co-ordinates of a point . . 252 

28 

39 Deduction, sign of ... . 13 

363 Degree of an equf^tion . . 93 

312 of a radical 286 

12 of a term 67 

7 Detached coefficients ... 68 

21 Dissimilar terms 40 

28 Distances, important . . . 387 

41 Distributive law 62 

363 Division 76 

359 

385 Elimination 224 

252 Engineering formulas . . . 386 

18 Entire surd 286 

Equation 52, 93 

21 conditional 94^ 

fractional 196 

16 integral 196 

17 linear 255 

17 literal 207 

286 nimierical 207 

357 Equivalent equations . . . 204 

160 Evolution 273 

162 Exponent 17 

228 fractional 283,284 

314 law of 266 

186 negative 283 

94 Extraneous root . . . 204, 305 

359 Extremes of a proportion . 359 
391 



392 



INDEX 



PAGE 

Factor theorem 369 

Factorial method of solu- 
tion 157, 319 

Factoring 134 

Factors 16, 134 

Formula method of solu- 
tion 327 

Formulas, important . . . 385 

Fractions 166 

Functions 251 

Geometry formulas .... 385 

Graphs 36, 251 

of quadratic equations. . 351 

Heights of moimtains . . . 387 

of structures 388 

Highest common factor . . 160 

Hindoo method 326 

Homogeneous equation . . 337 

expression 67 

Identity 94 

Imaginary number .... 273 

Improper fraction .... 174 

Independent equations . . 224 

Index law 266, 274 

Inverse ratio 357 

Inversion 363 

Involution 266 

Laws for + and — signs . . 32 

Lengths of rivers 388 

Linear equations 255 

Lowest common denomi- 
nator 177 

Lowest common multiple . 162 

Lowest terms 169 

Mean proportional .... 359 

Means of a proportion. . . 359 

Members of an equation . . 52 

Mixed expression 168 

Monomial 21 

Multiplication 58 

Negative quantity .... 28 

Numerical facts, important 387 

Numerical value 22 



Order of operations 
Ordinate of a point 
Origin 



PAQB 

22 
252 
252 



Parenthesis 12, 47 

Perfect square and cube . . 134 

Physics formulas 385 

Polynomial 21 

Positive quantity 28 

Power 17 

Prime quantity 134 

Principal root 273 

Proportion 358 

Pure quadratic equations . 311 

Quadrants .* 253 

Quadratic equation .... 311 

Radical equations. . . 302,324 

Radicals 285 

addition of 292 

division of 297 

involution of 300 

multiplication of ... . 294 

similar 286 

Radicand 285 

Rainf aU 388 

Ratio 356 

Rational root 285 

Rationalizing a denominator 298 

Real number 273 

Records, athletic, etc. . . . 388 

Resources 389 

Root 17, 93, 273 

principal 273 

Sign of a fraction 168 

Signs from arithmetic ... 12 

Similar radicals 286 

terms 39 

Simplification of a radical . 287 
Simultaneous quadratic 

equations 336 

Solution of an equation by 

factorial method . . 157, 319 

Square root 18, 276 



INDEX 393 

PAGE PAGE 

Substitution, elimination by 227 Third proportional .... 359 

Subtraction 44 Transposition 52 

in a proportion 363 Trinomial 22 

Surd 285,286 

Symbols, classes of . ... 12 utiUty of algebra . . . . 8,248 

Symmetrical equation. . . 341 of algebraic processes . 29,39, 

?^'^"-. :'::::; 1! 5Jb,*li?'S ™: ^. ^ 

of a fraction 167 

of a proportion ..... 359 Variable 251 

of a ratio 856 Velocities 390 



A 






■(•'.•!•!•! 'I (MX • ,■,'••• 










